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Abstract: In this paper, we propose an analytical approach to estimate the largest Lyapunov exponent
(LLE) of a Rossler chaotic system, leveraging the synchronization method. This research focuses on
establishing an analytical criterion for the synchronization of two identical Rossler chaotic systems
through the linear coupling of state variables. This is crucial because the LLE of such systems can
be estimated based on the critical coupling required for synchronization. Unlike previous studies, we
first transform the synchronization error system between two identical Rossler chaotic systems into a
set of Volterra integral equations by using the Laplace transform and convolution theorem. The crit-
ical coupling for synchronization is analytically derived using integral equation theory to solve the
error system. As compared to the numerical results of the Rossler chaotic system’s LLE, our analyt-
ical estimates demonstrate high accuracy. Our findings suggest that the challenge of estimating the
Rossler chaotic system’s LLE can be simplified to solving a cubic algebraic equation, offering a novel
perspective on the analysis of how parameters influence the LLE’s value in the Rossler chaotic system.

Keywords: largest Lyapunov exponent; Rossler system; chaos synchronization; analytic estimation;
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1. Introduction

The Lyapunov exponent (LE), as introduced by Oseledets [1] in the context of his multiplicative
ergodic theorem, serves as a quantifier of the divergence between two proximal trajectories over time
within a dynamical system. In an n-dimensional dynamical system, there are n LEs available, with
their quantity corresponding to the dimensionality of the system’s phase space. Each LE characterizes
the rate of convergence or divergence of the system’s attractor in a specific direction. The spectrum
of LEs offers a metric for assessing the local sensitivity of a system to initial conditions, as well as
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for providing crucial insights into the system’s global dynamics. This spectrum facilitates the effective
description and classification of system attractors based on their LEs. For stable equilibrium points, all
LEs are real and negative; in the case of stable limit cycles, one LE is zero while the remainders are
real and negative. An attractor is identified as a k-torus if the first k LEs are zero and the others are
negative. The presence of positive values within the LEs spectrum signifies a chaotic attractor, which
is further classified as hyperchaotic if two or more LEs are positive [2].

The calculation or estimation of LEs constitutes a core aspect of research into nonlinear dynamical
systems. Notably, the largest LE (LLE) holds particular significance as it directly influences the pre-
dictability of the system in question. Over the past several decades, a diverse array of studies focusing
on the calculation schemes for LEs, especially the LLE, have been published. These studies have pre-
dominantly categorized them into two main methodologies: the determination of LEs from governing
equations [3—7] and the estimation of LEs from time series data [8—11]. Benettin et al. [3] first intro-
duced the method for calculating all LEs of dynamical systems, grounded in Oseledets’s theory [1].
This methodology was later refined by Wolf et al. [8]. Additionally, Briggs [12] explored the calcula-
tion of LEs by using experimental data, proposing that the optimal estimation of Jacobian matrices in
the presence of noisy data is attained through least-squares polynomial fitting. The QR decomposition
(short for “QR factorization” is a process that decomposes a matrix into the product of an orthogonal
matrix (Q) and an upper triangular matrix (R)) and the singular value decomposition (SVD) methods
for determining all LEs of dynamical systems were developed by Von Bremen et al. [13] and Dieci and
Elia [14], respectively. Dabrowski [15] numerically derived the LLE by calculating the LE in the di-
rection of a disturbance, as based on the perturbation vector and its derivative’s dot product. Liao [16]
investigated the sensitivity gradients of the LLE in dynamical systems to address the deficiency of pre-
vious approaches, which were prohibitively time-consuming and resource-intensive for most optimiza-
tion problems of reasonable size. Certain methods described above embody the direct approach, which
quantifies the divergence growth rate between two trajectories that have an infinitesimal discrepancy
in their initial conditions. Conversely, other methods aim to estimate the Jacobian matrices of systems,
addressing the limitations inherent to direct approaches, especially in the context of noise [17]. How-
ever, approaches that rely on linear approximation often fall short of capturing nonlinear growth and
typically necessitate laborious computations. In some instances, they may even result in erroneous LEs
due to ill-conditioned Jacobian matrices [18]. Additionally, if the number of iterations is insufficient,
the outcomes are likely to be imprecise [19]. Zhou et al. [20] introduced a groundbreaking method to
derive the LLE by using two nearby pseudo-orbits, eliminating the need for phase space reconstruction
and Jacobian matrix computation. Utilizing machine learning to forecast LEs from data was an ap-
proach adopted by Pathak et al. [21] and McAllister et al. [22]. The perturbation vectors method [23],
the cloned dynamics approach [24], and the synchronization technique [25-27] have been developed
as strategies to circumvent the direct calculation of Jacobian matrices or the need to solve variational
equations. Recent advancements and applications of LLEs are documented in references [28].

The analytical estimation of LEs within a dynamical system represents a compelling and signifi-
cant topic. According to the definition of LEs, their analytical formulas are readily derivable only for
steady-state solutions, including fixed points in nonlinear systems with a limited number of degrees
of freedom and steady-state, spatially homogeneous solutions in spatially extended systems. Analyti-
cal expressions for LEs have been derived for neural oscillator models [29-31], as well as for certain
simple models of nonlinear oscillators applied for synchronization problems triggered by common ex-
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ternal noise [32-34]. Caponetto and Fazzino [7] introduced a semi-analytical approach, utilizing the
differential transform method, to compute LEs in fractional order systems. Hramov et al. [35] first
presented the analytical formula for the zero LE. A zero LE exists within the spectrum of LEs for flow
systems, characterizing the perturbation evolution along the phase trajectory [36]. To derive the ana-
lytical expression for the zero LE, Hramov et al. analyzed a model system that describes the behavior
of a driven periodic oscillator with noise near the synchronization onset. In chaotic systems, analytical
approximations of LEs typically retain validity within a very narrow range of control parameter values,
despite their derivability [37]. The analytical characterization of LEs for chaotic oscillators remains to
be a formidable challenge.

In this paper, we aim to derive an analytical expression for the LLE of a Rossler chaotic system [38]
by utilizing the synchronization method [25-27,39]. It is established that synchronization between two
diffusively coupled identical chaotic systems is invariably achievable with a sufficiently large coupling
parameter [40]. A linear relationship exists between the synchronization threshold of the coupling
parameter in two identical systems and the value of the LLE of the coupled systems. Consequently,
the LLE can be estimated based on the critical coupling required for synchronization [39]. This paper
focuses on the analytical criteria for synchronization between two identical Rossler chaotic systems
from the perspective of the linear coupling of state variables. Unlike previous studies [41-43], we
initially transform the synchronization error system between two identical Rossler chaotic systems into
a set of Volterra integral equations, utilizing the Laplace transform and the convolution theorem. The
critical coupling required for synchronization can be derived by applying the successive approximation
method [44] within the framework of integral equation theory to resolve the error system’s solution.
Numerical simulations have been conducted to confirm the efficacy of our analytical estimation of the
LLE for the Rossler chaotic system. Furthermore, this analytical estimation remains valid across a
broad range of parameter variations.

The remainder of the paper is structured as follows. Section 2 introduces the theoretical foundation
of the estimation procedure for the LLE based on the synchronization method. Section 3 details the
analytical estimation of the LLE for a Rossler system. Section 4 validates the analytical findings
through numerical simulations. Finally, Section 5 provides the conclusions.

2. Theoretical background of estimation procedure for LLE based on the synchronization
method

2.1. The definition of LEs

Consider a set of ordinary differential equations

. dx
X = 7 f(x), 2.1)

where x € R" represents the state variables and f : R" — R" is a smooth vector function. Assume
that s,(xo) is the solution of Eq (2.1) with the initial condition x = Xx; which has the components
(10, X20,* * * 5 Xn0); one has

ds,
) _ flsol, o) = 1 2.2)
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Taking the variation with respect to x, on both sides of Eq (2.2) yields

dJ(xo) _ Ofs:(x0)]

J(x0), 2.3
7 P 1(x0) (2.3)
where W = % , Ji(xp) = a%?)' Clearly, J,(x() can be obtained by solving Eq (2.3), which

x=5;(x0)

describes the influence of infinitesimal disturbance Ax, to the initial condition xy on the trajectory
s:(xp), that is,
As(r) = 5,(x0 + Axo) — 5:(x0) = Ji(x0)Axo. (2.4)

Thus, the length of vector As(#) can be given as

|As(t)l = /As(®)TAs(t) = \/Angt(xo)TJ,(xo)Axo, (2.5)

where the notation T denotes the transpose of vectors. Since J,(xo) is a real matrix, J,(x)” J,(xo) is real
symmetric and positive semi-definite. Assume that &;(¢),i = 1,2,--- , n, denotes the eigenvalues of the
matrix J;(xp)" J,(xo). Obviously, &(f) > 0. Assume that v;(¢) is the corresponding eigenvector of &(7).
If Axy has the same direction as v;(¢), Eq (2.5) becomes

|As(D = /&i(1) |Axol. (2.6)

The definition of LEs denoted by A;,i = 1,2,--- ,n, in system (2.1) is given as

In \/&i(1) lim RO

/ll-:tli_glofztim > ,i=1,2,---,n. 2.7
From Eq (2.7), after long enough one has
W ~el i=1,2,--,n. (2.8)
Substituting Eq (2.8) into Eq (2.6), leads to
IAs(D] = /E(2) |Axiol = e™|Axgl, i = 1,2, ,n. (2.9)

The LEs are related to the expanding or contracting nature of different directions in phase space.

2.2. The relation between chaos synchronization and the LLE

Consider a chaotic system in the following form [25]

x = f(x), (2.10)

where x € R" and f : R" — R" is a smooth functional vector. Two such identical oscillators couple to
undergo unidirectional coupling, as follows:

X = f(x),

. 2.11)
y=f)+k(x-y),
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where x,y € R" and k € R is the coupling parameter. If k = 0, two separate dynamical systems
are obtained
X=fx), y=rf0. (2.12)
Assume that each system in Eq (2.12) evolves on an asymptotically stable chaotic attractor X. The
solutions of Eq (2.12) starting from different initial conditions represent two independent trajectories
on the atrractor X. If the two initial conditions are the same the two subsystems will exhibit identical
behaviors (x = y). If the initial conditions for the two subsystems in Eq (2.12) have a small difference,
then a state difference exists between the two subsystems during the time evolution, which is defined

by the expression
Z=X-Y, (2.13)

where z € R".

Theorem 1. Assume that k,,;, > 0 is the boundary value of the coupling parameter k that is required
to cause synchronization in system (2.11), and that A, is the LLE of system (2.10) such that A, =
kinin holds.

Proof. To make further considerations easier, the following notations are first introduced:

* Aj denotes the LEs in system (2.10) excluding Ay, j = 1,2,-+- ,n—1,

* AAd; = Apax — A denotes the difference between A,,,, and other LEs 4, j =1,2,--- ,n—1,

* ¢ 18 initial distance in the A,,,, direction,

* 0j0 = mjoy denotes the initial distances in the A; direction, where m; denotes constant values,
j=12,---,n—-1.

The norm of vector z is given by

llzll = (iz?)uz. (2.14)

i=1

Assume that z, = xy — Yo is an initial distance between two trajectories of subsystems in sys-

tem (2.12), where zy has the components (219, 220, * - * > Zn0)- Obviously, zj is the total A-distance vector,
which is a sum of g and 69, j = 1,2,--- ,n — 1. From Eq (2.9), ||z|| can be written as

1/2

1/2
Izl = (52 Mm‘”l"‘zfsioem z) _ [ 2 umuxz(l +Zm2 —2A4; z)} _ (2.15)

Since A4; < 0 holds for j = 1,2,--- ,n — 1, the sum in Eq (2.15) finally decreases to zero during
the time evolution; the norm of state difference z between two subsystems in Eq (2.12) approaches
the following:

llzl| = Goe’. (2.16)

This implies that the distance associated with the A,,, direction becomes dominant after
enough time.

Next, we consider the case of k # 0in Eq (2.11). For clarity, redefine the norm of the state difference
between two subsystems in Eq (2.11) by Q. Clearly, Q > 0 for any values of x, y and k. From Eq (2.16),
if k > 0 one has

= lf () = f) = k(x =PIl = I/ (x) = fFODII = Kllx = yll 2.17)
= /lmaxéoe/lmmt - kQ = (/lmax - k)Q .
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For k < 0,

Q = [If(x) = f) = k(x = Il < lf(x) = fFOII = Kllx =yl

2.18
= /lmaxéoe/lmMI - kQ = (/lmax - k)Q ( )
Solving Eqgs (2.17) and (2.18) yields
Z e(/zmax_k)t, or k > 0,
0= Qo f (2.19)

0 < QoM for k<0,

where Q, is a constant determined by the initial conditions given in Eq (2.11). If £ > 0 and the
synchronization between two subsystems in Eq (2.11) is achieved, then Q — 0. From the first relation
in Eq (2.19), it must follow that A,,,, < k. Assume that k,,;,, > O is the boundary value of the coupling
parameter k that is required to cause synchronization in system (2.11); then, the following inequality
should be held: 4,4, < kin-

On the contrary, if A,,,,x > ki, from the first inequality in Eq (2.19), the synchronization cannot be
achieved. Therefore, one can have the following approximation

/lmax ~ kmin . (220)

From Eq (2.18) and the second inequality in Eq (2.19), Q@ — 0 is impossible when 4,,,, > 0 and
k < 0. It implies that two identical chaotic systems in Eq (2.11) cannot synchronize with each other
when k < 0.

3. The analytical estimation for the LLE of a Rossler chaotic system

The Rossler oscillator [38] is described as follows:
w=-v-w,
V=u+av, (3.1
w=b+w(u-c),

where u, v, w are state variables, and a, b, ¢ are parameters. For convenience, by moving the equilibrium
(ug, vo, ) of system (3.1) to the origin, system (3.1) can be rewritten as follows:

X=-y—2z—Vvy— W,
y=Xx+ay+uy+ av, (3.2)
Z=(x—c)z+wp) + ug(z+wp) + b,

where x = u —ug, y = v — vy, 2 = w — wy. Consider two unidirectionally coupled Rossler systems

as follows: ‘
X1 = —=Yy1 — 21 — Vo — Wo,
Y1 = X1 + ay; + uy + avy,
21 = (x1 — )21 + wo) + uo(z1 + wo) + b, (33)
do = —y2 — 22— vo — wo + k(x1 — x2),
Y2 = X2 +ayz + up + avo + k(y1 — y2),
22 = (x2 — c)(z2 + wo) + uo(z2 + wo) + b + k(z1 — 22),
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where k is a coupling parameter. Synchronization is said to occur in system (3.3) if
X1 = x2ll = 0, [lyr = y2ll = 0, [lz1 —z2ll > 0 fort — co. (3.4)

By introducing
€1 =X — X2, €=Y1—Y2 €3=21—2,
€4 =X1t X2, € =Yy1+Yy2, € =21t2,
to system (3.3), the dynamical behavior of errors denoted by e¢;, i = 1,2, 3, can be described as follows:
ey = —ke; — ey — e,
e = e —(k—a)es, (3.5)
é3 = wpe; — (k + c)e3 + e1e¢ + e3é4.
Then the synchronization condition given by Eq (3.4) becomes lim |le;|| = 0, i = 1,2, 3. Consider
—o0

the Laplace transform defined as follows:

Ei(s) = Lle;] = f ) e(t)e"dt,
0

1 0+ joo (36)
ei(t) = L'E]] = — f Ei(s)e'ds, i=1,2,3.
27t j Jo—joo
By taking the Laplace transform on both sides of system (3.5), we obtain
E, €10
(s —-M) |Ex| = | exn |, (3.7)

E5 e+ W

where ey, i = 1,2,3, denotes the given initial values of system (3.5), /5 is the 3 X 3 real identity
matrix, and
-k -1 -1
M=|1 a-k 0 , (3.8)
Wo 0 wu-k-c

W is the Laplace transform of the nonlinear parts in the third equation in system (3.5)

+00
W= f [eieq + ezeqledt.
0

Solving Eq (3.7) by using the Cramer’s rule, one has

e(s+tk—a)s+k+c+uy) ex(s+tk+c+uy) eps+k—a) s+k—a)W
1= - - -

D(s) D(s) D(s) D(s)
E :elo(s+k+c+u0)+ezo(s+k)(s+k+c+u0)+ezowo—e30_ w (3.9)
’ D(s) D(s) D(s)  D(s)’ '
B - eiowo(s +k—a) €W — €30 N ex(s+k(s+k—a) N s+hs+k—a)W N w
! D(s) D(s) D(s) D(s) D(s)’
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where D(s) = s* + B, s + 825 + 33 is the characteristic polynomial of the matrix of Eq (3.8), and

B1 =3k +c—a— u,
B = 3k + 2(c — a — up)k + 1 + wo — ac + auy,
B3 =k + (c —a—up)k* + (1 + wy — ac + aup)k + ¢ — awg — u.
To investigate whether |le;|| — 0,7 = 1,2,3, when t — oo, we take the inverse Laplace transform

on both sides of three equations in system (3.9) and consider the convolution theorem in the Laplace
transform, which yields

f
er = ejoys(t) — exya(t) — ey (1) — f vi(t — 1)[eres + ezesldr,
0
A
er = e19y2(1) + exya(t) + (exowo — €30)ys(t) — f Yo(t — T)[e1e6 + ezes]dT, (3.10)
0
!

e3 = ejowoyi(t) — (ex0wo — e30)ys(t) + e30y3() + f (y3(t = 1) + y6(t — 7))[e1e6 + ezes]dr,

0

_ —17 s+k— _ k _ —11 (s+k)(s+k—a) _ —11 (s+k)(s+k+c+ug) _
where y; = L [Y;)(Qa] Y2 = L7 [Hl;(i;uol vi = L[5 1 ve = L5570 ys =

L_] [(s+k—a)(s+k+c+u0) ]

—1
D(s) [D(S)]

Theorem 2. The necessary condition for e, 3 — 0 witht — oo in Eq (3.10) is that all eigenvalues of
the matrix of Eq (3.8) have negative real parts.

Proof. Without loss of generality, consider the inverse Laplace transform of the following true fraction

A]S2 + Ass +A3
D(s) ’

where D(s) is the characteristic polynomial of the matrix of Eq (3.8) and A;, i = 1,2,3, denotes
constants. There exist the following four cases:

e D(s) has 3 single real roots: sy, 53, 53

A].S‘2+A2S+A3 _ B B> B3

D(s) T os—s8 + s—8 + s—583°

AP+ ArstA .
where B; = lYB(z)”3(s—s) , i=1,2,3.
S=S5;
2 o o, o
LA ] o g osih 4 Byet + Bye®
e D(s) has a pair of conjugate complex roots s, = w; £ jw, and a real root s3 = w3

A132+A25+A3 _ A152+A2S+A3 _ B B B3

D(s) (s—w1—jwr)(s—w1 +jw2)(s—w3) S—w|—jwr S—w1+jwr s—w3”’

_ A1s2+Ars+A; _ A1s2+Ars+A;
where = By = S5 . By = R —wy)|
S=w1 £ jwy S=w3
L} [Al s J[r;‘(‘SZ)V+A3] e(w1+jwz)t + Bze(m—jwz)t + Bye®!
e D(s) has 2 repeated real roots s = 5( and a single real root s = s;

A1S2+A25+A3 _ Bl Bz B3

D(s) T os—so - (s—s0)? s—sg’

1 &% A2 +Ars+A3 2 Als +Ars+A3 2
where Bl Eﬁ[ D(s) (S SO) ] » BZ - D(s) (S SO) ’
S=50 S=50
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_ A1S2+A25+A3
B; = T(S - 5k)

b
S=Sk

2
LA 2 (B, 4 By + Bae™

e D(s) has 3 repeated real roots: s = sy
A].S'2+A2S+A3 _ B B, B3
D(s) T os—so 0 (s=s0)? | (s—s0)3°

1 d rA1s®+Ars+A 3
l_‘ﬁ[ L2 D(?)S 3(S_SO)]

where By =

b

A1s2+Ars+A
By = [A2 8 (5 — )’

s=50

2
L[R2t = (B) + Byt + Byr)e™

It is evident that for ||¢,|| to approach zero (i = 1,2, 3) in system (3.10), a necessary condition is that
¥, tends toward zero as time approaches infinity (j = 1,2,3,4,5,6). This condition is satisfied if all
roots of the equation D(s) = 0 possess negative real parts, implying that all eigenvalues of the matrix
of Eq (3.8) also have negative real parts.

Under the condition given in Theorem 2, when ¢ — oo system (3.10) becomes as follows:

!
e = —f Y1t — )leies + ezesldr,
0
A
e, = —f ve(t — T)[e1e¢ + e3e4]dT, 3.11)
0

e3 = f (y3(t = 7) + v6(t — 7))[e1e6 + ezes]dT.
0

Theorem 3. ¢,,3 = 0 represents the unique continuous solutions to Eq (3.11).

Proof. System (3.11) is a set of Volterra integral equations that can be solved by using the successive
approximation method [44]. Consider the integral equation of the following form

h(t) =P(r) + f g(t — )H(t, h(7))dr, (3.12)
0

where g is an n X n matrix and W(¢) and H(t, h(t)) are vectors with n components. If the following
conditions are satisfied

o |h| < oo
e Y and £ are continuous for 0 < t < £y, where 0 < fy < +00;
e |g| € L[O, €] holds for any 0 < € < ty;

e For any n7 > 0, if |h; — hy| < n there must exist a constant k > 0 such that |[H(¢, hy) — H(t, hy)| < k,

from the successive approximation method [44], Eq (3.12) has a unique continuous solution. Moreover
the successive approximations given by

wo(t) =0, w1 () =Y+ f gt —1H(t,w,(1))dr, n=0,1,2,--- (3.13)
0
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will uniformly converge to the unique continuous solution of Eq (3.12).

Comparing Eq (3.11) with Eq (3.12), it is easy to verify that ¢; = e, = e3 = 0 constitutes the unique
continuous solution of Eq (3.11).

From Theorems 2 and 3, we have the following result:

Theorem 4. The necessary condition for ey 3 — 0 in Eq (3.5) is that all eigenvalues of the matrix of
Eq (3.8) have negative real parts.

From the Routh-Hurwitz stability criterion, the necessary condition in Theorem 4 is equivalent to
the following condition:

B1>0, B>0, B3>0, Bifr—p3>0, (3.14)

where (3,3 has been defined in Eq (3.9). Since g, i = 1,2, 3, denotes functions of k, from Eq (3.14)
one can determine the boundary value of k.

Theorem 5. The boundary value of k for synchronization in system (3.3) can be given as
ke = max{my, mp, ms}, (3.15)

where max{-} represents taking the maximum value of elements in the set,

_c—a’ a*+ac+c*=3wy+1) <0,
3 (3.16)
mp = 5 3 .
- +ac+c*=3(wy+1
_c3a+\/a ac ; (v ), a2+ac+c2—3(wo+1)>0,
and my 3 are the maximum real roots of the equations
,33:k3+(c—a)k2+(1+w0—ac)k+c—aw0:O,
—a’+1+wy— 2c—(c?+ Da + (3.17)
,31,32—,33=k3+(c—a)k2+(c a) : Wo ack+ac (c a )a CW():O’
respectively.

Proof. 5;,i = 1,2, 3, denotes functions of k; it is easy to check that

By By B

k> T gtk

Therefore, one has

dBi\B>=B3) _ dBiB2)  dBs _ dB: B>
&k dkdk - alr g —B =26 R,

If 51, > 0, then 83 and 8,8, — B3 are always monotonically increasing functions of k. 5; > 0 leads to

c—a-—u

k _
> 3
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Solving 3, > 0 yields the following:

If @ +ac+c®=3we+1)>0,

c—a @ +ac+c2-3(wy+1) c—a +Ja+ac+c2-3wy+1)

k< - 3 3 , or k>-— 3 + 3
If & +ac+c®=3wy+1)=0,
c—a
k+ —
’ 3
If @ +ac+c-3wy+1)<0,
k € (—o0, +00)
Denote
_c;a’ a*+ac+c*=3(wy+1) <0,
my = 2 2
- +ac+c*—=3(wy+ 1
_< a+\/a awre (o + 1) a*+ac+c*=3(wy+1)>0.

3 3 ’

If kK > my, B3 and 5,8, — B3 are always monotonically increasing with an increase of k. Assume that
k = my 3 denotes the maximum real roots of equations 3 and 3,3, — 33, respectively, and that Eq (3.14)
holds if and only if &k > max{m,, m,, ms}.

Remark. Suppose that system (3.1) has more than one equilibrium point (1o, Vo1, Wo1), (402, Vo2, Wo2),
<+, (Uons Von, Won). For each equilibrium point (uo;, vo;, W), one from Eq (3.15) has one k., i =
1,2, ,n. Then the boundary value of k for synchronization in system (3.3) is given by

Kinin = min{k}, k2, -+ KL}, (3.18)
where min{-} denotes the minimum value of elements in the set.

4. Numerical verification

In this section, numerical simulations are presented to illustrate the correctness of the result given
by Eq (3.18). If a = 0.15, b = 0.2, and ¢ = 10.0, system (3.1) is chaotic [38]. Under such parameter
conditions, the numerical result for the LLE of system (3.1) is 4,,,, = 0.092 [8, 45], where the initial
conditions are taken as u(0) = —1, v(0) = 1, and w(0) = 1.

4.1. a=0.15and b = 0.2 are fixed

Consider that the value of c¢ is allowed to vary between 10.0 and 13.0. Using the numerical method
proposed in [8], the LLEs of system (3.1) for different values of ¢ can be obtained as shown in Figure 1,
where the initial conditions are retained as u#(0) = —1, v(0) = 1, and w(0) = 1.

From Theorem 5, under the certain limitation of the parameters, the LLE of system (3.1) is just the
maximum real root of the following equation (obtained from the second equation in Eq (3.17))

H(k) = K> + hi k> + hok + hs, 4.1)
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where

hy =c—(wo+ 1a,

1
hy = Z{[(WO + 1)2 + wo]a2 — 2wy + 3)ac + A+ wo + 1},

1
hy = —g{[acz — (wo + (1 + 2wp)a®)c + @wo(wo + 1) + a(wi + D]},
1
Wy = — (c— V—4ab+c2) ,
2a

a = 0.15, b = 0.2 and c varies in the range of 10 to 13.
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t
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(c) ¢ =120 (d) c=13.0
Figure 1. The LLE A,,,, versus ¢ for system (3.1) with a = 0.15, b = 0.2, and (a) ¢ = 10.0

(b) c =11.0(c) ¢ = 12.0, and (d) ¢ = 13.0. The initial conditions were taken as u(0) = —1,
v(0) = 1, and w(0) = 1.

From Appendix, the analytic expression of the LLE of system (3.1) can be given as

_ ‘3/71"' \3/T2—h1

Apmax = k
3

(4.2)
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where

_3B-2mA+3VA _3B-2mA-3VA
B 2 T 2

A =hi-3hy, B=hhy—9hs,

C = h3 —3hh;, A= B*-4AC.

1

Figure 2 illustrates the comparisons between the analytical results from Eq (4.2) and the numerical
results obtained by using the method described in [8]. The numerical results exhibit minor differences
relative to the analytical results as the value of ¢ increases. Figure 3 displays the time series for x;»,
Y12, and z; » in system (3.3) with varying ¢ values to identify the critical synchronization conditions for
k. The analytical estimation based on Eq (4.2) for the LLE of system (3.1) is confirmed to be valid and
highly accurate, as evidenced by the data in Figures 2 and 3.
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0.085 -

0.075 -

0.065 -
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0.045
10

(a)

Figure 2. The values of the LLE A,,,, of system (3.1) witha = 0.15, b = 0.2, and ¢ € [10, 13].
The red line denotes the analytical results obtained by using Eq (4.2). The blue line represents
the numerical results obtained by using the method given in [8], where the initial conditions
were taken as u(0) = —1, v(0) = 1, and w(0) = 1.
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(b)a =0.17 (c) a = 0.18, and (d) a = 0.2. The initial conditions were applied as u(0) = —1,
v(0) = 1, and w(0) = 1.
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4.2. b=0.2 and c = 10.0 are fixed

Consider that the value of a changes in the range of 0.15 to 0.2. Applying the numerical method
in [8], one can obtain the LLEs of system (3.1) for different values of a, as depicted in Figure 4. The
initial conditions were applied as u(0) = —1, v(0) = 1, and w(0) = 1.

For the parameter values considered in this section, the analytical expression of the LLE of sys-
tem (3.1) is still given by Eq (4.2). The comparisons between the analytical results obtained based on
Eq (4.2) and the numerical results derived by using the method in [8] are depicted in Figure 5.
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Figure 5. The values of the LLE 4,,,, of system (3.1) with b = 0.2, ¢ = 10.0 and a €
[0.15,0.2]. The red line denotes the analytical results obtained by using Eq (4.2). The blue
line represents the numerical results obtained by using the method given in [8], where the
initial conditions were taken as u(0) = —1, v(0) = 1 and w(0) = 1.
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-1, y1(0) = 1, 21(0) = 1,

(—-), respectively. The initial conditions were applied as x;(0) =

x(0) = =1.1, y,(0) = 1.1, and z,(0) = 1.1.

Figure 5 demonstrates that the analytical results linearly increase as the value of a rises. The numer-
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ical results, however, display slight fluctuations before reaching their peak. Figure 6 depicts the time
series for xj,, y12 and z;, in system (3.3) for various values of a and k. A comparison of Figures 5
and 6 reveals that the analytic approach outlined in Eq (4.2) is both effective and highly accurate as
a tool to determine the LLE of system (3.1), especially when the value of a varies within the range
of 0.15 to 0.2.

4.3. b =0.2 is fixed

Considering that the values of a and ¢ vary within the ranges of 0.15 to 0.2 and 10 to 13, respectively,
Figure 7 was constructed based on the calculated results of Eq (4.2) to illustrate the variation in the
LLE of system (3.1) as a and ¢ change. Equation (4.2) facilitates the examination of how wide-ranging
parameter values influence the LLE in system (3.1).

0.1
0.095
0.09

£ 0.085
0.08

0.075

0.07
13

0.2

(@)

Figure 7. The values of the LLE A,,,, of system (3.1) with b = 0.2, a € [0.15,0.2], and
c €[10.0, 13.0] according to Eq (4.2).

5. Conclusions

Although a linear relationship exists between the synchronization threshold of the coupling co-
efficient in two identical chaotic systems and their LLE, previous studies have primarily derived the
boundary value of the coupling parameter by employing numerical methods to estimate the LLE, to the
best of our knowledge. This paper has presented an approach to analytically estimate the LLE of the
Rossler chaotic system by using the synchronization method. Unlike previous studies, this approach
transforms the synchronization error system into a set of Volterra integral equations. The stability of
these equations was then examined through the application of the successive approximation method in
accordance with the theory of integral equations. Compared to the numerical results for the LLEs of
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Rossler chaotic systems, our analytical estimates demonstrate high accuracy. Moreover, these analyti-
cal estimates remain valid across a wide range of parameter variations.

Our findings reveal that the value of the LLE for the Rossler chaotic system corresponds to the
maximum real root of a cubic algebraic equation. This insight simplifies the challenge associated with
analytically determining the LLE to solve such an equation. Our research introduces a novel approach
for the analysis and management of the impact of parameter variations on the LLE value in the Rossler
chaotic system.
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Appendix

In the Appendix, expressions of real roots of a cubic equation are provided according to the Cardano

formula. Consider the following cubic equation:

fX)=ax’ +bx* +cx+d =0, (A1)

where a, b, ¢, d are real constants and a # 0. Denote

A=b*-3ac, B=bc-9ad, C=c*-3bd,

3aB — 2Ab + 3a VA (A2)
: .

A=B-4AC, Y=

e If A > 0, there is only one real root:
y = Wb
- 3a :

e I[f A =0and A = 0, there are three equal real roots:

— — — b
X]—)Cz—x_o,——g.
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e If A=0and A > 0, there are three real roots, where two roots are equal:

—_ B b
=i e

Xy = X3 =

o If A <0and A > 0, there are three different real roots:

_ 2@005(7%2(;_1)")—[)
i — 3a D)
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¢ = arccos(

3aB—2Ab F_
W , 1= 1, 2, 3.
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