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Abstract: This research was concerned with a linear theory of thermoelasticity with microtempera-
tures where the second thermal displacement gradient and the second gradient of microtemperatures
are included in the classical set of independent constitutive variables. The master balance laws of
micromorphic continua, the theory of the strain gradient of elasticity, and Green-Naghdi thermome-
chanics were used to derive a second gradient theory. The semigroup theory of linear operators al-
lowed us to prove that the problem of the second gradient thermoelasticity with microtemperatures
is well-posed. For the equations of isotropic rigids, we presented a natural extension of the Cauchy-
Kovalevski-Somigliana solution of isothermal theory. In the case of stationary vibrations, the funda-
mental solutions of the basic equations were obtained. Uniqueness and instability of the solutions were
obtained in the case of antiplane shear deformations.

Keywords: elastic solids with microtemperatures; solids with microstructure; second gradient
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1. Introduction

In recent years, Green-Naghdi thermodynamics [1-3] has been used to establish some theories
of thermoelasticity that take into account the second-order temperature gradient [4—6]. On the other
hand, the balance laws of the continua with microstructure [7—10] led to a theory of thermodynamics of
elastic materials where the inner structure has microelements with microtemperatures. At the begin of
this paper, we use the theory of non-simple elastic solids [11-13] and results from thermodynamics of
multipolar continua [ 14] to obtain a second gradient theory of thermoelasticity with microtemperatures.
An introduction of the concepts of thermal displacement and thermal microdisplacements as well as
the theory of multipolar continua allows us to derive the local form of energy balance and constitutive
equations. In [3], the authors established a theory of thermoelasticity characterized by constitutive
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equations that depend on the first gradient of the displacement vector, on temperature, and on the first
gradient of thermal displacement. In the present work, we have consider the following new independent
constitutive variables: the second gradient of thermal displacement, the second gradient of thermal
microdisplacements, as well as microtemperatures. To simplify the writing, we limit our attention only
to the introduction of the second-order spatial derivatives of the thermal variables.

We express the field equations of the linear case in terms of components of the displacement vector,
thermal displacement, and thermal microdisplacements, and obtain a fourth-order system of equations.
The boundary-initial-value problems are also formulated. The semigroup theory of linear operators
allows us to prove that the problem of the second gradient thermoelasticity with microtemperatures
is well-posed. For the equations of isotropic rigids, we present a natural extension of the Cauchy-
Kovalevski-Somigliana solution of the isothermal theory. In the case of stationary vibrations, we
establish the fundamental solutions of the basic equations. Anti-plane shear deformations are also
considered and uniqueness and instability results are obtained.

The relevance in introducing temperature gradient effects in thermomechanics can be recalled
from [15].

2. Balance equations

In this section, we propose a second gradient theory of solids with microtemperatures by using
the basic laws of mechanics of materials with microstructure and Green-Naghdi thermomechanics.
Throughout this paper, the motion of the body is referred to the reference configuration B, occupied
by the body at time 1, and to a fixed system of rectangular Cartesian coordinates Ox;, (j = 1, .., 3).
Latin subscripts range over the integers (1, 2, 3), and Greek subscripts range over the integers (1,
2). Cartesian tensor notation is used throughout. In what follows, x; are reference coordinates, y;
are spatial coordinates, a superposed dot denotes material time differentiation, and f; denotes partial
differentiation of f with respect to x; . We denote by dB the boundary of B. Following [1,2], we get
the following local balance of entropy:

pn =S+ p(s+&). 2.1

By using the theory of continua with microstructure [9], we can obtain the balance of the first moment
of entropy in the form:

o1 = Niix +Si — H; + p(Q; + &), (2.2)
In the relations (2.1) and (2.2), we have used the following notations: p is the reference mass density;
n is the entropy per unit mass of the body; S, is the entropy flux vector; s is the external rate of supply
of entropy per unit mass; £ is the internal rate of production of entropy per unit mass; 7; is the first
entropy moment vector; A;; is the first entropy flux moment tensor; H; is the mean entropy flux vector;
Q; is the first moment of the external rate of supply of entropy, and &; is the first moment of the internal
rate of production of entropy. The entropy flux X and the first entropy moment flux vector o ; at regular
points of 0B are given by [1,2,8],

X=8n;, or=Ajnj, (2.3)

where n; is the outward unit normal of dB. Let 6 be the absolute temperature. We denote by x the
center of mass of a generic microelement V. We assume that for X" € V, we have

0(x, 1) = O(x, ) + Ti(x, ))(x — x7). (2.4)
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We call the functions 7; microtemperatures. As in [1], we consider the thermal displacement « and the
thermal microdisplacements ; by
@ = 9, Bj = Tj. (25)

We now consider a domain % at time ¢, bounded by a surface 9%, and let P be the respective domain in
reference configuration, with the boundary dP. In view of [1,9, 11, 14], we propose an energy balance
in the form:

fp(u,u, +e)dv = fp(f,u, + 50 + Q,‘T,')dv (2.6)

P P
+ f (t,-L’t,- + 20 + O']T] + GJQ’] + HjiTi,j)dCl
P

for every region P of B and every time. Here u; is the displacement vector, e is the internal energy
per unit mass f; is the body force per unit mass, #; the stress vector associated with the surface 09 but
measured per unit area of 0P, and G; and II;; are the monopolar and dipolar entropy flux per unit area,
respectively. We impose that the dipolar body force and the spin inertia per unit mass are not present
(see [14]). From (2.6), we can derive the balance of linear momentum so that, by the well-known
method, we obtain

tj = tijn; 2.7

and
tiij + pfi = pii; (2.8)

where 7;; is the stress tensor. After the use of the divergence theorem and the equalities (2.1)—(2.3),
(2.7), and (2.8), the relation (2.6) can be written in the form:

fpedv = f[tjiai,j +p7]9 +,07]]T] + SJG’] + Aijj,k - (Sl - Hi)Ti —pf@ —pé‘:JTJ]dV (29)
P P

+ (GJGJ + Hj,‘Ti,j)dCl.
oP
With an argument similar to that used to derive the relation (2.7), from (2.9), we obtain

(Gj = Gyjni)b j + (I j; = I jim )T, ; = 0, (2.10)

where Gy; and I;;; are tensors associated to the surface loads G; and IIj;, respectively. With the help
of (2.10), we obtain the local expression form of the energy balance

pe = tjiui,j +p779 +p77jTj + Fjg,j + ijT];k + (Hl - Sl‘)Tl' (211)

+ G0 jx + yiT i — p&6 — p&;T j,

where the following notation
Fj :Sj+ij,ka ij :Akj+Hmkj,ma (212)

is used.
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Following [14], we assume a motion of the body that is different from the given motion by a super-
posed uniform rigid body angular velocity, and that p, e, t;;,1,0,1;,T;,S j;, Axj, Hj, Fj,T%;, &, and &; do
not change by such motion. The equality (2.11) implies that

tji = tij. (2.13)
If we consider the Helmholtz free energy ¢ by
Y =e—-6n—Tn,, (2.14)
and we see that the energy balance may be written in the form:
PG + 60+ Tjiny) = tije;; + F 6, (2.15)
+ 0T + (Hi = SOT; + Gy + Wi Ti . — p€6 — p€,T,
where we have introduced the strain tensor
2ei; = uj;+uj;. (2.16)
3. Constitutive equations

From now on, we define the constitutive equations for , #;;,1,1;,S j, Hj, Gij, Fj,T'j, i, &, and
¢&;, and we suppose that these are functions of the set V = (e;;,0, T, j, Bk j, @ij, Brij)- To simplify
the writting, we omit the explicit dependence of x; and then the material should be homogeneous and
assume that there is no kinematical constraint. In the theory established in [3], the constitutive variables
are ¢;;,0, and « ; . If we introduce the notation A = py, then Eq (2.15) becomes

0A . 0A . 0A ‘
(?U - tij)eij + (% +p7])9 + ((9_Tl +pni)Ti (31)
0A OA OA
' (a(l,i ~Fifi+ (ﬁﬂj,i ~ LT (37,17 = Gj)bij + (M — ) T ju

+p0¢ + (& + S — H)T; = 0.
From (3.1), we find that [3]

0A 0A 0A
= PN = —F=, PN = 7, (3.2)
/ ae,-j 00 / GT,
P 0A 0A G 0A 0A
i= » Lij = 27> ji s Mgy = ,
a i ! aﬁj,i ! 8 JAj ! aﬁi,]k
and
p&0 + (p&i+ S — H)YT; = 0. (3.3)
We introduce the notations
0(x, 10) = To, Tj(x,10) = T}, a(x,1o) = @y, B;(X,10) =), (3.4)
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where t; is a reference time and 7T, T?, ap, and ,B? are given constants. As in [3], we consider new
thermal variables

! !
T=0-T, 6,=T;—-T, x= f Tds, ¢; = f 0,ds. (3.9
0 0

From (3.4) and (3.5), we get
a = X+T0(t_t0)+a/0’ﬁ] ‘10]+T (t_t0)+:81,az Xlaﬁlj @i j» (36)

X = T, Sbi = 6’,’.
From now on, we restrict our attention to the linear theory where the functions u;, T, and 6; can be

written as

7’
u = €u;,

T=€l', 6= 60}

where € is a parameter small enough for squares and higher powers to be neglected, and u;, 7',
and ¢, are independent of €. As usual, we assume that A is a quadratic form of the variables
eij, T,0j,aj,pBrj,a;j, and B ;; and that H;,&, and &; are linear functions of the same variables. We
consider the case of a material with a center of symmetry. Thus, we have

2A = Ajjseijers — 2bije;;T + 2Cjs€iiprs + 2Djjseiix rs — aT* — 2L T, 3.7
2N TX ij Bijgiej - 2Cij919(,j - 2dipqr()op,qrei + Kij%,lX,j + 2Mipqr)(,i90p,qr
+ Eijrs(pi,j‘pr,x + 2Hijrs‘70i,ﬂ(,rs + Uijkpqrgpi,jk(pp,qr + Qijrs)(,i]%,rs-
The following symmetries are satisfied:

Aijrs = Ajirs = Arsij7 bi bjl’ Ct}rs = Cjirsa Dijrs = Djirs = Djisr’ (3.8)

B = B]l, Nl] le’ dlpqr = diprq’ Kl] K]l’ El]rs - Ersij’ Mipqr = Miprq’

Hijrs = Hijsrs Uijipgr = Upgrijk = Uikjpgrs Qijrs = Qrsij = Qjirs-
It follows from (3.2), (3.7), and (3.8) that
tij = Ajjrsers = bijT + Cijrsprs + DijrgX s
pn = bjjei; +aT + Lijp; j + Nijx ijs
pni = B;jf; + Cijx j + dipgrppqrs 3.9
F;==Cybi + KijXi + Mjpgrpqr,
Iij = Crjiers — LiiT + Ejinsr s + HjirgX s
Gji = Dysijers = NijT + QijrsX rs + Hysijprs,
yji = —dij0r + Mijx s + UijkparPp.qr-
For isotropic materials, the number of constitutive coeflicients is drastically reduced (see [12]). From

(3.3), we see that the response function & vanishes when the microtemperatures 7'; vanish. In the linear
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case, the function £ that satisfies this requirement must be & = ¢;T';, where c; are constants. Since the
body has a center of symmetry, we get & = 0. Thus, from (2.12), (3.3), and (3.9), we find that

p&i=H; - S, (3.10)
If we use these results, then Eqs (2.1) and (2.2) take the form

PN =Skk+pS, pni = Aiix + Q. (3.11)

The equations of the linear theory consist of the equations of motion (2.8), the energy equations
(3.11), the constitutive equations (3.9), and the geometrical equations (2.16). In view of (2.12), we can
write the Eqgs (3.11) in the form

Fri = Gijxj—pin=—ps, Ui =y — pnj = —pQ;. (3.12)

Equations (2.8) and (3.11) can be expressed in terms of the unknowns u;, x, and ¢;. Thus, we obtain
the equations
Ajjrsttrsj — biX j + DjinX rij + Cijrstprsj + pJi = pili (3.13)
=D ypgtrpak — bijitij + Kijx ij = QijrsX.ijrs = GX = Rpgjr@p.qrj
—Pij®ij = —pS,
Crsjeltrsk = PjeX k + Cpjar®p.ar + RjkrsX rsk
+E jirs@rsk = UjrspgmPpgmsr — B = —p Qs

where

Ritrs = Hjtrs — Myjis, Cpjgr = dpjgr — djpgrs Djx = L + Cx. (3.14)

To the system (3.13), we have to adjoin boundary and initial conditions.
4. Boundary-initial-value problems

Now, we study the boundary conditions and formulate the basic boundary-initial-value problems.
We assume that the boundary of B consists of the union of a finite number of smooth surfaces, smooth
curves (edges), and points (corners). Let C be the union of the edges. As in [11, 12], to obtain the
form of the boundary conditions, we must study the surface integral in (2.5). By using (2.3), (2.7), and
(2.10), we find that

(lil;ti + 20 + O'jTj + Gje,j + Hj,-T,-,j)da (41)

op
= f [fitt; + (Fx = G )0 + Uiy — W) T + Gy 0 + ;i T jlmida.
op

We will use the notations 5
Df = fn;, D;=(6;;— ninj)(g, 4.2)

J
where ¢;; 1s the Kronecker delta. Then we obtain

ije’jl’lk = ij mn DO — Q(ijl’lk) + Dj(ijl’lkg), (43)
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Iy i Ti jmie = My jimin ;DT — T:D j(Xy jing) + D (I jimg T).
Asin [11,12], from (4.1) and (4.3), we get

aP(tiui + 260 + 0']T] + GJG,J + HjiTi,j)dCl (44)

= (t,-b'ti + (1)19 + (D2D9 + \PJTJ + WiDTi)dCl
opP

+f(Y0+ Q.T)Hds
C
where
(1)1 = (Fk - Grk,r)nk - Dj(nsst) + (Djnj)nsanspa (DZ = Grs”r”b (45)
V=T - Hrki,r)nk - Dj(nSHsji) + (Djnj)nsnpnspi’ W; = Il 4n,ny,
Y =< Grsnrys >, Qi =< Hrsinrys >y Vi = €k Sl

Here, s; are the components of the unit vector tangent to C, < f > denotes the difference of the limits
of f from both sides of C, and €, is the alternating symbol. The first boundary-initial-value problem
is characterized by the boundary conditions

w=uj, x =x" ¢i= ¢, Dy =", Dg; = y; on 9B x I, (4.6)

where u?, x*, ¢!, {*, and ] are prescribed functions.
For the second boundary-initial-value problem, the boundary conditions are [11]

ti=1;,01 =0, 0 =0, ¥; =V, W; = W ondB X1, 4.7)

Y=Y, Q=Q onCxlI,

where 17, @7, @5, ¥, Wi, Y*, and Q are given. The initial conditions are
ui(X, O) = u?(X), ui(X’ O) = V?(X), X(X’ 0) = XO(X)a X(X’ O) = XI(X)’ (48)

@(x,0) = ¢(x), @i(x,0)=+(x), x€B,
0

1 .
where u), V9, x°, x', ¢, and ! are given.
5. An existence result

Now, we provide an existence and uniqueness result for the problem determined by the system of
Eqgs (3.13), with the initial condition (4.8) and the homogeneous version of the boundary conditions
(4.6). We will use the theory of contractive linear semigroups [16].

We assume once and for all that:

(1) The mass density p and the thermal capacity a are strictly positive.

(1) The matrix B;; is positive definite.

(ii1) The quadratic form

W(eij, Kijios X is X jis Pois P.ij) =
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Aijrseijers + 2Cijrseij‘pr,s + 2Dijrseij)(,rs + Ki]X,iX,j + 2Mipqr)(,i‘10p,qr
+ Eijrs‘pi,j‘)or,s + 2Hijrs‘;0i,j/\/,rs + Uijkpqrsoi,jk‘;op,qr + Qijr‘sX,i]X,rSa
is positive definite, i.e., there exists a positive constant C such that:
W > C(eijeij +X,r)(,r +X,rs)(,rs + Qor,swr,s + Qop,qr‘;op,qr)-

Let us to propose the problem as an abstract problem in a suitable Hilbert space. We will work on the
space
H = W, *(B) x LX(B) x W;*(B) x L(B) x W;*(B) x L*(B),

where Wé’z, Wg’z, and L? are the usual Sobolev spaces, Wg’z = [Wé’z]3 and L? = [L?]?. The elements
in this space can be denoted by U = (u, v, x, 6, @, @).
We consider the scalar product associated to the norm

ICw, v, x, 6, @, I (.1

= f[PViVi +al® + Bijidy; + W(eijs X ir X ji» i P 1))V
B

Now, we want to see our problem as a Cauchy problem in 4. We define the operator

u v
v M
X 0
= 5.2
A P y (5.2)
® ¢
¢ Q
where
M = (Mi)’ Q = (wi)’
and
M; = p_l(Aijrsur,sj = b0 + CijrsPrsj + DjiriX sk j)s
w; = Fij(Crsjkur,sk - ije,k + gqur‘pp,qr + RjkrsX,rsk
+ Ejkrs‘pr,sk - Ujrqumsop,qmsr)’
U= a_l(_Drquur,qu = bipvij+ Kijx.ij — QijrsX.ijrs — RpqjrPp.ar
—DijPij)
where F,'J'Bjk = 5ik-
We note that our problem can be written as
%—ﬂﬂ+7’(t) U0) = (u O ¥t @’ V) (5.3)
dt - ’ - 07V0’X 7/\/ 7s0 5V ) .

where
7:(t) = (09 f(t)9 O,,Da_IS, O9th]Qj)
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The domain of the operator A is the subspace of elements of our Hilbert space such that
1,2 2,2 22
ve W, %, ¢ e W;7,0e W™,
Aijrstrsj + Dijix kj — bij0 j € L’

2
_Drquur,qu - QijrsX,ijrs - qujr‘;op,qrj €L s

and
2
Crsjkur,sk + Rjkrs)(,rsk - Ujrqum‘pp,qmsr €L

This domain is a dense subset of our space.
After an easy but laborious calculation, we can see that

<AU,U>=0,

for every element U at the domain of the operator.

The next step in our approach is to show that zero belongs to the resolvent of the operator. Let U*

be in H. We must prove that the equation
AU = U

admits a solution. That is

*

v=u, 6:)(*’ ¢:¢*’
M=v, v=0, Q=¢"
We substitute the first three equations into the others to find that
Aijrsur,sj + Cijrssor,sj + Djirk)(,rkj = PV;k + bi]Xj}’
_Drquur,qu + Ki}%,ij - Qijrs)(,ijrs - qujr‘pp,qrj
= al" + bjju; ; + pijp; j»
Crsjkur,sk + Rjkrs)(,rsk + Ejkrs()Dr,sk

_ * * *
~U jrspam®Ppamsr = Bjxy + PjeX & = LpjarPp.qr

If we denote
@i = pv; + by, ay=at + bjju;; + pi; ;s

* * *
@3 = By + DXk — Cpiarpgr Ati = Aijrsttrsj + Cijrsrsj + DjirkX rijs
AZ = _Drquur,qu + Ki])(,ij - Qijrs)(,ijrs - qujrsap,qrja
A3j = Crsjkur,sk + Rjkrs)(,rsk + Ejkrs‘;or,sk - UjrSquSOP»qmsr’

then our system can be written as

Aj = ap, Ay = an, A = ag.
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To solve this last system, we note that (a;;, @y, @;3) € [W™1?]* x [W=22]* and that the form
B(U,X, ‘P), (u*a/\/*’ SO*)] = f(Ailu;'k + AZX* + Ai3§0,‘)dV
B

defines a form in [Wé’z]3 X [Wé’z]4 which is bounded and coercive. In view of the Lax-Migram
lemma [17], we can guarantee the existence of solutions to our system as well as the existence of
a positive constant K (independent of the point) such that

Ul < KU

In view of the previous arguments, we can conclude that A generates a contractive semigroup. There-
fore, we obtained the following result:

Theorem 1. Let us assume that f;, s, and Q; are functions continuous at the domain of the operator
A and of class C' in L2. Then, there exists a unique solution to the problem (5.3) that is continuous in
the domain of the operator and is of class C! in the Hilbert space H.

It is well-known that we also obtain

IUDI < IUO) +f0 IF ()lids,

which establishes the continuous dependence of solutions on initial and supply terms. Thus, we can
say that under the conditions (i), (ii), and (iii), the problem of the second gradient thermoelasticity with
microtemperatures is well-posed.

6. Basic equations for isotropic solids

Now, we state the constitutive equations for isotropic materials and express the basic equations in
terms of the unknown functions u;, y, and ¢;. For centrosymmetric and isotropic materials, the number
of independent parameters is greatly reduced. Using the general forms of isotropic tensors [12] and
taking into account the symmetries (3.8), we obtain

A a
A= 5 Cii€jj + peijeij + Creip,, + 2Cae0; ; + diepy jj + 2daeijx ij — ETZ

b k
=BeiT —yTp,, —vITx ,r — 591'9}' - {9,)(,,- + EX’JXJ

1
+ MY )i + 2MaX i i + E(El(Pr,rSDi,i + By i j + E3pi i) (6.1)

T Y19iijPjkk T Y2LiijPrrj T V3P;iiPjkk T Yabi jkPijk t V5Pi jkPr.ij
K1
EX,itX,jj + KoX.ijX.ij»

where A, u,B,Co,do,a,y,v,b,{,k, fio, Ej, ¥y, and ko, (@ = 1,257 = 1,2, ..,5), are material coeflicients.
By using (3.6) and the relations

+

t;j = 0A/de;j, pn=—0A/0T, pn;=—0A/80,,
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Fj=0A/0x, Tij=0A/0¢;;, I =0A/0¢;j,

we obtain the following constitutive equations
t,'j = /le,,é,-j + 2,Ll€,'j —,8T5ij + Cl‘;or,réij + Cz(QDi,J’ + on,i) + dl/\/,,,d,-j + ZdZX,ija

pn =Be, +al +yp;;+vy, pn;=>bl;+x;,
Fj=ky;—{0;+ i + 2ppiijs (6.2)
Fij = Clerréij + 2C2eij - ’)’T&U + El‘pr,réij + EZSOj,i + E390i,j’
Gj,' = dlerré,-j + 2d2€,'j — VT(S,",' + KlX,kk5ij + 2K2X,ija

I = %(‘)Di,rré ikt 20000 + @irr0i) + V2@rriOjk + @rriOik) + 2V30110i;

+ 2Vaprij + ¥s(@ije + Qiki) + X x0ij + (X Ok + X ji)-
For isotropic solids, the equations for the unknown functions u;, y, and ¢; are established by substitut-
ing the functions in (6.2) into Eqgs (2.8) and (3.12). Thus we obtain the equations:
IUAui + (/1 + /-l)ur,ri _:8)'(,1‘ + CZA()Di + C3‘pr,ri + d3AX,i + pﬁ = pi/i,‘,

kAX + /13A‘10r,r - (7 + {)‘;br,r - d3Aur,r - K3A2)( - a/61‘(ﬂur,r + a)() = —pSs,
CZAMJ' + C3ur,"j - (y + {)X,] + EZA‘;D] + E4‘;Dr,rj - blAZ(pj - blA‘pr,rj
— 13y j = by = —pQ;, (6.3)

where
C3;=C1+Cy, dy =d) +2dy, uz =y +2u, (6.4)

K3 = K1 + 2Ky, E4 = Ey+ E3, by =2(y3 +7v4), by =2(y1 +7y2 +7s).

The problem of heat flow in rigid materials with microtemperatures is characterized by the following
equations:

kA + 3B, = (v + Oprr — 30y — af = —ps,
~(y + Q) + E2aA@; + Eqprrj — DiN @) — baAAgp,
— w3y j—bp; = —pQ;. (6.5)

7. A representation theorem

In this section, we establish a representation theorem for solutions of the system (6.5). We will use
the notations

Ap = kA — 16N> = ad* |08, Ay = isA — (y + 0)D/0t, Az = —piA — (y + )/ ot

Ay = EbA — biA’ = b3% /07, As = E4 — byA, (7.1)
P, =A1A4 + AP,, P, = A1As — AyAs.
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Equations (6.5) can be written in the form
Ay + A, = —ps,

Az j+ Aspj + Asp,,j = —pQ;. (7.2)

A counterpart of the Cauchy-Kovalevski-Somigliana solution of the classical elastodynamics is given
by the following theorem.
Theorem 2. Let

X = —A4(P1(D + A2A3A(D) + A1A2A4Vj,j, (73)
0 = A1A3AQ ; + A((P.V,.,; — P V)),
where the functions ® and V; satisfy
A1A4P1(D = ps, A1A4P1Vj = IOQ] (74)

Then y and g; satisfy the Eqs (7.2).
Proof. We note that
A1A4+P2A—P1 :0’

A1A3AL + A A3ASA — ASALA — AP, = 0, (7.5)
ATALAy + A1AyAP; — AjALP) = 0,
(A4 + A5A)P2 + ArA3A, — AP = 0,
A1A3ALASA + A A3AS — A3ALP) — A AZALA = 0.
After substitution of y and ¢; given by (7.3) in (7.2), then in view of (7.5) and (7.4), we see

Ay + Asp, = —A1ALPI D + A1A2(A 1Ay + PoA = PV = —A AP D,

A3)(7j + A4(,0j + ASSDr,rj = —-AA4P, Vj + (A1A3Ai + A1A5A3A4A
—A2A§A4A - A3A4P1)(D’j + Al(A4P2 + ArA3A, — ASPI)Vr,rj
= —A1A4P1 Vj.

With the help of (7.4), we obtain the desired result.

In continuum mechanics, such solution representations have been used to establish the fundamental
solutions of the field equations. In classical thermoelasticity, these solutions led to the introduction of
the single layer potential and the double layer potential. The method of potentials has been used to
reduce boundary value problems of steady vibration theory to singular integral equations and to prove
existence theorems (see, e.g., [18]).
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8. Fundamental solutions

In this section, we use the representation (7.1) to establish the fundamental solutions in the case of
steady vibrations. We assume that

s = Re[s'(x) exp(—iwn)], Q; = Re[Q(x) exp(—iwt)], (8.1)

X = Rely'(x) exp(—iwn)], ¢; = Re[¢)(x) exp(-iwn)],

where w is a given frequency, X = (x|, X», x3),i = (—1)"/2, and Re[f] is the real part of the function f.
Let us introduce the notations

Al = kA — k3A? + aw?, Al = A+ iw(y + ), A = —i3A +iw(y + ),
A} = E;A —biA* + bo?, A% = Eq—bA, (8.2)
P = AjA; + AP;, P = AjAL — ASA;.

We obtain a differential system for the amplitudes y” and ¢’. To simplify the notation, we omit the
primes so that these equations can be written as

ATX + A;‘pr,r = —ps, A;X,j + AZ()DJ' + A;‘Pr,rj = _ij- (8-3)

The next theorem is a consequence of previous results.
Theorem 3. Let
x = —A,(PIF + AJASAF) + AJAA U (8.4)

where the functions F and U; satisfy
AJA,PIF =ps, AIAP\U; =pQ;. (8.5)

Then y and ¢; satisfy the Eqs (8.3).
If we introduce the notations

by = by + by, CYT = —,u% + kbs + K3(Ey + Ey),

@ = k(Ey + Ey) — 0 (k3b + ab3), @} = w*(a(Ey + Eg) + kb + (y + 0)), (8.6)

then from (8.2), we get
P} = k33 A — oA’ + a3 A + A + abw”. (8.7)

It is easy to see that if kf( j =1,...,4) are the roots of the equation

2

K3b3x* + @} X + X — ax + abw® = 0, (8.8)

then we have
P} = k3bs(A + ) (A + YA + YA + k). (8.9)
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We denote by kg and k?) the roots of the following equation:

k3% + kx — aw® = 0. (8.10)
From (8.6) and (8.10), we obtain
A} = —k3(A + k) (A + k). (8.11)
Similarly we find
Ay = =bi(A+ DA + kD), (8.12)
where k3 and k7 are the roots of the equation
b1x* + Exx — bw* = 0. (8.13)
Let us assume that
s=f, 0;=0, (8.14)

where f is a given function. From (8.5), we see that in this case we can take ' = e and U; = 0, where
e satisfies the equation

PlAJAje = f. (8.15)
We denote by k; (j = 1,2,..,8) the roots with positive real parts and assume that they are different. If
the functions g; satisfy the equations:

K3b1by(A +k3)g; = f (nosum; j = 1,2,...,8), (8.16)
then the function e can expressed as
8
e= ijgj, (8.17)
=1
where .
m'= || &-. (8.18)
J=1G#r)

We now assume that s = 6(x —y), where 6(.) is the Dirac delta and y is a fixed point. In this case, the
solution of the Eq (8.15) is given by

8
eo = (4mGbibs) " " mjexpik;r), (8.19)

j=1
where r = [x —y|. If we take in (8.4), U; = 0, and F' = e, then we obtain the solution
XV = —AUP} + AjATALey, @) = AjA3AGe. (8.20)

Let us assume that
s=0, Qi =6;0(x-y), (8.21)

where j is fixed. We see that in this case, Eqs (8.5) are satisfied if we take F' = 0 and U; = e(¢;;. From
(8.4), we find the following solution:

X(1+j) = AlASA e ;, QOEHj) = Al(Pse;; — 6;;Pe). (8.22)
The functions y* and gogk) (k =1,...,4), given by (8.20) and (8.22), represent the fundamental solutions

of the system of equations describing steady vibrations.
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9. Anti-plane shear deformations

In this last section, we use the previous results to study the problem of anti-plane shear deformations.
We assume that the domain B from here on refers to a right cylinder of length 4 with the cross-section
D. We select the coordinate frame in such a way that the x;3-axis is parallel to the generator of the
cylinder. Body loads are assumed to be of the form

Jfo=0, Qo =0, f5=f(x1,x2,1), Q3 = 0(x1,x2,1), 5= s5(x1,x0,0),@=12,1€l,
where I = (0, T*). We look for a solution in the form
Uy = 0,00 = 0,u3 = u(xy, X2, 1), 03 = @(x1, X2, 1), ¥ = x(x1,%,0), ¢ = 1, 2.
We can observe that these functions satisfy our system in the case that the following system
uAu + CrAp + pf = pii,

CoAu + ExAp — biA*p + pQ = b,
kAy — k3N’ + ps = ay,

holds. Throughout this section, the Laplacian operator is considered in the two-dimensional case.
We can see that the first two equations are coupled to each other, but both are decoupled from the
temperature equation. First of all, we will concentrate our attention on the first two equations. We
impose the boundary conditions

u(xy, x2,1) = @(x1, X2, 1) = Ap(xy, x2,1) =0, (x1,x) €0D, t>0
as well as the initial conditions
u(xy, x2,0) = u’(x1, x5), w(xy, x2,0) =V (x1, x2),

@(x1, x2,0) = ©°(x1, x2), P(x1,x2,0) = VO(x1, x2).

For this problem, the energy satisfies:
1
E(r) = ) f(plb'tl2 + bll” + plVul® + 2C;VuVe + Ex|Vel® + bi|Agl)dx = E(0),
D
whenever we assume f = Q = 0, because

E(t) = f(puu + b + uVuVi + Cr,(ViVe + VuV) + E;VeVo + by ApAg)dx
D

= f (i(uAu + C2AQ) + 9(CrAu + ExAp — by A’)dx 9.1)
D

+ f (uVuVis + Co(VitV + VuVp) + E; VoV + b1 ApAg)dx = 0,
D

where the last equality follows after the use of the divergence theorem and boundary conditions.
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We do not assume any condition on the coefficients u, C,, E», and by, but we are going to obtain a
couple of qualitative results for our system. Nevertheless we will need to suppose that p and b are two
positive real numbers. To do this, it will be convenient to work with a function that will allow us to
conclude the desired results. We define this function in the form:

H(r) = f@ (ou” + bp*)dx + w*(t + to)*, (9.2)
where w* and #, are two non-negative real numbers to be selected. We have
H() =2 f@ (puit + bo@)dx + 2w (t + 1),
and
H() =2 f@ (puit + bp@)dx + 2 fD (Pl + blpP)dx + 2w".

We can notice that

f (ouit + bp@)dx = — f (UVul* + 2C,VpVe + E|Vol* + bi|Ag|*)dx
D D

f (plit* + bl¢|*)dx — 2E(0).
D

Therefore

H(r) = 4 f (plit* + bl@P)dx + 2(w* — 2E(0)).
D
A simple use of Holder’s inequality allows us to conclude
HEOH) = (H©))? > =2(w* + 2E0)H ().

If we put homogeneous initial conditions, we have that £(0) = 0 and if we take w* = 0, we can
conclude that

HEOYH() - (H)* > 0, (9.3)
This inequality allows us to establish (see [19], p. 19) that

H(t) < HO)' T HTT

for all  between 0 and 7*. Thus, in the case where we impose null initial data, we obtain that H(¢) = 0
for all ¢ in the interval and ,consequently we obtain the null solution. This allows us to conclude the
uniqueness of the solutions.

If we now go back to the general case and suppose that the initial energy is negative, we can take
w* = —2E(0) and again conclude the previous inequality. We can also get (see [19], p. 20)

! 7{(0)). 9.4)

H(0)
We note that we can always select #, large enough to guarantee that 4(0) > 0. When E(0) = 0 and
H(0) > 0, we also conclude the growth estimator.

H (1) = H(O)exp (
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Theorem 4. Let us to suppose that p and b are positive. Then:

(i) The initial-boundary-value problem for the anti-plane shear deformations has a unique solution.

(i) When E(0) < 0 or (E(0) = 0, H(0) > 0), then the solution is exponentially unstable.

A similar argument could prove the uniqueness and instability of the solutions for the temperature
equation in the case that we only assume that a is strictly positive.

10. Conclusions

The results obtained in this paper can be summarized as follows:

(a) We present a linear theory of thermoelasticity with microtemperatures where the second thermal
displacement gradient and the second gradient of microtemperatures are included in the classical set of
independent constitutive variables.

(b) We express the field equations of the linear theory in terms of components of the displacement
vector, thermal displacement, and thermal microdisplacement,s and obtain a fourth-order system of
equations. The boundary-initial-value problems are also formulated.

(c) The semigroup theory of linear operators is used to prove that the problem of the second gradient
thermoelasticity with microtemperatures is well-posed.

(d) We establish a counterpart of the Cauchy-Kovalevski-Somigliana solution of the isothermal
theory.

(e) In the case of stationary vibrations, we establish the fundamental solutions of the field equations.

(f) Uniqueness and instability of the solutions are obtained in the case of anti-plane shear deforma-
tions.
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