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Abstract: We establish an Lﬁ)c—existence theorem for the 85—equation on a half-space of C". The result
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1. Introduction

Solving 90 follows from the pluripotential theory, which can be traced back to the 1940s [1,2] and
still has a lot of attention. There are many interesting contributions concerning the d9-problem, among
which are [3—7]. More precisely, Nikitina [5] considered the Hg—equation on positive (1, 1)-closed
currents on complex manifolds. To build functional calculus for forms f on a positive current 7, it
requires an auxiliary (1, 1)-Kéhler form w > 0. With respect to this form, one can equip a metric on
T and hence obtain the induced norm ||f||,,7 of f on 7. The differential operators d and 4 also act on
positive currents. A current 7 is closed if dT = 0. For a closed current 7', we say that a form u € LiS(T)
is a solution to the induced equation

dyu=f onT (1.1)
if
,uAT)=fAT, fel, . (T)
in the sense of currents (see Definition 4 in [S]), where the subscript w indicates that the exterior
calculus is done w. 1. t. the w-metric. For simplicity, the subscript w may be omitted from the
notations when there is no danger of confusion. The main result in [5] reads as follows: if T is a
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positive (1, 1)-closed current in a pseudoconvex domain in C”, then there is a solution u € L2 (1)

n-r—1,s—

to Eq (1.1) for every f € L,%_m(T YN ker(d), s — r— 1 > 1. The case of currents of higher bidegree is
also discussed. It is noteworthy that the Gé—approach adopted in [5] is totally different from this one
applied in the current paper, where we are concerned with the 85-problem for classes of differential
forms having boundary traces in the currents sense. The ingredients of our approach include regularity
results for both d-and 5—equati0ns in the Wllof -Sobolev spaces.

Let us now recall those results that are more related to ours. In [8], Lojasiewicz and Tomassini
proved that if f is a differential form on a bounded domain in C" and has a boundary value, in the sense
of currents, then f is an extensible current. This result helped Sambou et al, to study the 65—equation
for extensible currents and for differential forms with boundary values, in the sense of currents, in a
series of papers. To be more precise, Sambou proved in [9] that if T is a d-closed extensible current
of bidegree (n, n — s) on a completely strictly g-convex domain with C*-boundary in an n-dimensional
complex manifold, 0 < g <n-1,1 < n-¢g < s < n, then there is an extensible current S of bidegree
(n,n — s + 1) such that 4S = T. As a corollary, he proved also that if f is a d-closed (0, 1)-form
of class C™ on a completely strictly pseudoconvex domain and has a boundary value, in the sense of
currents, then there is a function u of class C*, having a boundary value, in the sense of distributions,
and solving the equation du = f.

In [10], Sambou and Sané generalized the corollary by Sambou [9] to the case of (0, s)-forms,
where they proved that if f is a d-closed (0, s)-form, 1 < s < n, of class C* on a smooth, strictly
pseudoconvex domain, and admitting a boundary value, in the sense of currents, then there exists a
(0, s — 1)-form g of class C* with boundary value, in the sense of currents, such that 5g =f.

Let D be a pseudoconvex domain with C®-boundary dD in C" such that H'(D) = 0, i > 1, and
H/(AD) =0, 1 < j < 2n—-2, where H*(D) (respectively, H*(0D)) is the de Rham cohomology group of
smooth k-forms on D (respectively, on dD). Then, by using the é—solving result from [10], Souhaibou
et al. proved in [6] that for every d-closed (r, s)-form f of class C*(D) (1 < r, s < n) with a boundary
trace, in the currents sense, there is a (r — 1, s — 1)-form g of class C*(D) with a boundary trace, in the
sense of currents, such that 65g = f.

For the case of unbounded domains, Bodian et al. showed in [7] that the 65—problem is solvable for
extensible currents on a half-space in C". This allowed Souhaibou et al. [11] to extend the result of [6]
to the half-space case for the same class of differential forms. Their proof is achieved by inspiring
some results from Brinkschulte [12].

Motivated by the aforementioned results, the following question was raised: If f is a d-closed (7, s)-
form with L{:)C-coefﬁcients, does there exist a (r — 1, s — 1)-form u with Lf;c—coefﬁcients and satisfies
the equation ddu = f ?

Positive answer to this question is introduced in Section 3 for L -forms on the half-complex space

Q={z=(z1,...,2,) € C": Im(z,) > 0}

which is an example of an unbounded pseudoconvex domain as well as its complement.
We notice that there is an essential difference between LY (Q) and Wllo’f (€): Roughly speaking,

loc
functions in L{;C(Q) do not admit traces on 0Q2, while functions in Wllo’f (Q2) have boundary traces be-

_1
longing to VVlloc ! ’p((?Q) (cf. [13, Theorem 1.4.46] or [14, pp. 315]). Luckily, this viewpoint allows us to
address the dd-problem for differential forms with Wli)’f (Q)-coefficients and having boundary traces in
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the currents sense; see Section 4 below for more details.

Now, we briefly return to the 65-cohom010gies. For compact Kéhler manifolds Z one has that the
Bott—Chern cohomology H}/.(Z) is naturally isomorphic to the Dolbeault cohomology H**(Z); see [15,
Lemma 5.15, Remark 5.16, 5.21, Lemma 5.11]. Furthermore, the Hodgex-operator associated with
any Hermitian metric on X induces an isomorphism between Bott—Chern and Aeppli cohomologies,
1.e.,

o) =H,""(Z), VY rseNl.

In general, for compact non-Kéhler manifolds, the natural maps
Hy(Z) - H**(Z) and Hy(Z) — H*(Z,C)

induced by the identity are neither injective nor surjective; see the example given in [16, Section 1.c].
We refer to the monograph [17] by Angella for results concerning the characterization of compact
complex manifolds by means of their Bott—Chern and Aeppli cohomologies. Certain isomorphisms
and regularity results related to de Rham, Bott—Chern, and Aeppli cohomologies are introduced in
Section 5.

Let us now present the main LﬁC(Q)—existence theorem.

Theorem 1.1. Let Q = {z = (z1,...,2,) € C" : Im(z,) > O}. Forall r,s € [1,n], we have the following
assertions.

(i) If f € L(Q,loc)Nker(d), 1 < p < oo, then there is aformu € L], (Q,loc) satisfying dou = f.
) If f € W,1 P(Q,loc) Nker(d), 1 < p < oo, is a form admitting a boundary value, in the sense of

currents, then there exists a form g € W 151, loc) admitting a boundary value, in the sense of

currents, such that dg = f.

The proof of assertion (i) depends on pushing out a bumping technique, while the proof of (ii) is
twofold, namely, we solve respectively the equations du = f and du = f with regularity in the Sobolev
spaces W ?(Q,loc), hence the dd-solution becomes a combination of the resulting d- and d-solutions.
The key issue to prove (ii) is to construct suitable L’ -regularizing operators for d- and - -complexes,
respectively.

2. Function spaces

We list here the basic spaces of functions and distributions that will be used throughout the paper.
Let M be an open set in a differentiable manifold X of dimension N. For de Rham calculus we recall
the needed basic function spaces (cf. [13]).

C*(M) : the space of C*-smooth functions on M with its classical Fréchet topology.

C*(M) : the subspace of C*-smooth functions up to the boundary of M; this is the space of the
restrictions to M of functions in C*(X). We endow C*(M) with the Fréchet topology induced by
Co(X).

D(M) : the space of smooth; compactly supported functions on M, which is a topological vector space
with the standard inductive limit topology.
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EX(M) : the Fréchet space of k-forms of class C* on M, where k is a finite integer > 0.
DK(M) : the space of forms in EX(M) with compact supports in M.

D'*(M) : the space of k-currents on M, the topological dual of the space DV~*(M), endowed with the
topology of uniform convergence on bounded subsets of DV~*(M). In particular, a distribution is
a O-current.

D*(M) : the space of all extensible k-currents 7 on M. Such currents T are defined as restrictions to
M of currents T on X. The associated de Rham cohomology group is denoted by H*(M).

LP(M) : the Banach space of measurable functions such that

1
WA lery = (f lfl”d,u)p <oo, 1<p<oo,
M
where du is the Lebesgue measure on X. If p = oo, we set

I f1l=ary = ess.supl|f]| < oo.
M

Lf: (M) : the class of k-forms whose coefficients are in L?(M), 1 < p < oo.

l;P

loc

(M) : the Fréchet space of p-locally integrable functions on M endowed with the topology of
LP-convergence on compact subsets of M.

Ly, .(M) : the space of k-forms on M with coefficients in L, (M).

The formula

(ﬂ@=b&fA¢ feLy (M), ¢eDM)

gives an embedding L}, (M) c D*(M).

A differentiable form f € Lf’loc(M ) is called the weak d-exterior derivative (the d-derivative in the
sense of currents) of a form 6 € L? (M), and we write d = f if, for each ¢ € DVK(M), we

k—1,loc
have

ff/\gb:(—l)kfe/\dqb.
M M

Lf’C(M) : the subspace of Lf’loc(M) consisting of forms with compact supports in M. This subspace is
provided with the inductive limit topology.

WiP(M),m € NU {0}, p € [1,00) : the Sobolev space of functions f defined on M such that f and its
distributional derivatives 9 f of order || < m are in L (M). The topology on W,"*(M) is defined
by the semi-norms:

Flugean = ([ 10 v’ .1

|a|l<m

Topologized in this way, W,""(M) is a Fréchet space. For p € [l,c0), we denote by p’ the
conjugate exponent to p, i.e., p~' + p’~' = 1. The space WP '(M) is defined as the topological
dual of the completion of D(M) under the semi-norm (2.1); see e.g., [18, Theorem 3.9]. W,’: l’é’ (M)

stands for the Sobolev space of k-forms whose coefficients belong to Wl’z :f’ (M).
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W,’:fl’f (M) : the W,’-Sobolev space of extensible k-currents on M. The corresponding de Rham coho-
mology group is denoted by I-VI’;V,,,,,, (M).

loc

We turn now to the complex case. If M is a domain in a complex manifold X of complex dimen-
sionn. Let0 <r<mnand1 < s <n. Asin [19], we denote by:

& (M) : the Fréchet space of (r, s)-forms of class C* on M endowed with the topology of uniform
convergence of the forms and all their derivatives on compact subsets of M. For every k €
{0,1,...,2n}, we have

ENM) = @ E(M).

r+s=k
The complex structure of M splits the exterior differential operator
d: (M) - (M)
uniquely into
d=0+0

and the dd-operator is defined as

65 . SrV(M) N 8r+l,s+l(M).

D" (M) : the space of (r, s)-forms of class C* and compactly supported in M.

D'"¥(M) : the space of currents of bidegree (r, s) on M. D">*(X) is, by definition, the topological dual
space to the space D" ""*(X) with the C*-topology.

ZV)’”(M ) : the space of extensible currents of bidegree (r, s) on M. The associated Dolbeault cohomol-
ogy group is denoted by H"*(M).

Ll (M, loc) : the space of (r, s)-forms on M whose coeflicients belong to L{;C(M ).
W,.;"(M,loc) : the Sobolev space of (r, s)-forms with W,""(M)-coeflicients.

WZ:P(M,loc) : the W5 (M, loc)-Sobolev space of extensible (r, s)-currents on M. The corresponding
Dolbeault cohomology group is denoted by I:I;,fn,p(M ).

loc

Taking the restriction of the é-operator to Lﬁ s(M,loc), in the sense of currents, we get an unbounded
operator whose domain of definition is the set of forms f with L! (M)-coefficients such that af
has also L; (M)-coefficients; moreover, since 0> = 0, we get a complex of unbounded operators
(L? (M, 1oc), 0); see e.g., [20].

3. Lr-existence theorem for 99 on a half-space
In [21], Tarkhanov adapted the Norguet’s integral formulas (see [22]) for solving the d-equation in
L?-scales on g-convex domains in R". By using the L”-solutions to the d-equation and pushing out the

bumping technique by Kerzman [23], we conclude the following theorem.
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Theorem 3.1. Let Q = {x = (xy,...,Xp1) € R™| x,.1 > 0} be the upper half-space in R"*'. For every

fe Liloc(Q) N ker(d), there exists a form u € Lf_]’IOC(Q) that satisfies du = f.
Proof. Denote by B, := {x € R"™"! : ||x|| < r} the Euclidean ball of center 0 and radius  in R"*! and set

B~ = B,NnQand B* = B, N Q°. Define
—_ f, B_’
f= { =

0, B*.

Then f € L,': (B,) N ker(d); see e.g., [24, Section 2.1]. Since B, is convex, there exists a form
g € L] (B,) such that dg = f in B, (see [21]) and dg = 0 in B*. Put

— | & B

&= { 0. B.
It is clear that dg = 0 in B, and g € L} (B,). If k = 1, we can take g = 0 on B*, so g has a support in
B*. Ifk>1,3h € L] ,(B,) such that dh = g.

Set
g=g-dh

Theng € L} ,(B,), g = 0 on B*, and dg = f in B~. Exhausting R""' by a sequence of open balls
{Bs}senugo; €ach of radius ¢ and center 0. On each By, we can find gs € Lf_l(B(;) such that

dgs=f 1n By,
gs=0 in B}

Indeed, since dg5+2 = f n Bs.», dg5+1 = f in Bs.1, and Bs CC Bs,q, then d(g5+2 — g(5+1) =0in Bs.1,
(8s+2 — 85+1) € L,’:_l(B(m), and gs42 — gs+1 = 0in By, |. Thus, there exists us,; € Lf_z(B(m) satisfying

dusy1 = (gs+2 — &s+1) in By, and us,; = 0in By, ,. Choose a cut-off function y € D(Bs,2) such that
O<y(x)<landy=1in B;. 1. Therefore,

8o+2 — d(1 — Y)usi1 = 8541 + d(xusi1) on  Bsy.
Setting
$6+2 = 85+2 — d(l _X)u(5+la

We have dis,.» = fin Bsio, Wsso = gs+1 in By, and Y5, = 01in B ,. Thus, we can find a sequence
{vsts, vs € L,f_l 10c(Bs), satisfying dvs = fin Bs, vsy1 = vs in Bs, vs = 0 in Bj. Setting v = 51im Vs, then

v € LZ_UOC(R”“), v = 0in Q¢, and solving dv = f in Q. Hence u = vl € Ly | 1.(Q) is the desired
form.

Solving the d-equation is an important question in the theory of several complex variables. For
LP-solutions to du = f on g-convex domains in C", we refer to [25] and the references therein. Despite
of a great deal of the material for dis strictly analogous to corresponding material for d, the formalism
above works in the complex case, where

Q={z=(z1,...,2,) € C";Im(z,) > 0}

and fisa d-closed (r, s)-form. Therefore, we can immediately obtain:
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Theorem 3.2. Let Q = {z = (z4,... .zn) € C" 1 Im(z,) > O} Let @ € LY (Q, loc), da = 0. Then, there
exists a form 3 € L‘Z +1(Q, loc) such that OB = a.

Theorems 3.1 and 3.2 enable us to prove assertion (i) of Theorem 1.1 as follows.

Proof of Theorem 1.1 (i). Let f € L (Q,1oc) Nker(d). Due to Theorem 3.1, there is a (r+ s — 1)-form

g with coefficients belonging to L; (Q) and solving the equation dg = f. Without loss of generality,

we can decompose g into a (r — 1, s)-form g; and a (r, s — 1)-form g, whose coeflicients are in Ll’; ().
We then have

dg =d(g1 + &) =dg +dg, = f.
As d = 0 + 0, by the bidegree reasons, we have
dg1 =0 and dg, = 0.
Then
g, +0g, = f. (3.1
By Theorem 3.2, there are two forms hy, h; € Lf s 1(Q,1oc) such that
oh, = g1 and Oh, = g».
Equation (3.1) then becomes
aéhl + 38]12 = f,
but 99 = —99, and hence
00h, — 00h, = 00(h, — hy) = f.
Setting u = hy — h,. It is obvious that u € Lf_l’s_l(Q, loc) with Adu = f.

4. W, "-regularity to 99 for forms with distributional boundary values

Now we are in a position to prove part (ii) of Theorem 1.1. To this end, we need to prove Wllo’f -

regularity results for both d- and 5—equations. Let us begin with the real case.

4.1. The d-equation

There are many books on distribution theory each of them contains the basic definitions and prop-
erties of distributions; see, e.g., [13], [24], and [26]. Following [13, Chapter 9], we recall the following
definitions.

Definition 4.1. Let X be a differentiable manifold and Q@ C X be a C*-smooth domain of defining
function p. Let Q. = {x € Q| p(x) < —¢g}. A function f € C*(Q) is said to have a distributional
boundary value, if there is a distribution T, defined on 0Q such that for any function ¢ € D(0), we
have:

(T),¢) = lim f foudcr @1
e—0 aQé

where ¢, = i>p with § being an extension of ¢ to Q, i, : 0Q; — X being the canonical injection, and
do denotes the volume element.

A differential form of class C* on Q is said to have a boundary value in the sense of currents if its
coefficients have distributional boundary values.
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As an example, it follows from Eq (4.1) that any holomorphic function f that can be extended
continuously to dQ admits a distributional boundary trace T, = f A [0Q]*!, where [0Q]*! is the
bidegree (0, 1)-part of the integration current on 9. Recently, it was shown in [19] that extensible
smooth functions on bounded smooth domains admit distributional boundary traces.

Definition 4.2. A function f € C*(Q) is said to have polynomial growth of finite order y > 0, if there
is a constant C > 0 such that for each x € Q we have

If(x)] < Cdist(x, 0Q)™

where dist(x, 0Q) := inf {|x — y|; y € 0Q}.

To demonstrate this phenomenon, we point out that smooth functions with polynomial growth on
piecewise smooth domains have distributional boundary values; see [10]. It is interesting to mention
also that harmonic functions defined on bounded smooth domains admit distributional boundary values
if and only if they have polynomial growth of finite order near the boundary; see [27].

Proposition 4.3. Let D be an open set in a C™-differentiable manifold X of dimension n. Then, the
natural mapping
L FI’;VLP(D) — HYD), k>1, p>1,

loc

is an isomorphism.

Proof. We start with recalling the L”-adapted properties of the de Rham operators presented in [28].
Namely, it was proved that there are linear regularizing operators R, and homotopy operators A, de-
pending on a parameter & > 0 such that

R, : D*X) — ENX), A.: D*X) — DFI(X)

and enjoying the following properties:

(i) Forall T € D*(X),
T—-R.T =dA. T +AdT 4.2)

(X), AT € W' (X),

1,loc

(X), then R.T € W)**

.. 1,
) T ew,?” R

(iii) R.dT = cI}II’SZT

v) If T € Wkl”lf)c(X), then R,T - T,R.dT — dT,and A,T - 0ase — 0in W,:’]’;C(X).

(v) The supports of R,T and A.T are contained in the e-neighborhood of the support of 7.
(vi) A, does not increase the singular support of 7'.

(vil) The regularity of A.T is 1 — 0 better than that of 7" in an e-neighborhood of any open set U in X.

To finish the proof, we show that the mapping : is bijective as follows.
Injectivity: Let T € I-VI"‘V .,(D) such that 1([T]) = 0 in H(D). Then there exists a current S € D’*"!(D)

loc

so that dS = T. Suppose that T and S are extensions of T and S with supports in D, so that ds =T.
Applying (4.2) to S, we get _ _ L
dS =dR.S +A.T)=T,

and hence _ N N
T=Tlp=dR.S +A.T7)|p.
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Since A,T has regularity better than that of T in an e-neighborhood of D and each of R, and A, is
continuous on W*l”f) (D), then (RS + A, T)lp € Wkl’_”l’loc(D). This means that [T] = 0 in I—VI’;V (D). The

loc

map ! is injective.

Surjectivity: Let T € D’*(D) N ker(d). Let T be an extension of T to X with support in D. Then
T =R.T + A dT + dA,T, dT|p = 0.

Thus
T=Tlp=R.T+AdT)|p +dA.T|p.

The supports of R.T|p and A.dT|p are contained in some &-neighborhood of D; then they are exten-
sible currents. As the regularity of A.dT|p is better than the regularity of dT'|p, and A, is continuous
on W*l,’l’(’) (D), then A.dT|p € Wkl”l’(’) (D). In addition, R.T|p € EX(D). Hence [T] = [(R.T + A.dT)|p] in

HX(D). The map 1 is surjective.

Theorem 4.4. Let Q be as in Theorem 3.1. Then, we have I—VI";/ ,(Q) =0.

loc

Proof. Due to [7], we have H*(Q) = 0. By Proposition 4.3, we immediately get I—VI’;V L, (Q)=0.

loc

() be a d-closed

form with a boundary value in the sense of currents. Then there exists a form u in W,:;pl 10c(§2) with
boundary value, in the currents sense, such that du = f.

Theorem 4.5. Let Q be as in Theorem 3.1. For 1 < p <oo, 1 <k <mn,let f € w'?

k,Joc

Proof. Since f € W."?

k,loc

: X71.p
1s a current ® € Wk_Lloc

(Q2) Nker(d), then [ f] is an extensible current and hence, by Theorem 4.4, there

(€2) such that
do = f 4.3)

Let S be an extension of ® to R™*! with support in Q. Consider a current F defined by F = dS
which is an extension of f to R"*!. Applying Eq (4.2) to S, we see that

dS =dR.S +A.F)=F.

This shows that (R.S + A.F)|o is another solution to Eq (4.3). Since R.S € &E'(Q), it has a
distributional boundary value on 9Q2. However, the operator A, does not increase the singular support;
continuous on W’ (Q), and Flq € W'? (Q), then A.F|o € W,i’_” (Q). Therefore,

k,Joc k,Joc 1,loc

(R:S +A:F)lo € W, |, ().
We claim now that A, F|q admits a distributional boundary value on JQ. Since Q is unbounded, take
a closed ball B, ¢ R™! of center 0 and radius r such that B, N Q # 0. Hence F |E,.n§ is an extensible
current of finite order. Now, A.F |5,nq behaves like (F, N(x — y)), where N(x) = ¢,,|x|*™, m > 3, is the
Newtonian potential or the fundamental solution of convolution type for the Laplacian A in R™ \ {0}
(see e.g., [29, Section 2.4]). Set

w(x) =(F,N(x-y)), x€B,NQ.
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As N(x) is locally integrable, we introduce a suitable cut-off function. Let x € B, N Q be fixed
and denote by d, the distance of x to (B, N Q). Choose a cut-off function p € D(By, /»(x)) such that
0 < p(x) < 1 and p(x)|p,,,xy = 1. Then, decompose the kernel N(x) into two kernels

(I -px)

|x|n—1

p(x)
"t

Ni(x) =c No(x) = ¢,

2

and hence w(x) can be written as
w(x) = wi(x) + wa(x),

with
01() = (F, Ni(x = y)) = f FOWNI(x = y)dy
B,.NQ

and

wy(x) = (F, Nao(x = y))

f FOINCE = )dy
B,.NQ

f FOINa2(x = y)dy.
(BrN\By,/4(x)

Since N;(x) is compactly supported and f is locally integrable, then w;(x) is a C*-differential form
on Erﬂﬁ, cf. [24, Lemma 2.9], and hence it admits a boundary trace in the sense of currents on B,NoQ.
Going further, observe that [N>(x — y)| = O(|x — y|'™), i.e., the kernels decay like |x — y|'™ for large
|x — y|, and note also that |x — y| > d,/4 for points y € (B, N Q) \ B, j4(x) near to the boundary. Based
on these observations, we estimate |w;| as follows:

| f FOWNa(x = )|
(BNQ)\Bg,/4(x)

f I(1 = pM)f)
_ ——————|d}|
BO\By ) 1X = Y

4
— £y

" JB000\By, a0
1- 1-
C(”)dx n”f”L](EmQ)\deM(x)) < C(n)dx "

Thus, w, has polynomial growth of finite order; it follows then from [10, Proposition 3.1] that w,
admits a distributional boundary trace on B, N 6Q.

Pick a family of balls {B/}say in R™*' such that B, N 9Q # 0 and dQ C | J,y B;. On each B, N Q,
R.S + A F admits a distributional boundary trace V, on B, N Q. Further, on By, N JQ, it admits a
distributional boundary trace V.. Therefore, d(V;,; — V;) = 0 on B, N Q. Since E, N 0L is a convex
domain in R”, for each ¢, there exists a (k — 2)-current 4, on B, N dQ such that

w2 ()|

IA

IA

dh; = Ve = V. 4.4)

_ Let y be a C*-function on 9€ such that y(x) = 1 for x € B, N Q and has a compact support in
By N 0Q. Rewrite Eq (4.4) as

Voo —d(1 = x)he = Vo +d(xh))  on B, NoQ,
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and set
Teo1 = Ve —d(1 = x)he, Te=Ve+d(xhe).
Then
T = {11m T[

is a distributional boundary value of (R.S + A.F)|q on 0. The form u defined by
u:={R.S +A.F)a

belongs to Wklf’l o

du= finQ.

(Q), admits a boundary trace, in the sense of currents, on 9€2, and solves the equation

4.2. The 8-version

Let X be an n-dimensional complex manifold. Following [30], foreache > 0,0 <r<n, 1 < s<n,
there exist linear operators

R, : D™ (X) > E¥(X), A, : D™ (X) > D"™71(X)

such that the operator ;\;, modulo a smooth term, is the Martinelli-Bochner operator, and hence con-
tinuous from L7 (X, loc) to L‘: 1(X,loc), p > 1 and from &(X) to &E1(X). Moreover, for any

T € D"*(X), we have the g—homotopy relation
T =R.T + A 0T + 8A,T. 4.5)

Using Eq (4.5) and proceeding as in the proof of Proposition 4.3, we obtain a version for -
cohomologies.

Proposition 4.6. Let D C X be an open set. Then, the natural mapping

J HY (D) — H™(D)

1L.p
loc

is an isomorphism.
Theorem 4.7. Let Q = {z = (z1,...,2,) € C" : Im(z,) > 0}. Let f € er,’sp(Q, loc) be a d-closed form
with a boundary value in the sense of currents. Then there exists a form a € er”f_ (Q,loc) having a

boundary value in the sense of currents such that de = f.

Proof. Let f € Wr{ 7(Q,loc) N ker(é) with boundary value in the sense of currents. According to [8],
f € D¥(Q). Therefore, by Proposition 4.6 and Theorem 43 in [7], we have

%

5@ =0.

loc

Then there exists an extensible (7, s — 1)-current u with coefficients in Wﬁ)’f (Q) such that du = f. Let

Y be a Wllof -extension with support in Q of u to C", and consider a current I defined by I' = dy which
is an extension of f to C". Thanks to Eq (4.5), we obtain

W = Ry + A Oy + 0A,
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i.e.,

¥ = Ry + A + 0AY.
Apply d to both sides, we obtain

oy =Ry +AT) =T

Thus (§£w+XSF)IQ is also a solution to the equation ou = f. Since ﬁgtp e &1 (5), it has a boundary
value in the sense of currents on JdQ. As the operator A, does not increase the singular support and
is continuous on L7(Q, loc) > W.*(Q, loc), and Tq € WrY (Q,loc), then A,Tg € W (@, loc). This
shows that

(R.S +ADla € W7 (Q,1oc).

The next step is to show that ATl has a distributional boundary trace. Recall first that the -
Laplacian is defined by O = 90* + 9*0 and maps &**(C") into itself as an elliptic differential operator
of order 2, where §* is the formal adjoint of d. As the Euclidean metric is Kihler, then O = %A, SO
the application of O to forms is equivalent to the application of A in R?*" to each of their coefficients
with accuracy up to a nonessential factor —1/4. Therefore, K(x) = c2,|z>"", n > 2, is the Newtonian
potential on C" or the elementary solution of convolution type for the complex Laplacian 0. Since Q

is unbounded; consider a compact set K in C" such that K # 0 and K N oQ # 0, then Il 5 is an
extensible current of finite order, and A, L'l g has the same nature as (I', K(z — ¢)). Thus, proceeding

as in the real case, we can show that A,T| xno admits a distributional boundary vale on K N 9€.
Exhaust C" by a sequence of compact sets {K} e, 1.€.,

:UK', KjCKj+1,
JEN
so that K N 0Q # O and 9Q C |J ;g K;. On each K N Q, Ralﬁ + AT admits a distributional boundary

trace U;on K No. On K j+1N 0L, it has a distributional boundary trace U ;. Thus, (9;,(U w=Uj) =

on K N 0Q. Since the boundary is Levi flat, then there exists a (r, s — 2)-current 4 on K N 0 such
that

ébhj = Uj+] - Uj.

Let y be a function of class C* on dQ such that y = 1 on I(;' j-1 N 0 and with compact support in

o

K1 N 0Q. We see that

Ui = 9p(1 = )h; = U; + By(xh;)  on K; NI

Set
Ti = Visr —0(1 = )y, T =Uj+ 3p(xh)).
Then
= lim T;
]—)oo
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represents a boundary trace of (ng + ZSF)IQ on 0Q in the sense of currents. Then the form
@ = Ry + A Do
belongs to er”sp_l(Q, loc), admits a boundary trace, in the sense of currents, on dQ, and solves the

equation da = fin Q.

4.3. Proof of Theorem 1.1 (ii)

Let f € Wr{ 7(Q,1oc) be a d-closed form admitting boundary value in the sense of currents. Accord-
ing to Theorem 4.5, there is a form u € erjf; _,1(Q,loc) with boundary value, in the sense of currents,
such that

du = f.

Without loss of generality, we can split # into two forms u; € erﬁ J(Q,loc) and u, € er;,p_ 1(Q,1oc)
such that each of u; and u, admits a boundary value in the sense of currents. We then have

du = duy + du, = f
Since d = 4 + 0, by the bidegree reasons, one has
5u1 =0 and Ju, =0.

From Theorem 4.7, we can find two forms A, h, € (Wl’p

1 -1, 1oc) with boundary values, in the
sense of currents, such that

5h1 = U and 6h2 = Uy.

Therefore, we have

f = Ou +5u2
= 30h, + 80h,
= 90(h| — ).
The form g := (h; — hy) € Wr]fi’s_l(Q, loc), has a boundary value in the sense of currents, and

satisfies the equation 80g = f. This proves assertion (ii) in Theorem 1.1.
5. Isomorphisms and regularity results

In this section, we introduce some isomorphisms and regularity results in relation to de Rham coho-
mology groups and the 85—coh0mology groups. Let X be a C”-differentiable manifold. As usual, the
spaces Hf,(X) and H%,.(X) denote the de Rham cohomology groups for k-forms with L”-coefficients
and for k-currents, respectively. Corresponding cohomologies for compactly supported datum are de-
noted respectively by H , ,(X) and H} . (X).

Lemma 5.1. Keeping the notations as above, the natural mappings
jiH (X)) > HE (X)) and i HY(X) > HE,(X)

c,curr

are isomorphisms.
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Proof. Let us prove the first isomorphism. To this end, as in [31] or [32], we show that the natural map
J 1s bijective as follows:

Injectivity: As in the proof of Proposition 4.3, there are L”-regularizing operators R, and homotopy
operators A, € > 0, with properties similar to (i)—(vii); see [28] or [33].

Consider a class [f] in Hf 1»(X) such that i[ f] = [0] in Hé‘,cur(X). This means that there is a (k — 1)-
current S with compact support such that dS = f in X. By Eq (4.2), we obtain f = d(R.S + A.f).
Since A.f has regularity better than that of f, and since the operators R, and A, are continuous on
L?(X) and have, by property (v), compact supports contained in some e-neighborhood of the support
of f, therefore (R.S + A.f) € LZ_I’C(X). Thus [f] = [0] in Hf, 1»(X). This shows the injectivity of j.

Surjectivity: Let [f] € Hf,cur(X) such that df = 0. From Eq (4.2), we have f = R.f + dA.f. Thanks
to the properties (v) and (vii), we have R.f € D"'(X) c L ,(X), A.f € L, (X). Then [f] = [R.f]
in H*_ (X). Thus the mapping j is surjective. The second isomorphism is proved by proceeding with

c,cur
the same arguments.

Using the L} -de Rham regularizing operators, we can moreover show that the natural mappings

T:H'X)— H), X), Y:H), (X)— Hey(X)

curr
loc loc

are isomorphisms.

Corollary 5.2. Let X be a differentiable manifold of class C*. For every f € Lf’IOC(X) N ker(d) and
any neighborhood U of the support of f, there is a form g € L? (X) with support in U such that

k—1,lo
f—dg e EX).

Proof. Choose a neighborhood V of the support of f such that V ¢ U and let o, x; € C*(X) such
that yo = 1 on a neighborhood of X \ V and vanishes in a neighborhood of the support of f, y; = 1
in a neighborhood of X \ U and vanishes on a neighborhood of V. Since f is d-closed and the map
7 is surjective, then there is a form gy € Li)—l,loc(X) such that u = f — dgy € E(X). So, u = —dg, on
X \ supp f. Since 7 is injective, there exists a form v of class C* on X \ supp f such that u = dv on
X \ supp f. We thus have d(go + xov) = 0 on X'\ V and then there exists a form g1 € Lf_l’loc(X \ X_/) such
that go+yov—dg, =w € EK(X\ V). The (k—1)-form g =go+xov—x1w—d(y1g) with Lﬁ)c—coefﬁcients
and a support in U, moreover,

f—dg=f—d(go+xov—xiw—d(xig)) = u—d(xov—xiw)
is of class C*(X).

Let X be a complex manifold of complex dimension n. For every p,q € {1,...,n}, the Bott—-Chern
cohomology group of smooth (p, g)-forms on X is defined in [34] as

ker(d : EP1(X) — EP*14(X)) N ker(0 : EP1(X) — EPIH (X))

HEA(X) = g
sc () Im(8d : Er-19-1(X) — EP4(X))

Case of either p = 0 or ¢ = 0. For example, if g = 0, then the (p, 0)-Bott—Chern cohomology group
is given, from definition, by
He(M) = (f € T(M, )| 8f =0},

Electronic Research Archive Volume 33, Issue 1, 68—86.



82

where Q7 is the sheaf of holomorphic p-forms on M. Thanks to the symmetric property of Bott—Chern

cohomology, we have Hg’g(M )= H? O(M ). The Bott—Chern cohomology group of smooth (p, g)-forms
with compact support in X is defined similarly and is denoted by Hy! (X). We recall also that the
Aeppli cohomology group is defined in [35] by

ker(89 : EP4(X) — EP14H(X))
Im(@ : E-14(X) — EP4(X)) + Im (@ : EP4-1(X) — EP4(X))

HY(X) =

In particular, if p = g = 0, then

ker(90 : SOO(X)) — &b l(X)
Q% + Q

HY(X) =

where QY (resp. ﬁ?() is the sheaf of holomorphic (resp. anti-holomorphic) functions on X. The Aeppli
cohomology group of smooth (p, g)-forms with compact support in X is defined analogously and is
denoted by HY(X). Finally, A3¢(X) and H}“(X) refer, respectively, to the Bott—Chern and Aeppli
cohomology groups of currents of bidegree (p, q).

For compact Hermitian manifolds X, by using certain resolutions of the sheaf of germs of do-closed
forms, Bigolin proved in [36] that the algebraic isomorphisms:

HRAX) =~ HRA(X),  HY'(X) = HY'(X),

Hye (X) = Hye (X),  H{{(X) ~ H{(X)

hold true for all integers p, g € {1,---,n}. We introduce below an alternative proof depending on the
00-Hodge decomposition formulas for (p, g)-forms on compact complex manifolds.

Lemma 5.3. Let X be a compact Hermitian complex manifold of complex dimension n. Then, the
natural map
HP q( X) HP lI(X)

is isomorphism.

Proof. The Hodge theory for elliptic complexes (see [16, Proposition 2.1]) asserts the existence of
linear operators
H:D"(X) - &M(X), J:D"(X) - D" (X),

M : DPHX) - DPIX), N:DPIH(X) - DPIX)
such that any (p, ¢)-current T’ admits the d9-homotopy formula:

T = HT + 00JT + MOT — NOT, 5.1)

where
H=H*"= H?,
OH = 0H = Hdd = 0,
ker(I — H) = Im(H) = {f € E"(X)|df = df = ()" f = 0}.
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Injectivity: Let [T] € Hy(X) so that [T] = 0 in H(X), namely T = 4dS for some (p — 1,q — 1)-

current S on X. Then, in view of Eq (5.1), we have S = JT. Thus, if T = f is a C™ (p, g)-form on X,
then f = 94Jf with Jf aC* (p — 1,q — 1)-form on X. Hence [T] = 0 in H5Z(X). Thus the map j is
injective.

Surjectivity: Let T € D'P4(X) N ker(d). As T =0, T = 0, hence (5.1) becomes

T = HT + 00JT.

Since HT is a C™ d-closed (p, g)-form and JT € Imdd, therefore we deduce that the map j is
surjective.

Lemma 5.4. Let X be a compact Hermitian complex manifold of complex dimension n. Then, the

natural map
it HY(X) - Iflﬁ’q(X)

is surjective. If in addition X is regular in the sense of [37], i.e., it satisfies the condition
ker(90) = ker(d) + Im(d)

then i is injective.
Proof. We first prove that i is surjective. According to Aeppli decomposition; see [16, p. 10], any
(p, @)-current « can be decomposed as

a = ha+8*5*n+6‘,u + 04,

where ha € &9(X) so that 9'ha = § ha = ddha = 0,7 € DV (X), u € DP4'(X), and A €
Dra~i(X). Let a € D'P4(X) N ker(dd). Since dda = 0, we must have 9(9*60 ) = 0. We claim that
(9*5*77 = 0. We have

1670 nli2 = (9" n,0°0 n) = (3 1,083 ) = (1,00(3"3 n)) = 0.
Thus 6*5*77 = 0. Hence a has the representation:
@ = ha + Oy + 04,

with ha is a C 8d-closed (p, g)-form and du + A € Imd + Imd. The map i is then surjective.

Injectivity: Let [@] € H5?(X) such that dda = 0 and i([a]) = O in HYY(X). This means that
there exist two currents 8, € D'P~14(X) and 8, € DP9 1(X) such that « = 9B, + 5,82. It was shown
in [38, Proposition 3.1] that compact manifolds are regular if and only if they satisfy the 9-Lemma,
hence, by the regularity assumption, « is also do-exact.

Therefore, as shown above, if @ = f € E74(X), then f = 9dJ f = 6(5%) + 5(—6%). This amounts
tofB; = 5% and 3, = —6%, which would be C*-forms on X. This proves that [@] = 0 in Hg’q(X), and
hence i is injective.
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