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Abstract: The payload, coupler slack, and buffer device performance in heavy-haul trains substantially 
affect their longitudinal dynamic systems under operational conditions. These factors result in the 
bifurcation of the system, consequently leading to chaos. To study this phenomenon in depth, a two-
degrees-of-freedom longitudinal dynamics model of the train is established. The system is analyzed 
using the fourth-order Runge–Kutta (R-K_4) numerical integration method, incorporating bifurcation 
diagrams, phase planes, Poincaré mapping, and time-domain analysis to elucidate the trajectory of the 
system as it transitions into a chaotic state of motion via period-doubling bifurcations and quasi-
periodic motions. A comprehensive analysis of the complex nonlinear dynamics of the train’s 
longitudinal system can establish a theoretical foundation for forecasting and regulating the chaotic 
motion of the train system. 
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1. Introduction 

The strategy employed by heavy-haul trains to augment freight capacity mostly involves 
extending the length of the train formation and increasing the load; nevertheless, this approach results 
in elevated axle weight and longitudinal force [1]. The augmentation of a train’s longitudinal force 
would directly influence the smoothness and safety of the vehicle’s operation, indicating that the 
technological advancement of heavy-haul trains is intricately linked to the study of trains’ longitudinal 



583 

Electronic Research Archive  Volume 33, Issue 2, 582–599. 

dynamics. A train has multiple vehicles linked by coupler buffer devices. The buffer device serves as 
a spring damping mechanism and plays a crucial role in absorbing impact energy; the stability of the 
train’s longitudinal dynamics is significantly reliant on the coupler buffer system. 

The longitudinal dynamics system of heavy-haul trains contains several nonlinear factors, 
typically the main coupler’s slack, the nonlinear impedance characteristics of the buffer, and the 
nonlinear operating characteristics of traction and braking. Currently, the nonlinear characterization of 
heavy-haul train systems has mainly focused on fault diagnosis [2–4], coupler strength analysis [5,6], 
fatigue life studies [7–9], and mathematical modeling of buffer devices [10–15]. Although different 
models of buffer devices have different structural and material properties and different mathematical 
models have been constructed, the hysteresis phenomenon exists in friction-type buffer devices. To 
address the hysteresis phenomenon of buffer devices, Yang et al. [16] used a hysteresis coupler force 
model based on regularized velocity, Zhang et al. [17] used a segmented nonlinear function to fit the 
hysteresis curve of the coupler force versus displacement, and Liu [18] and Yang et al. [19] utilized a 
slant wedge spring model using the look-up table method to construct the hysteresis curve of the buffer 
device. The couplers used in heavy-haul trains have a connecting slack, where collisions and dry 
friction are often associated with the phenomenon. Therefore, the effects of the coupler slack and dry 
friction on the longitudinal dynamics of the train are getting more and more attention, among which 
some research [1] has fully considered the effects of the internal and linkage slack of the couplers, as 
well as the friction at the couplers’ contact points on the impact acceleration of the system. The 
polynomial exponential fitting model proposed by Ward and Leonard [20] fits the dry friction of 
friction-type coupler buffer devices well. Zhang et al. [21] incorporated the role of the friction on the 
coupler’s tail arc surface on the coupler’s deflection angle in the model, whereby the effect of this 
factor on the axle’s transverse system was explored. Wu et al. [22] comprehensively considered the 
effect of friction between the coupler head and the friction pair on the coupler’s inclination angle and 
then analyzed the stability of the train’s operation. 

In the mechanical power system, with a change in the nonlinear factors, the system may have 
nonlinear dynamic characteristics such as doubling bifurcation, Hopf bifurcation, and grazing 
bifurcation, showing periodic oscillation, quasi-periodic oscillation, and chaos [23,24]. Numerous 
nonlinear elements inside the heavy-haul train system can induce diverse characteristics in the system’s 
solutions, including crisis, which will appear in the form of bifurcation and chaos. On the basis of the 
current research results of bifurcation and chaos in collision systems with slacks, some scholars have 
begun to explore the influence of coupler buffers on train systems from the perspective of bifurcation 
and chaos. Popp and Stelter [25] studied the path of a single-degree-of-freedom dry friction oscillator 
to periodic bifurcation and chaos under harmonic excitation. Lv et al. [26] discussed the transition 
between the single-impact periodic motion and the sliding bifurcation of a two-degrees-of-freedom 
collision system with slack. Yadav et al. [27,28], on the basis of the coupler buffer system of the 
Association of American Railroads train, studied the influence of the coupler’s inertia, slack, and dry 
friction on the longitudinal dynamics of trains. 

In this paper, a kind of heavy-haul train coupler and an MT-2 buffer device commonly used in 
China were selected as the research objects. On the basis of existing research, a mathematical model 
of the MT-2 friction buffer device with hysteresis characteristics was established. From the perspective 
of bifurcation and chaos, the influence of nonlinear factors on the longitudinal dynamic response of 
heavy-haul trains under straight-line operating conditions was explored. The path of the system from 
period-doubling and almost periodic motion to chaos through a phase-locked transition under 
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parameter changes was observed. 

2. The two-degrees-of-freedom model of a heavy-haul train 

The couplings between the carriages of the train are realized by coupler locking. A schematic 
diagram of the connection between carriages is shown in Figure 1(a); the structure of the coupler buffer 
device is shown in Figure 1(b). 

 

Figure 1. (a) Connection diagram of adjacent carriages. (b) Amplification diagram of a 
coupler buffer device.  Knuckle pivot pin;  coupler head;  draft sill;  spring;  impact 
seat;  striking casting;  front draft lug;  backboard;  rear draft lug;  draft sill.  

Under the condition of locomotive traction or braking, the right coupler buffer device is subjected 
to the traction or braking force of the locomotive, and the force is transmitted to the left coupler (2) 
through the device (1) after buffering. The left coupler buffer device exhibits impedance characteristics 
under the action of this force, realizes buffering, reduces the impact of traction or braking force on the 
carriage, and realizes the stability of the train running in the longitudinal direction. 

In addition to the rolling stock, the structure between the carriages of freight trains has obvious 
parameter symmetry. In studies, it is a common method to take two of the carriages for research. 
Therefore, according to the diagram of the train model in Figure 1, the left two carriages were selected 
as the research object, and the following physical model shown in Figure 2 was established. 

 

Figure 2. Physical model of the coupler buffer device. 

In order to investigate the effect of the vehicle’s longitudinal force on the system’s response on a straight 
road section, the following equations for the longitudinal dynamics of the train are established according to 
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D’Alembert’s law: 

 ቐ𝑀 ௗమభௗ௧ − 𝐹(𝑌, 𝑌ሶ ) − 𝐹ீ(𝑋ଵ, 𝑋ሶଵ) − 𝐹(𝑇) = 0𝑀ோ ௗమమௗ௧ + 𝐹(𝑌, 𝑌ሶ ) + 𝐹ீோ(𝑋ଶ, 𝑋ሶଶ) − 𝐹(𝑇) = 0, (1) 

where FP is the traction or braking force provided by the right-hand rolling stock (hereinafter referred 
to as the external excitation force), ML is the equivalent mass of the left carriage and the coupler buffer 
device, and MR is the equivalent mass of the right carriage and the coupler buffer device. The equivalent 
contact force at the coupler head is Feq, and the longitudinal impedance forces of the buffer devices on 
the left and right sides are FDGL and FDGR, respectively.  

The displacements of the right and left coupler buffer devices are X2 and X1, respectively. 
Assuming that the rightward movement is positive, the relative displacement and relative velocity are: 

 ൜𝑌 = 𝑋ଵ − 𝑋ଶ𝑌ሶ = 𝑋ሶଵ − 𝑋ሶଶ. (2) 

The traction force or braking force of the train under operation conditions is a random force, but 
this paper mainly discusses the influence of the structural characteristics of the coupler buffer device 
on the response of the longitudinal system of the train during the impact. Therefore, the harmonic 
excitation force is used as the external excitation of the system [28]. 

 𝐹 = 𝐹௧ 𝑠𝑖𝑛( 𝛺𝑡 + 𝜑) (3) 

2.1. Longitudinal equivalent contact force of the coupler 

There are two main reasons for the existence of free slack in coupler crisis: structural needs and 
wear during use. There are three relative positions of the coupler heads and the knuckle pivot pins in 
the free slack, as shown in Figure 3. 

 

Figure 3. Relative position of coupler knuckles and the coupler heads. 

When the relative position of the couplers is as shown in Figure 3(b), the couplers’ state is free, 
and there is no significant force transfer in the longitudinal direction of the couplers. Therefore, the 
collision forces Fc = 0, Ff = 0 can be considered at this stage. Figure 3(c) states that the relative 
displacement between the coupler (B2) and the knuckle pivot pin (B1) is less than the complete 
clearance d, and the collision and friction occur between the coupler (B1) and the knuckle pivot pin 
(A2). At this time, the equivalent contact force at the coupler is Feq: 

 𝐹 = 𝐹 + 𝐹, (4) 



586 

Electronic Research Archive  Volume 33, Issue 2, 582–599. 

where Fc and Ff are components in the longitudinal direction. 

 𝐹 = ⎩⎨
⎧𝑐𝑜𝑠 𝜓 (𝐾 ିௗ௦ ట + 𝐶𝑌ሶ ) 𝑌 ≥ 𝑑0 −𝑑 < 𝑌 < 𝑑𝑐𝑜𝑠 𝜓 (𝐾 ାௗ௦ ట + 𝐶𝑌ሶ ) 𝑌 ≤ −𝑑 . (5) 

The friction models mainly include the Coulomb model, the static–dynamic model, and the 
exponential model [29]. The friction model of the coupler generally adopts the Coulomb friction 
model [30]. Therefore, the formula for calculating the longitudinal component of the friction force is 

 𝐹 = ቊ𝜇(𝐾 ିௗ௦ ట + 𝐶𝑌ሶ ) 𝑠𝑖𝑛 𝜓 𝑌 ≥ 𝑑, 𝑌 ≤ −𝑑0 −𝑑 < 𝑌 < 𝑑 . (6) 

In Eqs (5) and (6), Kc and Cc are the stiffness and damping of the coupler, respectively; Ψ is the 
contact angle of the coupler, as shown in Figure 4. Assuming that R is the surface profile radius of the 
coupler, the contact angle can be calculated according to the relationship between the surface profile 
radius of the coupler and the coupler’s slack: 

 𝜓 = 𝑐𝑜𝑠ିଵ[ (𝑅 − 𝑑/𝑅)]. (7) 

 

Figure 4. Contact angle between the coupler head and the knuckle pivot pin. 

2.2. Buffer model 

At present, there are three main modeling methods for the buffer devices, namely the ‘black box 
model’, the ‘gray box model’, and the ‘white box model’. In this paper, the black box model strategy 
is used to model the MT-2 buffer device by means of experimental data fitting. The experimental 
impact data of the buffer device are mainly from the literature [30]. After smoothing and denoising of 
the experimental data, the MT-2 buffer’s stroke and impedance characteristic curves under the initial 
impact velocity of 3–9 km/h were obtained, as shown in Figure 5(a). The characteristic curves of the 
buffer device under different initial impact velocities were fitted. Referring to the modeling method of 
Hsu and Peters [31], and Cole et al. [32] for the buffer device, a polynomial exponential fitting model 
was constructed, as shown in Eq (8). The mathematical model was simulated and verified, and the 
hysteresis curves thus obtained were compared with the original impedance characteristic curves, as 
shown in Figure 5(b)–(h). According to the comparison diagrams, the simulation model can reproduce 
the impedance characteristics of the buffer, and it shows excellent consistency with the actual 
impedance characteristic curves of the buffer device, so the model has certain rationality and 
accuracy. 
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(a) Impact test: smooth curve              (b) 3 km/h model validation 

      
(c) 4 km/h model validation              (d) 5 km/h model validation 

      
(e) 6 km/h model validation              (f) 7 km/h model validation 

      

(g) 8 km/h model validation              (h) 9 km/h model validation 

Figure 5. Force–displacement characteristic curves. 
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The characteristic curve of the buffer device at different impact velocities satisfies the following 
polynomial mathematical model: 

 𝐹ீ = 𝐹 + 𝐹ଵ𝑒ఊభభ + 𝐹ଶ𝑒ఊమభ + 𝐹ଷ + 𝐹ସ ቚ భ௫ೌೣቚ ∙ 𝑒𝑥𝑝 ൬−𝛾ଷ ∙ ቚ ሶభ௫ሶೌೣቚ൰ (8) 

where 𝐹, 𝐹ଵ, 𝐹ଶ, 𝛾ଵ, 𝛾ଶ are the tuning parameters of the static components; and 𝐹ସ, 𝑝, 𝛾ଷ, 𝑥௫, 𝑥ሶ௫ 
are the tuning parameters of the dynamic components. These tuning parameters are determined by 
fitting the force–displacement characteristic curves of the buffer device using a curve fitting tool. In 
this paper, the coupler buffer system model established when the initial impact velocity is 7 km/h is 
selected as the main research object, and some tuning parameters thus obtained are shown in Table 1. 

Table 1. Fitting parameters of coupler buffer device. 

Parameter 𝑌ሶ ≥ 0 𝑌ሶ < 0 0 ≤ 𝑌 < 𝐷 𝑌 ≥ 𝐷 
F0 –3.6 × 104 –2.699 × 104 
F1 3.6 × 104 2.699 × 104 
F2 0.0103 –0.2033 
F4 1.5 × 104 1.2 × 104 
γ1 16.00 0.03279 
xmax 0.20 0.20 
p 1.12 1.45 

The damping of the rigid impact system is generally Rayleigh-type proportional damping, and 
the instantaneous change in velocity before and after the collision should be determined by the 
recovery coefficient R. However, the mass matrix and stiffness matrix in this study do not satisfy the 
condition of orthogonality and do not belong to the category of Rayleigh proportional damping, so the 
collision coefficient is not considered. However, since FDGL is considered to be the force transmitted 
to the left vehicle, the simulated acceleration can be calculated by the following equation: 

 𝑋ሷଵ = ிವಸಽଶெೡ , (9) 

where Mv is the total weight of self-weight and load. Some parameters of the current heavy-haul trains 
in China are shown in Table 2. 

Table 2. Parameters of heavy-haul trains. 

Parameter Symbol Values 
Train weight M0(t) 20 
The effective mass of the coupler system ML = MR (kg) 415 
Contact angle cosψ 0.9775 
Coupler’s coupling clearance d/mm 10 
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3. The path of the system to chaos through bifurcation 

3.1. The influence of excitation frequency on the system’s response 

Referring to the simulation results of the coupler force of heavy-haul trains in [33], this paper 
assumes that the initial state of the train is X0 = [0.05; –0.05; 0.01; 0.05], the amplitude of the external 
excitation force Ft = 5 × 1e5, and the friction coefficient μ = 0.2. The fixed-step fourth-order Runge–
Kutta [34] numerical integration method is used to solve the impact vibration system. Taking the 
external excitation frequency ω as the bifurcation parameter, the local bifurcation diagram of the 
system is as shown in Figure 6. In order to better reflect the response characteristics of the system, this 
study constructed Poincaré maps T of the periodic collision of the system, and analyzes the changes 
and existing areas of the periodic motion of the system. 

 𝑇 = ሼ(𝑋ଵ, 𝑋ଶ, 𝑋ሶଵ, 𝑋ሶଶ, 𝜏) ∈ 𝑅ସ × 𝑆, 𝜏 = 0, 𝑋ଵ − 𝑋ଶ = 𝑑, 𝑋ሶଵ − 𝑋ሶଶ > 0ሽ. (10) 

In Figure 6, P represents the period of the process, 1P represents the fundamental vibration, the 
period is T, and 2nP represents n times the period of the fundamental vibration (n = 0, 1, 2, …) [35,36]. 
It can be seen from Figure 6 that when ω ∈ [5.536, 5.654], inverse doubling bifurcation occurs with a 
decrease in the excitation frequency of the system. 

 

Figure 6. Bifurcation diagram (ω ∈ [4, 5.5]). 

According to the Poincaré map in Figure 7(a), it can be seen that the system’s motion is 4P 
when ω = 5.654. It can also be seen from Figure 8(a) that the phase plane oscillates due to the 
system’s friction. 

For the case when the excitation frequency is reduced to the crossing frequency ω = 5.536, the 
Poincaré section diagram is shown in Figure 7(b). The system undergoes inverse doubling bifurcation. 
The stable fixed points of the Poincaré map of the system are reduced from 4 to 2, and the attractor 
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changes from Period 4 to Period 2. When ω continues to decrease to ω = 5.452, the number of stable 
fixed points of the system changes from 2 to 8 after two doubling bifurcations, and the 2-periodic 
attractor evolves into an 8-periodic attractor. As ω continues to decrease, the system’s instability briefly 
enters the chaotic state. 

 

(a) ω = 5. 654        (b) ω = 5. 536         (c) ω = 5. 452        (d) ω = 5. 402 

Figure 7. Poincaré maps. 

 

(a) ω = 5. 654         (b) ω = 5. 536          (c) ω = 5. 452        (d) ω = 5. 402 

Figure 8. Phase plane diagrams. 

When the excitation frequency continues to decrease to ω = 5.18, the system enters the 3P periodic 
window from the chaotic state, as it is shown in Figure 9(a). Then it is transformed into a 6P state at 
ω = 5.178 and enters a chaotic state. According to the bifurcation diagram in Figure 6, it can be 
observed that the boundary crisis occurs at the excitation frequency ω = 4.34, and the system transitions 
from an unstable chaotic state to a 1P stable motion state. 

From the changes in displacement and velocity in the phase diagrams above, it can be seen that 
there is a gradual change in velocity during the collision, i.e., the velocity of the coupler does not jump 
immediately when the collision occurs, and the impedance characteristics of the buffer will make the 
velocity undergo a gradual buffer response process after the impact force is applied. Due to the 
continuously applied external force FP, the speed will gradually reverse. With a change in ω, the system 
exhibits rich nonlinear dynamic characteristics. 
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(a) ω = 5. 18          (b) ω = 5.178         (c) ω = 4. 399          (d) ω = 4.2 

 

(e) ω = 5. 18          (f) ω = 5.178         (g) ω = 4. 399          (h) ω = 4.2 

Figure 9. Poincaré maps (a)–(d); phase plane diagrams (e)–(h). 

3.2. The influence of the amplitude of external excitation force on the system’s response 

After changing the amplitude of the external excitation force Ft, the bifurcation diagrams of the 
two chaotic paths shown in Figure 10 are obtained. 

 

(a) Excitation force Ft = 4 × 1e5.              (b) Excitation force Ft = 4 × 1e6. 

Figure 10. Local bifurcation diagrams. 

In Figure 10(a), when ω = 0.50, the system is quasi-periodic. The bifurcation diagram of the 
system changes from the oscillation state to the single periodic motion state at ω = 0.535, and then at 
ω = 0.98, the system enters the phase-locked oscillation state with a rational multiple of the external 
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excitation period. The phase diagram of the system is shown as a quasi-periodic oscillation state in 
Figure 11(d). When ω ∈ [1.384, 2.5], it is also a period-doubling and phase-locked oscillation state, 
and the Poincaré maps are shown in Figure 11(e)–(h). 

 

(a) ω = 0. 500         (b) ω = 0. 535         (c) ω = 0.70         (d) ω = 0.98 

 

(e) ω = 1.384         (f) ω = 1.500          (g) ω = 2.10         (h) ω = 2.40 

Figure 11. Poincaré maps (Ft = 4 × 1e5). 

In Figure 10(b), the classical cascade phenomenon is depicted, which shows successive doubling 
bifurcation as the external excitation frequency decreases. The system transitions from a single period 
to multiple periods, and finally to chaos. The Poincaré maps, phase diagrams, and time history 
diagrams of the system can be seen in Figures 12 to 14. 

 

(a) ω = 5.65          (b) ω = 5.20          (c) ω = 5.01         (d) ω = 4.70 

Figure 12. Poincaré maps (Ft = 4 × 1e6). 
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(a) ω = 5.65          (b) ω = 5.20          (c) ω = 5.01          (d) ω = 4.70 

Figure 13. Phase plane diagrams (Ft = 4 × 1e6). 

 

(a) ω = 5.65          (b) ω = 5.20          (c) ω = 5.01         (d) ω = 4.70 

Figure 14. Time-domain diagrams (Ft = 4 × 1e6). 

3.3. The influence of load and damping on the system’s response 

Keeping the bifurcation parameter ω ∈ [4, 10] unchanged, the numerical simulation analysis of 
the system was carried out after changing the train’s load, and the bifurcation diagrams are shown in 
Figure 15. In Figure 15, the Z coordinate axis represents the relative displacement of ML when it is 
impacted during operation, the Y coordinate axis represents the change in the ML load, Mv = P × 105, 
and the X coordinate axis represents the frequency of the external excitation force of ML.  

 

Figure 15. Bifurcation diagrams of the system under different loads. 
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When the train load Mv is increased and when the external excitation frequency ω = 8.20, the 
system’s response gradually shifts from the initial two-period stable motion to the quasi-periodic 
motion. The Poincaré maps, phase diagrams, and time history diagrams are shown in Figures 16 to 18. 

 

(a) Mv = 50 t         (b) Mv = 65 t          (c) Mv = 70 t          (d) Mv = 80 t 

Figure 16. Poincaré maps of the system under different loads (ω = 8.20). 

  

(a) Mv = 50 t        (b) Mv = 65 t          (c) Mv = 70 t          (d) Mv = 80 t 

Figure 17. The phase diagrams of the system under different loads (ω = 8.20). 

  

(a) Mv = 50 t         (b) Mv = 65 t          (c) Mv = 70 t          (d) Mv = 80 t 

Figure 18. The time-domain diagrams of the system under different loads (ω = 8.20). 

Keeping the bifurcation parameter ω ∈ [4, 10] unchanged and changing the train damping, the 
bifurcation diagram of the system is shown in Figure 19. In Figure 19, the Z coordinate axis represents 
the relative motion displacement of ML when it is impacted during operation, the Y coordinate axis 
represents the change in the damping coefficient xmax, and the X coordinate axis represents the 
frequency of external excitation force on ML. 

Since the damping coefficient xmax is the denominator of a coefficient of the buffer’s mathematical 
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model, increasing xmax reduces the system’s damping, and then the simulated damping value decreases. 
A comparison of the system’s response when the tuning parameter xmax increases from 0.2 to 0.35 is 
shown in Figure 19. When the external excitation frequency ω = 9.0, the response of the system 
changes from three-period stable motion to quasi-periodic motion and finally to chaos. The Poincaré 
diagrams and time history diagrams are shown in Figures 20 and 21. 

 

Figure 19. Dynamic responses under different levels of damping. 

 

(a) xmax = 0.2         (b) xmax = 0.25         (c) xmax = 0.3        (d) xmax = 0.35 

Figure 20. Poincaré maps of the system under different levels of damping (ω = 9.0). 

 

(a) xmax = 0.2         (b) xmax = 0.25         (c) xmax = 0.3        (d) xmax = 0.35 

Figure 21. Poincaré maps of the system under different levels of damping (ω = 9.0). 
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By analyzing Figures 15 and 19, it can be found that the system’s response changes significantly 
when the load and damping coefficient are changed. Under the action of different external excitation 
amplitudes, the system is still dominated by period-doubling bifurcation, but with an increase in Mv, 
the bifurcation diagrams show quasi-periodic and saddle-node bifurcation phenomena. 

With an increase in the load parameters and a decrease in the damping coefficient, the chaotic 
region of the system’s bifurcation diagrams is obviously expanded. During the actual movement, the 
long-term operation of the train under these parameters will aggravate the ‘slack action’ and the 
longitudinal vibration of the train, so that the components are more likely to age, affecting the safety 
and stability of the train’s operation.  

4. Conclusions 

In this paper, the mathematical model was established and verified according to the impedance 
characteristics of the buffer device. By means of numerical analysis, the two-degrees-of-freedom 
system of a heavy-haul train was studied. Under the change in three states of the external excitation 
forces, train loads, and the coupler buffer system’s performances, the system shows rich nonlinear 
characteristics such as period-doubling bifurcation, quasi-periodic, phase-locked oscillation, and chaos.  

The amplitude of the external excitation force Fp will change the path of the system entering the 
chaotic state. Excessive load and reduced damping performance will lead to the expansion of the 
chaotic region. Selecting the appropriate load and appropriate capacity of the buffer to make the train 
avoid the chaotic region is conducive to the safety and stability of the train’s operation. By studying 
the bifurcation characteristics and chaos of the system, according to the set characteristics of the 
attractor, engineers can be assisted in diagnosing faults in the vehicle in time to prevent accidents. 
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