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Abstract: For any R > 0, infinitely many nonradial singular solutions can be constructed for the
following equation:
—Au =¢€" in Bg\{0}, (0.1)

where By = {x € R¥Y (N > 3) : |x| < R}. To construct nonradial singular solutions, we need to
consider asymptotic expansion at the isolated singular point x = O of a prescribed solution of (0.1).
Then, nonradial singular solutions of (0.1) can be constructed by using the asymptotic expansion and
introducing suitable weighted Holder spaces.
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1. Introduction
We are interested in singular solutions of the following equation with exponential nonlinearity:
Au+¢e" =0 in BR\{0}, (1.1)
where R > 0and Bg = {x e RN (N > 3) : |x| < R} is aball.
By a singular solution of (1.1) we mean that u € C*(Bg\{0}) and 0 is a nonremovable singular point
of u.
It is easily known that (1.1) admits a (trivial) radial singular solution:

Uy(x) = Ug(Jx]) := =2 1In|x| + In[2(N — 2)]. (1.2)

We are mainly concerned with nonradial singular solutions of (1.1) in this paper.
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When N = 2, by using the moving plane method, the authors of [1] proved that every solution of

Au+e" =0 in R?,
(1.3)

fRZ e'dx < o

has the form
3222

(4 + 22x — x0|?)?’
For n > 0, symmetry and uniqueness results were obtained in [2] for the solutions of the following
problem:

u(x) = In 1>0, xo € R%

Au + |xP" Ve =0 in R?,
(1.4)

fR2 |x?~Detdx < oo.

If n = 1, problem (1.4) reduces to (1.3); also, classification of solutions of (1.4) can be found in [1].
Under the condition that n > 2 is an integer, the authors of [2] showed that problem (1.4) admits radial
and nonradial solutions, but, when n > 0 is not an integer, problem (1.4) only has radial solutions.
Note that, for each n > 0, if u(x) is a solution of (1.4), we can perform the following transformation:

v(x) = 2(n — D 1n|x| + u(x),

we see that v(x) satisfies the following equation

Vv : 2
{Av+e =0 in R2\{0), 0s)

v
fR2\{0} e'dx < oo.

The results in [2] imply that (1.5) admits a family of radial and nonradial singular solutions.
The asymptotic behavior of singular solutions of the problem given by

{ Au+e" =0 in D;\{0}, (1.6)

u
fDl\{O} e'dx < oo

where D, c R? is the unit disc, was studied in [3]. The authors of [3] obtained that if u € C*(D;\{0})
is a singular solution of (1.6), then there is @ > —2 such that

u(x) =aln|x| + O(l) as|x] — O.

In a recent paper [4], the authors continued the study in [3] and obtained asymptotic expansions up to
arbitrary orders for u(x) as |x| — O.
Under the condition that N > 2, the structure of finite Morse index solutions of the equation

Au+e"=0 inRY (1.7)

was studied in [5-7]. In particular, under the condition that N = 3, the asymptotic behavior at x = 0 of
solutions u with |x|?e* € L®(R?) of the equation

Au+e" =0 inR¥\{0}, (1.8)
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was classified in [8]. For the case that N = 3, if we write
u(x) = -21n|x| + ()
where (|, 6) € (0, 00) x S? denotes the spherical coordinates in R*\{0}, we find that ®(6) must satisfy
Ae®-2+¢°=0 (1.9)

on S? where A is the Laplace-Beltrami operator on (S2, go) and gy is the standard round metric. It
means that the Gaussian curvature of the metric g = ¢®gy on S? is % This and related equations
have been studied for more than three decades. Chang and Yang [9] and Onofri [10] described all
regular solutions of (1.9). Specifically, axially symmetric solutions of (1.9) can be written explicitly as
O() =log2 —2log( Ve + 1 — ccosf), where ¢ € R is constant and € [0, 7] is the geodesic distance

from the north pole of S2. Hence,
u(x) = =2In|x| + log2 — 2log( Ve + 1 — ccos 6)

is a one-parameter family of non-radial singular solutions of (1.8).

Recently, singular solutions in different settings have also been studied in [11] and [12]. The authors
of [12] obtained the existence and asymptotic behavior of singular solutions to quasilinear elliptic in-
equalities with nonlocal terms. Moreover, by using mini-max and asymptotic approximation methods,
the existence of positive singular solutions to the planar logarithmic Choquard equation with exponen-
tial nonlinearity was established in [11].

In this paper, we study singular solutions of (1.1) in By ¢ RY (N > 3). We are interested in not
only the asymptotic behavior of singular solutions of (1.1) at x = 0, but also the existence of nonradial
singular solutions of (1.1). The structure of nonradial singular solutions of the equation

Au+e" =0 inRV\{0} with N >3 (1.10)

remains largely open. Motivated by the main ideas in [13], the authors of [14, 15] obtained infinitely
many nonradial singular solutions of (1.10) of the following form given4 < N < 10:

u(x) = =2 1n|x| + ©(6), (1.11)
where ©(6) is a non-constant solution of the equation
Asv-1® —=2(N-2)+¢® =0 (1.12)

on SV-!, where Agv-1 is the Laplace-Beltrami operator on (S™V~!, go). They constructed infinitely many
axially symmetric non-constant classical solutions of (1.12). The only singular solutions to (1.10)
known so far are the (trivial) radial singular solution U,(x) and the solutions given in (1.11). It is clear
that they are also the singular solutions to (1.1).

We will construct a new type of singular solutions of (1.1) in the following form:

u(x) — Uy(x) = O(x|) as|x] = 0, (1.13)

for some € > 0.
QOur main result is as follows.
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Theorem 1.1. For any R > 0, Eq (1.1) admits infinitely many nonradial singular solutions u(x) of the
following form:
2
u(x) = Uy(x) + O(Ix”") as x| — 0, (1.14)

where

1 1
<T(+2)=—§(N‘2)+§ N2 —4N +20 > 0.

It is known from Theorem 1.1 that the parameter € in (1.13) is af).
To prove Theorem 1.1, we firstly study the detailed asymptotic behavior at x = 0 of a prescribed
singular solution u of

Au+ée" =0 in B\{0} (1.15)

with the form (1.13), where B := B; = {x € RY (N > 3) : |x| < 1} is the unit ball. Then, the in-
finitely many nonradial singular solutions of the form (1.14) can be constructed by using the asymptotic
expansion and introducing suitable Holder spaces.

This paper is organized as follows. In Section 2, we obtain asymptotic expansions near the isolated
singular point x = O of solutions of (1.15). In Section 3, we establish weighted Holder spaces and
invertible operators related to our Equation (1.15). In Section 4, we construct infinitely many singular
solutions of (1.1) and show that the singular solutions that we have constructed are non-radial singular
solutions.

2. Asymptotic expansion of a prescribed singular solution u € C?(B\{0}) of (1.15) that satisfies
(1.13)

We will establish asymptotic expansions of the singular solution u € C?(B\{0}) of (1.15) such that
(1.13) is satisfied.
Let v(x) = u(x) — Uy(x). Then v(x) satisfies

~Av = 2(N = 2)|x[%(¢" = 1) in B\{0}. 2.1
Making the following transformations:
t=Inr, w(t,60) =v(r,0),
we see from (2.1) that w(z, 6) satisfies
Wi + (N = 2w, + Agvaw + 2(N = 2)(e” = 1) =0 in (—00,0) x SV, (2.2)
We write (2.2) in the following forms
Wy + (N = 2)w; + Agvaiw + 2(N = 2)w + 2(N = 2)(e” =1 —w) =0 in (=00, 0) x S¥! (2.3)

and
Lw+Fw) =0 in(—00,0)x SV, (2.4)
where
Lw=w,;+(N-=2)w;+ Agv-iw+2(N = 2w, F(w) =2(N-=2)("—=1—-w).
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Moreover, (1.13) implies that
w(t,0) = O(e®) uniformly for§ € S¥"!ast — —o0. (2.5)
Define a linearized operator
L—62+(N 2)8+A +2(N-2) (2.6)
— 0t2 01’ SN-1 . .
Obviously, L can decouple into infinitely many ordinary differential operators, i.e.,

2
T ar
fork=0,1,2,..., where A is the k-th eigenvalue of

—Agnv-10Q = A0 (2.8)
and A; = k(N — 2 + k) with the following multiplicity:
_(N=-2+2K)(N-3+k)!

Ly + (N - 2)% - +2(N=-2) 2.7)

" KI(N = 2)!
The {Q}(0), ..., O}, (0)} with IIQ’]‘.Ile(SN-n) = 1 denotes the basis of the eigenspace Hy(SV~") c L>(S¥1)
corresponding to A;. Then two roots of characteristic polynomial of (2.7) are as follows:
1 1
o = —5(N-2) = 5\/(N—2)(N— 10) + 4k(N — 2 + k). (2.9)
For k = 0, we have from (2.9) that
—%(N—Z)i%\/(N—Z)(lO—N), for3<N <9,
o =1 -lw-2) <o, for N = 10, (2.10)
—IN-2)xIVIN-2)(N-10) <0, forN >1L.
Fork =1,
(1)__(N—2)+|N—4| )11
e @.11)
Then,
0 for N =3
(1) _ ’ )
T ‘{—W—;D+%<o, for N > 4 (212)
and N-2) |[N-4
oW = L 2_ ) _ 2_ <0, forN > 3. (2.13)
For k > 2, the fact that k(N — 2 + k) > 2(N — 2) implies that
(N = 2)(N = 10) + 4k(N =2 + k) > (N - 2)?,
we see from (2.9) that
P >0, ¥ <o. (2.14)

It is clear that

(k)

> o (k+1)

O_EZ(H)

>0, o <oc® <0 for any k > 2.
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Proposition 2.1. Assume that N > 3 and u = u(r) is a radial solution of (1.15) that satisfies
u(r)y — Uy(r) = O(r°) for r near 0 and some € > Q.

Then
u(ry = Uyr) forre(0,1].

Proof. Bt applying the following transformations:
v(ry =u(r) — Uyr), w()=v(r), t=logr,
by (2.3), w(¢) satisfies the following ordinary diifferential equation (ODE):
Wi+ (N =2)w, + 2(N = 2)w+ f(w) =0 1in (—o0,0),
where
fw) = 2(N =2)(e” = 1 —w) = O(w?) = 0(e*).

Note that w(t) = O(e®) for t near —co. Therefore, for 3 < N <9,

!

w(t) = Aje” cosyt+ Aye' sinyt — Bie™ cosyt f e [—f(w(s))] sinysds

—00

!
—B,e™ sinyt f e [—f(w(s))] cosysds,

o0

where |Bi| = |Ba| = 1/y, [f(w(®)] = O(e*),

L _%(N ~2), y= % JIN=2)(10-N).

Since w(t) — 0 as t —» —oo, we obtain from (2.16) that A; = A, = 0 and

t t

w(t) = Bie" cosyt f e O(W?(s)) sinysds + Bre™ sinyt f e O(W(s)) cos ysds,

—00 —00

and
w(r)] < Ce* := 2 for some fixed 8 > 0 with C = ¢ and ¢ near —co.

Substituting (2.18) into (2.17), we see that

lw(®)| < ¥ for t near —co.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

We can do the same process to obtain that w(¢) = 0 for ¢ < —4{’). Since w(?) satisfies the ODE in (2.15),

then w(z) = 0 for ¢ € (-0, 0).
For N = 10, we see that

w() = Aje” + Ayte”
!

—Ble”f se‘”[—f(w(s))]ds—Bﬂe”f e [—f(w(s))]ds,

(o) —00

(2.20)
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where |B;| = |B,| = 1. Note that T = —(Nz;z) < 0. Since w(t) —» 0 ast —» —oco, we see that A; = A, = 0.

Arguments similar to those in the proof for the case of 3 < N < 9 imply that w(z) = 0 for 7 € (—o0,0).
For N > 11, we see that

(r(o)t 0'(0)1‘
w(t) = Aje” '+ Aye’-

B f S 1= fn(s)1ds — Boe™" f I fn(s)Ids,  (221)

—00

——|. Note that & < 0 and o

where |By| = |Ba| = FO_ 0
A; = A; = 0. Arguments similar to those in the proof for the case of 3 < N < 9 imply that w(¢) = O for

t € (—o0,0). This completes the proof of this proposition.

0

< 0. Since w(r) — 0 as t —» —oo, we see that

Lemma 2.2. Assume that N > 3 and u € C*(B\{0}) is a singular solution of (1.15) that satisfies (1.13).
Defining w(t, 0) = u(x) — Us(x) and t = Inr, it follows that w(t, 0) = O(e") fort € (—oo, —1], and

max |wi(r, 6)] < Ce™ " for € (~c0,~1]. (2.22)
SN-
Proof. Let
0o my
w(t,0) = > > wh(n ko).
=0 j=1

Then w’}‘.(t) satisfies the following equation:

Wh)" (D) + (N = 2)(W}) (1) + [2(N = 2) = 4 dwh(r) = —g5(0), (2.23)
where
gi(n) = fs  Fw(t,0)0)(6)de.
Note that
W2y = Zi(w’;(mz, IF W21y = ki;i(gﬁ(t»z.
= 4 = <

Since ¥ (w) = O(w?) and w(t, 8) = O(e), we see that
”T(W)HLz(SN*I) = 0(€Et||W||L2(sN*1))- (2.24)

On the other hand, it follows from (2.23) thatfork > 2, 7T < -l andt < T,

(k) (k)
whin) = Af e+ A%, e

T ¢
® (g ® g
+B’;,1f e ‘)[_g];(s)]dS_B];,zf eV =g(s)ds,
4 —o00

where

k k
CARENE

o
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Since w’;(t) — 0 as t — —oo, we have that A’j‘. , = 0. Moreover,

T
ol cOr—s
WI;(T) = A’J‘-’le # T B];-,zf e’ )[—g];(s)]ds

—00

and N
Al =0 ).

Then,

O(effﬂk)(t—T))

T t
B (s_g o®-s
+B, f e [—g(s)lds - B}, f e =gj(s)1ds
t

—00

wi(®)

and for small enough ¢ > 0,

T T
0(620—9)(I_T)) + 4(BI]<71 )2( f eé(l—s)ds)( f e(zo—ﬁrk)_d)(t—s) (gI;(S))zdS)
t

t

! !
(k)
+4(BI;’2)2( f o009 ds)( f pete +6)(t—s)(glj<_(s))2 ds)

T
(Y @) _s\is
C620'+ t-T) C6 f 6(20—+ 0)(t—s) (g/jc(s))zds

t

W1

IA

IA

t
(2)
+C; f e N (gi(s)) ds,

with constants C > 0 and Cs > 0 being dependent on ¢ and independent of (J, k).
Fork=1,T < -landt< T,

(1 (D
wit) = Ale™ "+ AL

Js
i !
OPE e Dres
By [ gonds- Bl [ g

where

1Bl = 1B}, = | |
J Js O_(_l) _ 0_(+1)

Note that o < 0 and " < 0. Since w}(t) — 0 as t — —co, we have that A}l = A}.z =0,

¢ D, o d D o
wh(t) = -B, f 7 "I[-gj(s)lds - B, f e’ I —gi(s))ds

[Se]

and
(W}(t))2 = O(e*™).

Note that
(&)(0)* < CUF W) v, < Ce™.

Similarly, we have
&0 = 0™, W(1)* = 0.

(2.25)

(2.26)

(2.27)

(2.28)
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Then,
0o my 0o my © T o 0 my
S St = g Srerenac [t 5 Sgor
k=2 j=1 k=2 j=1 ! k=2 j=1
t o 0o my
+C6 f e(20’_ +0)(t—s) Z (g/;(s))st
oo k=2 j=1
oo my
EONEE
k=2 j=
T , T , 00 my
e [ [ nage S S
J
! 4 k=2 j=1
! ! 0o My
+C f 6(20'(_2)+6)(t—s) s+ C f (20'(2)+(5)(t 5) 2692 Z(W ( s))2 ds.
- - k=2 j=
Notice that
0o my N
0/ \\2 12
DT () = IF I Esner, = [0 + > (gh )]
k=2 j=1 j=1
and
0o my
2 2 2 2 k 0
IF O ety = OE W 5uery = O] D > (WA + (W) + Z(w )]
k=2 j=1 Jj=
since ¥ (w) = O(w?). We also know that
S * - ® @
)
Z o204 (=T) _ Z "y Q20 (=T _ O( 020" (t—T))’
k=2 j=1 k=2
since oo
2\ ye-T
llm Myy1€ (U' )(t=T) _ 11 [mk+1 2( (k+1) _ (f))(l_T):I _ ez(t_T) < l
k=00 2P - D)e-T) koo L m N 2
mye + + k

Let [W(O)I? = 2, 2", (WA(1)%. We have that, if 4€ # 20 - 6,

T
) (2)
(W) < Ce*+ D 4 Ce +C f e+ —0I=9) pdes g

t

T t
+C f 6(20'?)—5)0—3‘)626&[W(S)]st +C f 6(20'(_2)+5)(I—S)6265[W(s)]2ds'
t

—00

Now we show that, fort < T <« —1,

oo my 1

wllzzsnn = [ DD k@[ = o). (2.29)

k=0 j=1
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In fact, two cases can occur: (i) 4e€ > [20'9 — 0] and (ii) 4€ < [20'9) -9].

It suffices to consider that 4¢ > [20'(3) — 0] in the case (1). So

T
WP < C 6(209—5)(:4) i C f e(za?>—5)(z—s) 2 [W(s)|2ds

t

t
2
+Cf 6(20', +6)(I_S)62€s[W(S)]2dS.

Set

(2.30)

T 1
K1) = f CTTDI W) Pds,  Ko(b) = f 2T () Pds.

t —00

Then, if |T| is large,

(K>, = K1) (1)

A

(2)

20? + K (t) - 205D = K1 (1) + 2[W(D)]
202 + K1) — 20 P = K\ (1) + CET (K, (1) + Ko(1)) + Ce®+ =D

< Cer-ou-1)
where o® < 0, O'f) > 0. Since K;(f) » 0 and K»(t) > Oast — —oco, thenfort < T,
K1) < Ky (1) + Ce®-on, (2.31)
Substituting (2.31) into (2.30), we have
2 207 2 e 2
[W(H)]* < Ce®7+ 9" 4 CeT f 27 I W ()] ds. (2.32)
t
It follows from arguments similar to those in [16, 17] that, for t < T (enlarge |T| if necessary),
[W(N)] < Cepe®s =0, (2.33)
where €7 = Ce*T (i.e., C is independent of €). On the other hand, (2.27) and (2.28) imply that
WD) = 0@ ) = 0>, j=1,2,...,my,
W)(1)? = 0(e*) = 0@+~
where 4€ > 20'53) — 0. Therefore, for t < T (i.e., T is sufficiently negative),
=y @)
DD A0) = Ol e (234)
k=0 j=1
and
2)_o_¢€r
IWllp2sn-1) = O ~272), (2.35)
Using (2.35), we obtain
2 _ —€ €
IF O ety = OENDWIE ) = O ~076r+26)), (2.36)

Electronic Research Archive
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Choosing ¢ sufficiently small such that 6 < 2€ — €, then

22 @ T >
Dol < €+ C f e Y g (s)lds
=1 ! Jj=1
T o -
+C f e N Igk(s)lds
o =
0'(2)1‘ ! 0'(2)(t—s) (0'(2)—é—E—T+e)s
< Ce’+'+C e+ e+ T1T T
t
e ®_s_¢
+Cf eo-_ (t—S)e(0'+ —§—7T+e)sds
< Ce(r(f)t

Sofort< T,

my

D Wi < [f“ w2l < ce
j=1 Jj=1

Moreover, we choose 0 < § < min{2¢ — er, 209) - 20-(+2)}; then,
oo my oo my ® T 3 oo my
DD WAOR s €33 Ny [T e 3y s
k=3 j=1 k=3 j=1I ! k=3 j=1
' 20D +6)(1—s) AN kp o2
+Cs | e (5(5))%ds
- k=3 j=1
T
< CeZO'(f)t + Cf e(Zo'(f)—(S)(t—s)e(ZO'(f)—6—ET+25)st
t
t
+C f 6(20'(,3)+6)(t—s) 6(20(3)—5—ET+25)S ds
—00
3) 3) 2) (2)
< C€20—+ t + Cmax{e(2”+ —6)1’ 6(20—+ —6—er+25)t} + Cve(ZO'+ —0—er+2e)t
(2)
< Ce¥+l,

It is known from (2.36) and 6 < 2¢€ — er that
mi
(2) (2) (2)
IF vy = O, > (g2 = 07, (gD = 0(e*+").
j=1
By (2.26) and g}(r) = O(e”*"), we obtain
N 12 201
2 W0 = 0@,
j=1

Similarly,
0/ 12 209;
(wi(0)” = 0™+ ).

(2.37)

(2.38)

(2.39)

(2.40)
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We obtain from (2.37)—(2.40) that o
”W”LZ(SN—I) = 0(60—+ l). (241)

For any fixed (t,6) € (—co, T — 1) x S¥~!, by applying the interior L¥-estimate to (2.4) with (r — 1,¢ +
1) x SN!, we obtain from (2.41) and (2.24) that

2)
w(t, O) < CHIWI 2014+ 1yxsv-1) + IF Olr2(-1.051xsv-1y) < Ce* 7, (2.42)

where C > 0 is independent of ¢. Note that we can also use arguments similar to those in the proof
of [18] to obtain

max |w(t, 0)] < Me" " fort € (—co, T — 1). (2.43)
feSN-1

Defining
w(r,0) =w(,0), r=e¢,

it follows that v(r, 6) satisfies

Av

2(N=-2)y F()
+ " +—=

0 in Bz\{0}, (2.44)

where R = ¢’~!. For any xo € Bg\{0}, denote rq = |xo| > 0 and Q = B, ;2(x;). Consider (2.44) to be a
linear equation in  as in Lemma 5.1 and Theorem 5.1 of [18] with

Q
2,
o

k=k =1, hx)=0, |c]= k, =

o\ml -

where Q = Q(v) > 0. Then, (2.41) implies that there is a positive constant (independent of r)
M = Mk, [k, korg) = M(Q) = M(v)

such that 0
sup  [v(x)| < Mry* .
)CEB,<0/4(X())

In particular, we have
2)
V(xo)l < Mry*,

rlnla_lx v(x)| < Mrs,
Hence, (2.43) follows for ¢t € (—co, T — 1).

For the case of 4e = 20'9 — 0, we may choose ¢” a little larger than ¢ such that 0 < 6 < ¢’ and

de > 20'9 — ¢’. By similar arguments, we can prove (2.41) and (2.43).
For the case (ii), by F(w) = 0(€*), 32, 1" (g4(5))* = O(e*) and 4€ < 207 — 6 <20, we can

obtain

(&) my (&) my ® T @ oo my
DY < €3yt e [t 3 goras
k=2 j=1 k=2 j=1 ! k=2 j=1

! ? o my
+C f e(20’_ +0)(t—s) Z Z(gl;(s))zds
- k=2 j=1
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< Ceé*.

Then
(W] < Ce*' fort<T.

Together with (2.27) and (2.28), we know that
Wl 2v-1y = 0(€2H)-
Arguments similar to those in the proof of (2.43) imply that

max |w(z, )| < Mée*" fort e (—o0,—1], (2.45)
feSN-1

where M := M(w) > 0. As a consequence,

max [F (w)| < Ce* fort € (=00, —1]. (2.46)
SN—I
Then (2.26) implies that
wit) = 0™, j=1,2,...m. (2.47)
Similarly,
wi(t) = 0(e*). (2.48)
Therefore,

T T
() 2) (2)
[W(l)]2 < CveZO'Jr t-T) +C f e(ZO'+ —5)([—S)egesds +C f 6(20—+ —5)(t—s)eZES[W(S)]2dS

t t

i C f ' e(zo@+5)(t—s) A5 ds + C f t e(za%a)(z-@ 2S[W(s)]2ds. (2.49)

Note that

Mg

DD (1) < CUWMP + ™).

k=2 j=

In what follows, there are also two cases: (a) 8¢ > [20°? — 6] and (b) 8¢ < [20*? — 6.

For the case (a), using (2.49) and arguments similar to those in the proof of (i), we can obtain (2.43).
The case (b) implies that F(w) = O(e*"). Then

(W] < Ced fort<T.

This, (2.47) and (2.48) imply that

[IWllz2(sn-1y = O(e™) (2.50)
and
IF Wl 2sv-1y = o). (2.51)
Therefore,
gi0) = 0, wit) = 0, wi(t) = 0. (2.52)
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Then we have

3

k

DD (@) < CUqWT + €'

(o)
k=2 j

Il
—_

and

T T
@) ) _s\s— Q) _o\is_
[W(t)]z < C620'+ t=T) +C f e(20'+ o)t S)el()esds +C f 8(20'+ )t S)e2ES[W(S)]2dS

t t

! !
+C f e(ZO'(_Z)+6)(t—S)eIOESdS +C f e(ZU'(_Z)+6)(t—S)e26S[W(S)]st. (253)

Similarly, we still consider two cases: 10e > [209 — 0] and 10€ < [209 — 0]; then, we obtain (2.43).
The proof of this lemma is complete.

Theorem 2.3. Assume that N > 3 and u € C*(B\{0}) is a singular solution of (1.15) that satisfies
(1.13). Defining w(t,0) = u(x) — Uy(x) and t = Inr, there is a positive number sequence {i}i>1, strictly
increasing and converging to oo with

p =o' (2.54)

such that for any positive integer n > 1 and any (t,6) € (—co,—1) x SN,

n k-1

w(t, 0) = Z Z cre(@)' e + Ojif" e "), (2.55)
k=1 ¢=0
where Ny
cu(®) = > @i i) (2.56)

i=0
and My, is a nonnegative integer depending on N, k, {; ay; is constant and Q;(0) is a linear combination
of {0(0), 05(0), ..., 0, (0)}. Especially, for k =1,
c10(0) = a1202(6),
where an Is a constant.

Proof. By using the starting estimate (2.22), constructing the index set 7, and examining the equa-
tion of w, the expansion of w(¢, ) can be established via similar arguments to those in Theorem 1.1
of [19].

Let {oi}i>1 be positive strictly increasing and converging to co:

2 3 k+1
P1 :O'g_),pQIO'ﬁ_),...,pk:O'g_*— ),....

Also, let Z, be the collection of nonnegative integers. Define the index set Z by

T ={) mpc: m €Z, with finitely many n; > O}, (2.57)
k>1

Set
IT,={px: k>1) (2.58)
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and
i i

I,= {Z mor ;g € Zo, Z e > 2). (2.59)
k=1 k=1
Assume that 1 is given by a strictly increasing sequence {0 }i>1 With p; = 2p;. There may be identical
elements in 7, and 7.

For p, € I, there are nonnegative integers ny, ..., n;, such that
n+...+n, 22, mp+...+n,0; = pr. (2.60)
The collections of nonnegative integers ny, .. ., n;, that satisfy (2.60) are finite. Set
M, = max{2n; +3my+...+ (i + Dn;, : ny,...,n; are nonnegative integers satisfying (2.60)}. (2.61)

Arrange 7 as follows:

Pr<...<py SP1<...<Pp SPis1<...<Pp <Pp41 <...<Pp < Pipp1 <o (2.62)

Note that if p; < p; < p;, we choose iy = 1 and /; = 1 and the arrangement of (2.62) becomes
p1 < P < pa < ... Similarly, if py41 < Pj41 < pis2 for some k > 1, define i + 1 = iy and
Iy + 1 = [;;;. We do not consider the multiplicity of p; here, since all terms containing ¢’ in the
expansions of w(z, #) can be combined as one term. We know

Lw) = -F(w),

where F(w) = Y52, bw* for [w| < € with some sufficiently small € > 0; also, the expansion of ¥ (w)
consists of terms including Zﬁ,(:k()) ( ZZ@ ckgiQi(H))tfeﬁk’ for py € 15 1n (2.59).
Define
M1 = P12 = P2, M3 = P3s v s iy = Pis Hig+1 = Pls - - (2.63)

according to the arrangement in (2.62). To ensure that {u;}i>; is a strictly increasing sequence of
positive constants, when p;, = py, define u;, = p;, and p;, 41 = p,. In this case, an extra power of ¢ term
corresponding to y;, may appear in the expansion of w(z, ). Similarly, make the same choices of p for
the cases p;, = pi,+1, Pi, = Pn+1, P, = Piy+1> €IC. As a consequence, for any positive integer n > 1 and
any (t,60) € (—oo, —1) x SN¥-1,

n k-1
w(t, 0) = Z Z ()t e + 0(|t|"e#"+1’), (2.64)
k=1 ¢=0
where
My
cu(®) = > @i Qi) (2.65)

i=0
and M, is a nonnegative integer that is dependent on N, k, £, a,; is constant and Q;(6) is in the span of
Q(6), 05(), . .., 0., (). Especially, for k = 1,

c10(0) = a10202(0).

The proof of this theorem is complete.
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3. Linearized equations and inverse of the operator

We will introduce the appropriate weighted Holder spaces and obtain the inverse of the operator £
on those spaces, where L is given in (2.4). We use some ideas from [20], where the authors derived
singular solutions to the following equation:

N(N - 2)u%
4

Fix a 7y < 0. For a nonnegative integer i, @ € (0, 1), and u € R, define

Au + =0 1in B\{0}.

i
Wlej-pern = ), sup eIV, 0),
j:() (t,@)e(—oo,to]XSN_l

and

”v”C;',’“((foo,to]xSN‘l) = ”v”CL((—oo,to]XSN") + sup e_m[vlv]C”([t—l,Hl]XSN‘])a
t<to—1

where [-]ce 1s the usual Holder semi-norm.

Definition 3.1. The collection of functions v in C'((—=c0, ty] X SN=1) with a finite norm ||v||C;-;a((_ooJ0]XSN_|)
is the weighted Holder space Cﬁa((—oo, to] x SNh.

For > 0 and some g € CS’“((—OO, to] x S¥71), to consider the linear equation given by
Ly =g in (—oo,ty) x SN, (3.1)
we introduce a boundary condition on ¢ = #; such that
L1 C2((=00,10] x SY1) = C((~00, 1p] x S¥7)

has a bounded inverse. However, since signs of coefficients of zero order terms are inappropriate, we
cannot directly apply the maximum principle to the following Dirichlet boundary-value problem

{ Ly=g in(—oo,ty)x SN,

V=g on {fp} x SV (3-2)

Lemma 3.1. Let u > 0, g € C)((—=00, 1] x SN™1), and ¢ € CO(SN™"). Then, there is at most one solution
Vv E CZ((—OO, o]l X S of (3.2).

Proof. Assume that g = 0, ¢ = 0 and v € C;((—oc0, o] x $¥7!) is a solution of (3.2). For each k > 0,
define
vi(t) = f v(t, 0) Ox(0)do.
SN*I

So Li(vi) = 0 on (—o0, ty) and vi(#y) = 0. This implies that v is a linear combinations of the basis of
Ker(Ly). In particular, for k = 0,

0) 0) .
coe® @ cosyt + c2e® @+ M sinyt,  for3 <N <9,
) )
vo(t) = c(l)e‘7+ g c(z)te"+ " for N = 10,
) (0)
coe” '+ e, for N > 11,
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and for k > 1,

vi(t) = ce oy c,%e‘r(f)’
where c}C and ci are constants for k = 0,1,2,.... By the assumption, we have the following for any
t € (—oo, to):
le v ()] < C. (3.3)

Hence, v, = 0 for k = 0 and k = 1. Note that

R <0, ReP)<0, for3<N<9,
7 <0, eV <o, for N > 10,

(1) < 0and o < 0 for N > 3. Moreover, v(f) = c1 ot for k > 2, which decays exponentlally as
t — —oo (note that ci = 0 since o < 0 for k > 2). Smce vi(ty) = 0, we can directly obtain ck =0 and
vi(t) = 0 for k > 2. In conclusion, v, = O forall k > 0, i.e.,v = 0.

Lemma 3.2. Let a € (0,1), u > 0, g € C*((—00,15] x S¥), and ¢ € C**(SN™"). Suppose that
v € Cr%((—o0, 19] X SN is a solution of (3.2). Then

”VllCZa(( 00,fp]XSN-1) = C[HVHCO((—OO to]xXSN-1) + ”g”CO”« 00,1p]XSN-1) +e 0||90||C2“(SN 1)] (34)
where C is a positive constant that is only dependent on N, a, i and is independent of t,.

Proof. Using similar arguments to that of Lemma 2.5 of [20], consider two cases:
(1) t <ty — 2. We have

2

j 2
E sup [V/v(t, )l + [V V] o1 s+11xs8-1
j:O SN—I

<C [||V||L°°([t—2,t+2]><SN‘l) + ||g||L°°([z—2,z+2]st-l) + [g]C"([z—2,z+2]><SN-1)],
where C is a positive constant that is independent of 7. We estimate [g]ce(—2.+21xsn-1), Y setting (¢, 6),

(tr,6,) € [t —2,t + 2] x SN~! with (#1,60,) # (t2,6,). There are two cases: |t; — ;| < 2 and [t; — to| > 2.
When |t; — ] < 2,chooset’ € [t—1,¢+ 1] such that #1,1, € [¢' — 1,¢ + 1] is satisfied. Then,

[glca(i2.21xsv-1) < maX{ sup  [gleeqr-1,r+11xs¥-1ys ||g||L°°([t—2,t+2]><SN*1)}-
t'e[t—1,t+1]

So,

2

j 2
Z sup [V/v(t, )l + [V V]co(r-1 s+11xsv-1)

j:O gN-1

< C[”V”L""([t—Z,HZ]xSN‘l) + gl (r-2.4+21xsv-1) +  sup [g]C’Y([t’—l,z’H]xSN‘l)]-
t'e[t—1,t+1]

We multiply both sides by e and take the supremum over ¢ € (—oo, fy — 2). The following holds

2

sup supe M V/u(r, )| +  sup e_w[VZV]C"([Z—I,HI]XSN‘I)
=0 te(—0o,tp—2) SN-1 te(—00,1p—2)
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< CIMIeg(—oonypxen-1) + Iglleaaaypesn - (3.5)

where C is a positive constant that is independent of #,.
(i1) tp — 2 < t < ty. From the boundary Schauder estimate, we see that

2

' 2
E sup [Vv(t, )l + [V V]ca(r-3.101xsM1)
j:0 SN—I

< C[l|V||L°°([to—4,to]><SN*‘) + 118l (rrg—a.101xsv-1) + [&lca(rg-aso)xsh-1) + ||<P||c2ﬂ(SN*l)]-

Similarly,
2
— i — 2
sup supe Vvt )+ sup e[V Voot mien-)
=0 teltp—2,19] SN-1 tety—2,t0—1]
S CI:”V”CB((—OO,IO]XSN’l) + ”g”CB’(Y((—OO,to]XSN’l) + e_#tO”SD”CZ"’(SN_I):I‘ (36)

Combining (3.5) and (3.6), (3.4) holds.
Then, by arguments similar to those in [20-22], we obtain the L™ estimates of solutions on finite
cylinders to (3.2) with a 0 boundary value.

Lemma 3.3. Let u > p; and u # py for k > 1, T and ty be constants withty < 0and T — ty < -4, and
g € CU([T, ty] x SN, Suppose that v € C*([T, ty] x SN~1) satisfies the following:

Lv=g in(T,1o)x SN,
v=20 on ({T} U {fp}) x SM1,

and fsN-l v(t,0)01(0)d0 = 0 for k =0,1,--- , K, where K is the largest integer satisfying that px_; < .
Then,
sup e (0] <C sup e g(t,0), (3.7)

(t,0)€[T,1o]xSN-! (t,0)€[T.1o]xSN-!
where C is a positive constant dependent only on N, u and independent of T and t,.

Proof. Note that p; = 7.
Let the sequences {T;}, {t;}, {v;} and {g;} with#; < 0 and T; — t; < —4, satisfy the following:

Lvi=g; in(T,t;) xSV,
vi=0 on ({T;} U {#;}) x SN1,

and

Sup e_#tlgi(t, 9)' = 1’
(1,0)€[T;,t;]xSN-1

sup e Mvi(t,0)] > 00 asi — oo.
(I,Q)E[T,',l‘,']XSAF1

There exists 17 € (T}, ;) that satisfies

M; = sup e ilvi(t], )| = sup e Mi(t,0) = o asi — co.
sh-1 (t.0)elTi.1;]xSN1
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Set
Ui(t,0) = M e ivi(t + £, 6), (3.8)

gi(t,0) = M e™igi(t + 17, 0). (3.9)

The following holds:
sup [7;(0, )l = 1,

SN-1

forany (¢,0) € [T; — ¢}, 1, — 7] x SV,
le™9,(2,0) < 1 (3.10)

and
Ly =g forte(T;—t,t;— 1)) x SN

Assume the following for some 7_ € R™ U {—oo} and 7" € R* U {c0}:
T, -t -1, ti—t —>1,. (3.11)

From (3.10) we have
7l < Ce* ™ on (T; — £, T — £ +2) x SV,

and hence 5
L w- 2)% + Agii| < CHETTD o (Ty = 1, T — 1+ 2) x SV,

Since ¥ = 0 on {T; — 77} x SM!, we have
Vi < Ce"i™™ on (T; =1, T; -t + 1) x S¥L.

This implies that T; — ¢/ remains bounded away from zero. Similar arguments imply that #; — 7 is
bounded away from zero. As a consequence, 0 € (7_, 7). Let

¥; = ¥ in the compact set of (7_, 7). (3.12)

Moreover, g; — 0 in every compact set of (7_, 7). So the following holds:

v#0,
le#(t,0) < 1 forany (,6) € (r_,7,) X SV, (3.13)
LP=0 on(r_,7,) xSV,
and
lim 9(z,0) = 0 (3.14)
-7,
where 7, = 7_ or 7, if it is finite.
Let
V() = f (1, 0)0r(0)do. (3.15)
SN—I

Then L, (V) = 0; hence, ¥ is the linear combination of the basis of Ker(£;). We now take k > 2 with
P > 1. Then

~ _ 1 t 2 oty
Vke1 (1) = ¢ €™ + iy g€ ,
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where c}C ., and ci ., are constants. From (3.13), we obtain the following for any 7 € (7_, 7,):

le™ D41 (1)) < C.

~ (k+1) . . . A~
When 7, = oo, c,lC+1 = 0 and hence V;,1(¢) = ciﬂe"— ‘. When 7, is finite, lim,_,, ¥x4+1(¢) = 0 by (3.14).
.. ~ (k+1) . . . A~
Similarly, when 7_ = —oo, ¥44(f) = c}( e = c}( €7 ' When 7_ is finite, lim,,,_ ¥4,1(f) = 0 by

(3.14). Thus,
f |@0911)? + (s = 20N = 207, Jdr = 0.

Since p; > u > 0, it follows that 4,1 > 2N for each k. This implies that 4;,; — 2(N — 2) > 0 for each
k. Therefore, ¥;,; = 0 for each k. By the assumption, we have

Vo=P=...=9,=0
provided that p;,_; < u. In conclusion, ¥, = 0 for any k > 0; hence, ¥ = 0. This is a contradiction.

Lemma 3.4. Let « € (0,1), u > pk for some K > 1, and g € Cg"’((—oo, tol x SN with g(t,-) €
span{Qo, Q1,...,Qk+1} for t < ty. Then, there is a unique solution v € Ci’“((—oo, to] x SV of (3.1)
with v(t,-) € span{Qy, Q1, ..., Qk.1} for t < ty. Furthermore, g — v is linear, and

”v”Cﬁ’"((—oo,to]XSN") < C||g||c2-"((—oo,to]st-l)’
where C is a positive constant that is only dependent on N, a, u and independent of t.

Proof. Fork=0,1,...,K + 1, define

a= [ st.00@a.

Then,
”gkllcgﬂ((_m’to]) < C||g||C2,a((_oo,,0]X§N-1),
and
K+1
8(t,0) = > gunQ(O). (3.16)
k=0
Consider the following ODE:
-£ka = &Gk (3.17)

Suppose that there is a solution v, € CZ"’((—oo, to]) of (3.17) and

”vk”Clz,’“((—OO,tg]) < Cl |gkllcg~“((_oo,t0]) > (3 1 8)

where C is a constant that depends only on N, @, u and independent of #,.
If k = 0, it is known from Section 2 that Ker(£,) encompasses e¢™ cosyt and ¢” sinyt with

T:_%(N—2)<o, y:%\/(N—Z)(IO—N)
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provided that 3 < N < 9. Ker(ZLy) encom;o)asses ¢t and te”*" with 0'(0) ¥ <0 provided that

N = 10. Ker(£o) encompasses e"(+0) and ¢’- ' with 0'(0) < 0, ¥ <0 provided that N > 11. If k =1,
(1)
Ker(L;) encompasses e and " " with oV <o, 0'(_1) < 0 provided that N > 3.
We now consider k = 0 and k = 1. For k = 0, we see that

B f_tm e"" siny(1 — $)go(s)ds, for3 <N <09,
Vo(t) = f_too Se‘Tio)(’_s)gO(s)ds _ tf_’w e‘T(P)("s)go(s)ds, for N = 10’ (3.19)
B(l) f_too eo—%(t—s)go(s)ds _ B(l) f_too e‘r@)("s)go(s)ds, for N > 11,
where
5 for3 <N <9,
B
| 0| Cr(())1()_(5)) ’ for N > 11.

We only consider vy(¢) for N > 11 and v(#). The other cases for vy(#) can be demonstrated similarly
since 7 < 0 and 0_30) < 0 1in these cases. Let

! / )
wi(1) = B! f "+ g (s)ds — B! f " g (5)ds, (3.20)
where
- )
SR P

Direct calculation implies the following for ¢ < #,:

e (1) < Csupe Hgr(®)] = C”gk”co((_oo fo])? (3.21)
1<ty
e (WOl + v O < Cligilles (—oo.o- (3.22)
Set
v () = Ri(1) + Ra(2),
where ) )
N —a'(k)s O'(k) ’” —(T(k)S
Ri(t) = By(e”™ ") e 7 gi(s)ds — By(e” ") f e’ gi(s)ds,
and (k) (k) (k) *)
Ro(t) = Bi(e” 'Y e+ 'gi(t) — By(e” Y e™ 'gi(0).
Then,

t t
B (6’0—*)I)W e—(TSf)sgk(s)ds _ B]]( (eo'g()t)lll e—o‘@sgk(s)ds

—00 —00

(k) (k) (k) (k)
+B]1((€O—+ t)ue—O'+ tgk(t) _ B]l{(eOL t)//e—o', [gk(t)-

R (1)

Then we have
e_w|R11 (0l < Cllgkllcg«_oo,,o]),
and hence, fort < ¢, — 1,
e [Rilcoq-t.41) < Cllgllco(—ooonys
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e [Ro)coqi-1a1)) < ClIgillcoa (oo )
Therefore, fort <ty — 1,
e v lee-1ae1) < ClIgllcom (oo (3.23)

Combining (3.21), (3.22) and (3.23), (3.18) holds for k = O with N > 11 and k = 1.
For 2 < k < K + 1, since e g, (¢)] < C and u > pg, we can also define

! ! ]
vi(1) = B! f "+ g (s)ds — B! f " g (5)ds. (3.24)
Note that, at this time, a'frk) >0ando® <Ofork=2,...,K+1and Pk = O'ErkH). By arguments similar

to those in the proof of (3.18) for k = 0 with N > 11 and k = 1, we obtain (3.18) for2 <k < K + 1.
With the solution v, of (3.17) fork=0,1,..., K + 1, we set

K+1

V(t,0) = > v Q(0).

k=0
Then, Lv = g and, by (3.18), we have
K+1
C Z ”Vk”(;ﬁﬂ((_oo,lo])
k=0

K+1

C Z ||gk||Cg’“((—ooJo])
k=0

C| |g| |C2~"((_OQ,IO]XSN—I )

IA

V] lCﬁ’“((—oo,to]XSN‘l)

IA

IA

Then the extra requirement v(¢, -) € span{Q, Q1, . .., Ok+1} implies the uniqueness of v.
Lemma 3.5. Let @ € (0,1), u > py and u # py for any k > 1; also, g € CS’“((—oo,to] x SN, with
fsN-l g(t,)0i(@)do = 0 for any k = 0,1,...,K, K + 1, where K is the largest integer such that pg < u,

and t < ty. Then, there exists a unique solution v € CZ"’((—OO, to]l x SV1 of (3.1) with v = 0 on
{to} X SN, Moreover,

) < Cl|g||c2’“((_oo,lo]><SN—l), (325)

where C is a positive constant that is dependent on N, a and u and independent of t.

”v”Ci’a((—oo,to]XSN_

Proof. Assume that 7 < #, — 4. We claim that there is a solution vy € C>*([T, t,] x S¥!) to the
following problem:

Lvr = g in (T, ty) X SN_l,
{ vr =0 on ({T} U {to}) x SN, (3.26)
The problem described by (3.26) can be written as follows:
28y + e Agvr + 2(N — 2)e™vr = eg  in (T, ) x SN, (3.27)
vr =0 on ({T} U {to}) x SN, '

where 7 = N — 2. Consider the energy function
10
Gr(v) = f f |7(@v)? + €[Vl = 2(N = 2)e™” + 2¢™gv|dtd.
T Jsh-l
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Set
r= {¢ e H'(S" ! : f d(0)0:(0)dd =0 fork=0,1,...,K, K + 1 with pg < ,u}.
SN—]
Then, for any ¢ €T,
f \Vop|’do > 2N $*do,
SN—I

SN-1

since A1 > Ay = 2N with u > p; > p;. Hence, for any v € H)((T, o) X S¥~") with v(z,-) € T for any
t e (T,ty), we have

Gr(v) > f 0 f | (@v)? + [2N = 2(N = 2)1e™ + 2¢™gv|dbds.
T Jsh-l

The inequality 2N —2(N —2) > 0 implies that Gr is coercive and weakly lower semi-continuous. Then
there is a minimizer vy of Gr in the following statement:

{ve Hy(T, 1) x S"™ ") : w(t,-) €T forany t € (T, 1)}.

So vr is a solution of (3.26) that satisfies vr(¢,-) € I' for any ¢ € (T, ty).
We obtain that by Lemma 3.3,

sup e Mp(r,0) <C  sup  eg(1,6)],

(t,0)€[T,to]xSN-1 (t,0)€[T,to]xSN-1

where C is a positive constant that is dependent on N, u and independent of T and #,. Fix T < t,. By the
interior and boundary Schauder estimates in [ty + T, to] XSV~ C [to+To—1, 1] xSV and v (1, 6) = 0,
there exists a subsequence vy that converges to a C>?-solution v of (3.1) in [ty + T, t] x SV~! satisfying
v =0o0n {t;} x S¥7!, as T — —oo. Then, we can obtain that v; converges to a C>®-solution v of (3.1)
in (=00, o] X S¥~! such that the following is satisfied: v = 0 on {ty} x SV,

sup e, <C  sup  e|g(t,0)|,
(LO)ElT ]SV (LO)ElT ]SV

or
||V||c2((_oo,z0]><sN*l) < C||g||c3((_oo,to]ngfl), (3.28)

Combining (3.28) and (3.4) with ¢ = 0, (3.25) holds.

Theorem 3.6. Let a € (0,1), u > py, p # pi for any k > 1 and g € Cy* (=00, t5] X S¥'). Then (3.1)
admits a solution v € Cy*((—c0, ty] X S¥1) and

Ml 2 (oo tpixen-1) < Cllgllcoa (oo tp1xsv-1): (3:29)
where C is a positive constant that is dependent on N, a, u, and independent of ty. Also, g — v is linear.

Proof. Assume that K > 1 is the largest integer with px < u. Define
gk(t) = f g(t,0)0(0)dl fork=0,1,...,K + 1.
gN-1
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Then v, € Cﬁ’“((—oo, to] X SV1) is a solution of

K+1
L) = a0 in (-o0,1] x SV

k=0

as in Lemma 3.4. By Lemma 3.5, let v, € Cﬁ’“((—oo, to] X S¥=1) be the unique solution of the following
problem:
Lv=g- 3 g0 in(—o0,19] x SV,
{ v=0 on {to} x SN

Then v = v; + v, is a solution of (3.1) satisfying that v(#y, 8) = v,(ty, 0) = z,f;)l vi(t9) O (), where v (1)
fork=0,1,...,K,K + 11is given in Lemma 3.4.

Remark 3.7. Theorem 3.6 implies that the bound of

L7 Cr (=00, 1] X SN = Cr (=00, 1] x M) (3.30)
is independent of t.
4. Nonradial singular solutions of (1.1)

In what follows, singular solutions of (1.1) will be constructed.
We set
NWw) =wy; + (N = 2)w; + Agvaiw + 2(N = 2)(e” = 1). 4.1

Then w satisfies
Wi+ (N = 2w, + Asv-iw + 2(N = 2)(e” — 1) = 0 in (=00, 0) x SV-! 4.2)

if N(w) = 01in (=00, 0) x SN, This also implies that u(x) = U(x) + w(ln x|, §) is a solution of (1.15)
in B\{0}.

Theorem 4.1. Let U(x) be given as in (1.2), the index set I, be given as in (2.58), and u > p, with
u & I,. Suppose that w € C**((—o0,0] x SN satisfies

WW(t, )| + [VW(t,0)] — 0 ast — —oo uniformly in 6 € SN7!, 4.3)
and for (t,6) € (—o0,0] x SV,
INOV)(t, 0)] + [VIN(W)(2, 0)| < Ce, 4.4)

where C is a positive constant. Then, there exist ty < 0 and a solution w € C>*((—o0, 1] x S¥=1) of the
equation in (4.2) such that the following is satisfied for (t,0) € (—oo, ty) x S¥~!:

lw(t, ) —w(t,0)| < Ce", 4.5)
where C is a positive constant.
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Proof. The proof consists of 4 steps.
Step 1. We claim that there is z € Cy*((~0, 15] X S¥~!) such that

NW+2)=0. (4.6)
Rewrite this equation as
Lz+ N(W) + P(z) = 0, 4.7)
and
2= L[ =N - PQ), (4.8)
where A )
P(z) =2(N = 2)[e"" —¢" — 2]. (4.9)
Defining 7 by
T() = L] - Nb) - PQ)], (4.10)

we prove that 7~ is a contraction on some ball in Cﬁ’“((—OO, to]l x SN1), for some #, < 0 with |f| large.
We set
2, -1y .
FB,I‘O = {Z € C’u a((_oo’ t()] X SN ) . ”Z“CZ’”((—OO,Z()]XSN*I) = B}

Step 2. We claim that 7~ maps I'g,, to itself, for some fixed B and any f, with |f| sufficiently
large, namely, for any z € Cﬁ’“((—oo, to] x SN=1) with ||Z||C;%v‘l((_oo’t0]><sN—l) < B, we have that 7(z) €

Cﬁ’a((—oo, to] X SN_I) and ||T(Z)||Cﬁ’”((—oo,t0]><SN—1) <B.
First, it follows from (4.4) that

INOVIct oo soixsv-1y < Ci.
Next, set 1
E(z) =2(N-2) f (€ — 1)ds. 4.11)
0

Then, P(z) = zE(z). Take any z € Cz’“((—oo, to] x S¥1) with ||Z||Cﬁ’“((—oo,t()]><SN_l) < B where B will be
determined later. Because
Wl + VW] < e(?),

where € is increasing such that e(f) — 0 as t — —co and
lz| +|Vz] < Be.

Then, for ¢ < 1y,
|E(x)| + IVE(2)| < Cy(e(t) + Be'), 4.12)

and hence,

IA

Ca(e(to) + Be')Izllct (—ootoixsn-1)
< Coe(ty) + Be’”“)B.

||P(Z)||C'Lll((—oo,t0]><SN’l)

By Theorem 3.6, we have

||T(Z)”CZ’”((—OO,[0]><SN‘1) < C” - N(W) - P(Z)”CB’”((—OO,IO]XSN‘I)
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< C[C, + Cy(e(ty) + Be'™)B],

where C, C; and C, are constants that are independent of #. Choose B > 2CC,; and f, with |t
sufficiently large such that CC,(e(ty) + Be*™) < 1/2. Then,

||T(Z)||Ci’a((—oo,[0]><SN—l) <B.

Step 3. We claim that 7 : I'p,, — I'p,, 1s a contraction, i.e., for any z;,2, € I'py,,

1T @) = T @2)llg2e sty < &Izt = 2alleo e 1y (4.13)

for some constant « € (0, 1).
Note that
T (z1) = T (z2) = L'[P(z2) - P(z1)),

and

P(z1) — P(z2) 21E(z1) — 22E(22)

(21 — 2)E(z1) + 22(E(21) — E(22)).

By (4.11), we have
1
E(Zl) _ E(Zz) — 2(N _ 2)[ [eW+szl _ efv+szz]ds‘
0

Then,
|E(z1) — E(z2)| + [V(E(z1) — E(22))| < C(lz1 — 22| + V(21 — 22)D).
By (4.12), we have the following for any 7 < ¢,

|P(z1) — P(z2)| + [V(P(z1) — P(22))
< C(e(t) + Be')(|z1 — 2ol + V(21 — 22)]),

and hence
1P(z1) — P(Z2)||CIL((—00,[O]XSN‘|) < C(e(ty) + Be'™)||zy — ZZ”CIL((—OO,[O]XSN‘l)'
By Theorem 3.6, we obtain
177 (z1) — T(ZZ)”cﬁﬂ((_wJo]XgN—l) < CllP(z1) - P(ZZ)l|C2"’((_oo’t0]><§N—l)

C(E(tO) + BeﬂIO)HZ] - ZZ”Cﬁ"Y((—OO,tO]XSN’I)‘

A

IA

We derive (4.13) by choosing 7, with 7, sufficiently negative.

Step 4. The contraction mapping principle implies that there exists z € CZ’“((—oo, fo] X S¥1) such
that 7(z) = z. Then z € C;*((~0, ] x S¥~1) is a solution of (4.6) and hence w = W + z is a solution of
4.2).

We call a function W that satisfies (4.3) and (4.4) an approximate solution to (4.2) with order p.

Lemma 4.2. Assume that Q;(6) is the combination of Q’l‘(H), - ﬁlk(G). Then,

k+1

0= ), 0. (4.14)
i=0
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Proof. The proof is similar to that of Lemma 2.4 in [19]. We omit the details here.

Proposition 4.3. Let the index sets 1, and I; be respectively given as in (2.58) and (2.59) and u > p,
with u ¢ I, U I, Let n be a solution of L(n7) = 0 on R x SN! such that n(t,-) —» 0 ast — —oo
uniformly on SN, Therefore for some t, < 0, there exists a smooth function ij on (—oo, ty] X SN~ such
that w = n + 1 satisfies (4.3) and (4.4).

Proof. Choose ¢ with |¢| < & on (—o0,0) x S¥~!, where & > 0 is a sufficiently small number. Then,
a simple computation yields

N(g) = Lo +2(N = 2)(e’ — 1 - ¢).

Therefore,

N(@) = L@+ ) ad'. (4.15)

i=2

Assume K > 1 and K represent the largest corresponding integer with px < u and pz < u, respec-
k
tively. There is no function that converges to 0 as  — —oo in Ker.L and KerL;; for k > 2,y (1) = e
and ¥, (1) = et in KerLit. Any term e with k > K in n will produce the term e”’ with p; > u in

N@); set

K

n(t,60) = ) Qi (O)e™, (4.16)
k=1
where c; denotes constants.
For the following case:
we will show that there 7, 77y, . . . , 7jz exists in succession such that, for any i = 0, 1,. .. K,
N + g + ...+ 7)) = O+, (4.18)

Set ¢ = n. From (4.15) and L(n7) = 0, we obtain

. n;
N(U) = Z am.‘.n,‘l e(nlpl+m+n’]pll)tQ;| cee Q,‘l_l'_la

ni+..+nj) >2

where ny, ..., n; are nonnegative integers and Any..m, is a constant. By the definition of 15, njp; +...+
n;, p;, 1s some pP;. Hence, by Lemma 4.2,

K M
NG = D D i Qu®)e™ + O, (4.19)
k=1 m=0

where M, is defined as in (2.61) and ay,, is constant. We see that
N(@) = 0™,
where p; = 2p;. Then 7y = 0.
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Assume that (4.18) holds for 0,1,...,i— 1. Set

M;
i(1,0) = ( D cinQu(@))™,

m=0

where c;,, 1s constant. This implies that

Nm+ipo+...+7) = L3G)+...+ L(3#)

My

K
" kzz; { Z akam(Q)}epkt + O(ePr",

=0
where ay,, 1s different from that in (4.19). The induction hypothesis implies that

K My
NG+t + ..+ = L@ + ) { ) amQu(®)}e? + 01",
k=i m=0
Choose 7}; such that
M;
L(ﬁl) = _{ Z aiQO(g)}eﬁif.
m=0

So (4.18) holds for i. Form =0, 1,..., M;, solve

~£m(cime'5it) = _aimeﬁit-

(4.20)

(4.21)

Similar to that in Lemma 3.4, there is a formula for ¢;,e”" in terms of a;,e”’. For 0 < p,, < p;, the
expression is in the form of (3.24). For p,, > p;, the expression is similar. If m = 0 or 1, the expression

is (3.19) or (3.20). Therefore, define

K
71,0 = > { ) cnQu(®)}e™,

k=1 m=0

where ¢y, 1S a constant. We obtain
N +17) = O(%1") = O(e").

The estimate of VN(n7 + 7) is similar.

(4.22)

Then for the general case, p; can be some p;. We only need to modify (4.21). When p,, = p;, there

exist constants cjy,, and c;;,, such that

Lm((CiOm + tcilm)epit) = _aimepit-

By iteration, there are more powers of 7. Therefore, there exist constants denoted by c;j,, with j =

0,1,...,J + 1 such that

J+1 J
Lm( Z Cijmtjepit) = Z aijmtjepi’.
J=0 J=0
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In conclusion, instead of (4.22), apply

K &k Y
166 = > > D cmu@)e™, (4.23)
k=1 j=0 m=0

where ¢y j, i a constant.

Proof of Theorem 1.1

Theorem 4.1 and Proposition 4.3 imply that we can obtain £, and a solution w € C2%((—o0, 1] xS¥™1)
of the equation in (4.2) such that, for u > p; with u ¢ 7, U I and any (1, 0) € (—o0, 5) X SV,

w(t,0) = A(t,0) + O(e"), (4.24)

f(t,0) = n(t,0) + (1, 6).

Let ry = €. Then 0 < ry < 1. Since u(x) = Uz(x) + w(ln |x|, 8), we add easily see that
u(x) = Uy(x) + O(x"") for x € B,,\{0}. (4.25)

On the other hand, for any R > 0, we see that ii(y) := u(x) + 2In(R"'rp), y = Rry x satisfies the
following equations:
—Ayii = e” in Bg\{0} (4.26)
and o
i(y) = Us(y) + O(yl™*) as|yl = 0. (4.27)

This implies that i is a singular solution of (1.1).
Now, suppose that i is non-radial. It suffices to prove that u is non-radial in B,,\{0}. Suppose that
u(x) = u(|x|). Then from Proposition 2.1 we have

u(x) = Uy(x) for x € B,,\{0}. (4.28)
Moreover, we can easily see from (4.24) and (4.25) that
w(t,0) £ 0.

This implies that # and @ are non-radial singular solutions of (1.15) in B, \{0} and (1.1) in Bg\{0},
respectively.

Since w(t, 8) depends on the parameter u, for each u > py, different coefficients ¢, of n(z, 6) in (4.16)
can determine infinitely many #, and 7y may change. When restricting all coeflicients of 7(z, 6) in (4.16)
in a bounded interval, there is a minimal 7y < 0. Since K of n(¢, 8) in (4.16) depends on y, we can obtain
infinitely many #(y) by choosing a sequence of parameters u > p; with 4 — oco. Hence, a family of
nonradial singular solutions of (1.1) can be constructed.

S. Conclusions
In this manuscript, infinitely many nonradial singular solutions have been constructed for the equa-
tion
—Au = ¢€" in Bg\{0},
where Bg = {(x e RY (N >3): |x| <R)}.
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