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Abstract: In this paper, the existence of multiple solutions for a class of Klein—Gordon equations
coupled with Born—Infeld theory was investigated. The potential and the primitive of the nonlinearity
in this kind of elliptic equations are both allowed to be sign-changing. Besides, we assumed that
the nonlinearity satisfies the Berestycki—Lions type conditions. By employing Ekeland’s variational
principle, mountain pass theorem, PohoZaev identity, and various other techniques, two nontrivial
solutions were obtained under some suitable conditions.
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1. Introduction

This paper deals with the Klein—-Gordon equation coupled with Born—Infeld theory

{ —Au+ V(0 — Qw + $)pu = g(u) + h(x), x € R%; -

A¢ + BAso = dn(w + P)u?, xeR3,

where A, =div(|Vé|’Ve), w > 0,8 > 0,u,V, ¢ : R®> - Rand g : R* x R — R. The application of the
Klein—Gordon equation extends to the development of electrically charged field theory [1]. The energy
of the functional related to a point-charge source is infinite in the original Maxwell theory. To over-
come the problem of infinity, Born introduced the Born—Infeld (BI) electromagnetic theory [2—4]. The
fundamental concept behind this theory is the principle of finiteness [5], where the conventional the-
ory is modified to eliminate physical quantities involving infinities. Ensuring the finiteness of electric
fields, a square root form with a parameter replaced the original Lagrangian density for Maxwell elec-
trodynamics. Given its correlation in the realm of superstrings and membranes [6, 7], the Born—Infeld
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nonlinear electromagnetism has attracted significant focus from both theoretical physicists and mathe-
maticians. For a more detailed exploration of the physical aspects, we recommend referring to [8—11].
To explore numerical techniques for constructing and approximating real solutions, reference [12]
developed a Haar wavelet collocation method for solving first-order and second-order nonlinear hy-
perbolic equations. Recent advancements and outcomes concerning elliptic equations governed by a
differential operator are succinctly summarized in reference [13].

First, when & = 0, which is the homogeneous case, problem (1.1) has been widely analyzed. The
seminal work by d’Avenia and Pisani [14] investigates first the existence of an infinite number of
radially symmetric solutions for the following problem

{ —Au+ [m} - (w + ¢)*lu = [ul"u,  in R?; (1.2)

A¢ + BAsp = 4n(w + P)u?, in R3,

where my is the mass of a particle (i.e., a physical constant), and 4 < p < 6, |w| < |my|. When2 < p < 4

and 0 < w < w/% p — 1lmg|, Mugnai [11] achieved an identical outcome. Subsequently, through the
application of Pohozaev identity, Wang [15] improved the results of [11, 12] and derived the solitary
wave solution by one of the following conditions:

13 <p<6andmy> w > 0; (ii)2<p§3and(p—2)(4—p)m(2)>a)2>0.

Yu [16] obtained the existence of the least-action solitary wave. Later, Chen and Song [17] studied
the following Klein—Gordon equation with concave and convex nonlinearities coupled with BI theory:

{ —Au+ V(x)u — Qw + ¢)pu = Ak(x)|ul??u + g(0)lulP*u, x € R (1.3)

A¢ + BAso = dn(w + P)u?, x € R,

where 1 < g <2 < p < 6. By Ekeland’s variational principle and mountain pass theorem within the
use of critical point theory, the existence of multiple nontrivial solutions for Eq (1.3) was demonstrated
by imposing suitable assumptions on 4, V(x), k(x), and g(x).

By replacing |u|”~2u with |u|”~2u + |u[* ~2u, a nontrivial solution for Eq (1.2) was obtained by Teng
and Zhang [18] under the conditions 4 < g < 6 and my > w. In this direction, He et al. [19] also
enhanced the existence findings of equation in [18] and investigated the presence of a ground state
solution for the system (1.2). For elliptic equations involving subcritical term and critical term, we can
refer to [20-23]; references [24—26] provide other relevant results concerning homogeneous Klein—
Gordon equations with Born-Infeld equations.

In this paper, we consider &2 # 0, which is the nonhomogeneous case. Liu and Wu [27] recently
investigated a kind of Klein—Gordon—-Maxwell systems when the nonlinearity g € C(R, R) and satisfies
the following Berestycki—Lions conditions:

(g1) —oo < liminf,_,p+ g(—f) < limsup,_,+ &f) =-m<0;

(82) lim|s|—>+oo % = 0,
(g3) there exists ¢ > 0 such that G(¢) = f(f g(s)ds > 0, where G(s) = [ g(t)d.

Berestycki and Lions [28] introduced the above assumptions, highlighting the near indispensability
of (g1) and the necessity of (g,) and (g3) for proving the existence of nontrivial solutions. Liu et al. [29]

delved into the existence of positive solution and multiple solutions of the Klein—Gordon—-Maxwell
system with Berestycki—Lions conditions. Within [30], the authors investigated standing waves for the
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pseudo-relativistic Hartree equation with Berestycki—Lions nonlinearity. Importantly, the Berestycki—
Lions conditions are less restrictive compared to the conditions associated with g in [31-35]. Luo
and Ahmed [36] concerned the Cauchy problem of nonlinear Klein—Gordon equations with general
nonlinearities, establishing the global existence and finite-time blow-up of solutions with low and
critical initial energy levels. It provides us some methods and insights. The assumptions mentioned
earlier for the function g are utilized in this paper.

Through the application of variational methods, numerous solutions have been discovered for prob-

lem (1.4) with a constant potential V(x) = m) — w?,

(1.4)

—Au+V(x)u - Qw+ ¢)pu = f(x,u) + h(x), x€R?;
Ad + BAsp = dn(w + ), x €R3.

When V(x) = m} — w?, f(x,u) = |ul’~>u and h(x) exhibits radial symmetry, by utilizing the moun-
tain pass theorem and the Ekeland’s variational principle, Chen and Li [37] obtained two nontrivial
solutions with radial symmetry for the nonhomogeneous problem (1.4), under one of the following
conditions:

()4 <p<6and|mg| >w; (i)2<p<4dand \/3p—lmg| > w.

By applying the variant fountain theorem, Wang and Xiong [38] were able to demonstrate the
existence of two solutions, when considering the specified assumptions on V:

(V) V € C(R?,R) and V, = inf g3 V(x) > 0;
(V,) there exists a constant » > O such that
| llim meas(fx e R? : [x —y| <r,V(x) < M}) =0, VM > 0.
[y|—+00
In order to ensure the compactness of Sobolev embedding, condition (V) was introduced in [39].
Wen and Tang [26] recently investigated system (1.4) with a sign-changing potential, while simulta-

neously setting 4(x) = 0. Apart from the given conditions (V,), they further assumed the following
condition holds:

(Vo) V € C(R,R) and inf g3 V(x) > —o0.

By considering condition (V)), it is implied that the potential V can be sign-changing. Inspired
by [37-40], our current research focuses on investigating system (1.1), which has non-constant external
potential and exhibits generalized superlinear growth conditions. Specifically, we are intrigued by the
double sign-changing case, where both the primitive of g and the potential V change sign. However,
this scenario poses a challenge as it prevents us from employing a conventional variational approach
directly. Due to these reasons, the investigation of the double sign-changing case for the problem (1.1)
has been limited in academic literature. Hence, the principal objective of this article is to discover a
new result about the existence of multiple solutions based on comparatively weaker conditions. To
express our conclusion, the following conditions on /4 and V are needed:

(V) V € C(R?,R) is radial and inf s V(x) > —o0;

(V3) (x - VV(x)) € L*(R?), and there exists a constant o > 0 such that (x - VV(x)) < o;
(h) (x-Vh) € Lg(R3), where V& denotes the derivative of & and is in the weak sense;
(hy) h € L*(R?) is a radial function and h % 0.
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The main conclusion is stated here.

Theorem 1.1. Suppose that (V,)—(V3), (g1)—(g3) and (h)—(hy) hold. Then system (1.1) has at least two
nontrivial solutions for w and h, satisfying 0 < w < wy and |hl, < A for some wy, A > 0, respectively.

Remark 1.1. In this paper, one of the two obtained solutions is negative energy and the other is
positive energy. Moreover, under our assumptions, it seems difficult to obtain the second positive
energy solution by the mountain pass theorem. It should be noted that problem (1.1) does not have
a positive energy solution when w > 0 is sufficiently large. To overcome the difficulty, we introduce
the cut-off function n and consider the modified function I to ensure boundedness of (PS) sequences
with an additional property related to PohoZaev identity. Due to the appearance of the potential, the
modified functional It(u) is more complicate compared with the It(u) in [26]. To prove the bounded
(PS ) sequence, we need more computations on the assignment of br(u). Additionally, the (PS) sequence
converges to a solution of problem (1.1). Finally, we get that problem (1.1) has a positive energy
solution with w > 0 small enough.

2. The variational setting and preliminary results

In consideration of (V), the potential V(x) is sign-changing in R?. As a result, the energy functional
associated with the system (1.1) becomes quite intricate, for the quadratic form

B(u, u) := f [IVul> + V(x)u*]dx
R3

occurring in the energy functional lacks definiteness. To address the issue of the quadratic form’s
indefiniteness, we take an indirect approach by considering an equivalent system instead of directly
dealing with the original system (1.1). In fact, it follows from (V;) that there exists a constant V' > 0,
so that V(x) := V(x) + V' > 0 for all x € R?, and the quadratic form

B(u,u) := f [IVul> + V(x)u*ldx
R3

1s positive definite. Consequently, with the assumption that g(u) := g(u#)+V’u and labeling the primitive
function as G(u), so that g(u) and G(u) can still meet the Berestycki-Lions conditions. We proceed to
investigate the following alternative system:
—Au+ V(x)u - Qw + $)pu = gu) + h(x),  xeR3; 2.
Ad + AP = dn(w + P)u?, x € R3. ’

Clearly, system (1.1) is equivalent to system (2.1). Moreover, conditions (V)—(V3) still hold for v,
and we still apply conditions (g;)—(g3) to g and G(u), but the value of m is replaced by /it = m + V.
Henceforth, the subsequent analysis will be focused on the study of system (2.1). For this reason, we
will use (V) instead of (V) and assume that V is radial. So, in order to prove Theorem 1.1, we only
need to prove system (2.1) has at least two nontrivial solution with the conditions (V;)—(V3), (g1)—(g3),
and (hy)—().

Electronic Research Archive Volume 32, Issue 4, 2363-2379.



2367

Given the assumption (V), the lack of compactness of the embedding H'(R?) — L”(R?) in our
problem poses a challenge in establishing the satisfaction of the (PS). condition for the functional /.
Consequently, the work space of the functional / is the following radial space

H'R?) := {u e H'R?) : u(x) = u(|x|)}, (2.2)

and its norm is defined by

1

llul| = [ f (Vul* + V(x)uz)dx]z.
R3

Let E be defined by

E := {u € H'RY): f [IVul* + V(x)u*]dx < oo},
R3

then E is a Hilbert space. For 1 < s < co, we denote the following |.|; as the norm of the usual Lebesgue

space L*(R%)
1
luls = (f |M|de) :
R3

The embedding E < L*(R?) is compact for any s € [2, 6] by the assumption (V5); and is continuous
for any s € [2,6] as V(x) is bounded from below. The embedding inequality

luls < 7llull, VYuekE, sel[2,6],

holds for some 7, > 0. Let D'"*(R?) = {u € LS(R?) : Vu € L*(R?)} with the norm

1
2
lullprz = [ f |Vu|2dx] :
R3

The radial space of D'2(R%) is D}*(R?) := {u € D"2(R?) : u = u(|x])}. The completion of CZ(R?, R)
is D(R?), whose norm is the following form

Il prsy = IVl + [Vls.

As well, D'(R?) is continuously embedded in L°(R?) by Sobolev inequality and D(R?) is continu-
ously embedded in L¥(R?). Set B, := {x € R? : |x| < r} and let C be a positive constant having different
values in what follows.

Certainly, the energy functional of problem (2.1) is F(u,¢) : H'(R®) x D(R®) — R, which is
defined by

Fu, $) :% f |IVulP + V(e - 2w + g)gu? | dx — % f IVo2dx
]R3 ]R3

_B f Vol'dx - f Gluydx - f hudx, (2.3)
16 R3 R3 R3

whose critical points are solutions of problem (2.1).
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Lemma 2.1. ( [11, 12]) For every u € E, we have
(i) there exists a unique ¢ = ¢, € D*(R®), which solves

Ap + AL = 4n(w + d)u’; (2.4)

(ii) if u is radially symmetric, then ¢, is radially symmetric, too;
(iii) if u(x) # 0, then —w < ¢, < 0;
(i) 9l < Clul® and [[;1gulu < Cluf},.

Proof. (1)—(iii) were proved in [11, 12]. Here, we establish (iv). From (2.4), we have

f IVul>dx + f IVo.'dx = — f drwe,u*dx — f dngiutdx
R3 R3

< 47wa pulu’dx < 47rw||¢u”D12|u|?2 (2.5)
Then, from (2.5), we have ||¢,||p12 < Clul* and jl‘@ IVulu?dx < Clul‘%2
By Lemma 2.1 and the second equation in (2.1), we obtain
% IV |*dx + = a f IV.l* = fR (g, + pouldx. (2.6)

Lemma 2.2. ( [11]) If u, — u in E, then ¢, — ¢, in DY*(R?) and ¢, — ¢, in LIR?),2 < ¢ < 6.
Consequently, I'(u,) — I'(u) in the sense of distributions.

Define I(u) = F(u, ¢,), the functional I : H!(R*) — R for system (2.1) is as follows:
1 - 1
I(u) == f |IVuP + V(ou? - Qo + ¢)puar® | dx — — f IV.l*dx
2 R3 87T R3

B |V¢ul4dx f Gu)dx — f hudx. (2.7)
16 R3 R3

Under the assumptions (V), (V»), (V3), (g1)—-(g3), and (h;)—(h,), one has I € C'(E,R) and

(I'(w),v) = f | Vi - Vv + V(uy - 2w + ¢,)¢uv| dx - f gu)vdx — f hwdx,  (2.8)
R3 R3 R3

forall u,v € E.

Lemma 2.3. (Mountain pass theorem, [41]) Let X be a Banach space, I € C'(X,R),e € X and r > 0
be such that ||e|| > r and

b= mf I(uw) > 1(0) > I(e).

[|eel| =

If I satisfies the (PS). condition with

=inf max I(y(2)), I :={y € C([0,1],X)ly(0) =0,%(1) = e},

yel te[0,1]

then c is a critical value of I.
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3. Proof of the main result

Lemma 3.1. Assume that (g,)—(g3) hold and let {u,} be a bounded (PS) sequence. Then, {u,} contains
a convergent subsequence in E.

Proof. Let {u,} C E be a bounded (PS) sequence in E, then up to a subsequence, it has
u, > u, inkE;
u, = u, inLIR?), 2<q<6;
u, » u, a.e.inR>.
Set

| @@ +mnT, ift>0,
§11) = { &(t) + ma)", ifr <0,

and g,(¢) = g1(¢) — [8(¢) + mt], ¥V t € R. We obtain lim,_, ng(t) =0, im,. gi—s(t) = 0and g,(r)t > 0, and
lg2(H)| < C(|t| + |), ¥V t € R. Using this with Strauss’s lemma (see [28]), we have

f3 [g1(un) — 1)1, — w)dx — 0. (3.1)
R
With Fatou’s lemma, we have
lim inf f g (uy)u,dx > f g(wudx. (3.2)
n—oo R3 R3

By the definition of g,(7), one sees that
820 < it + 1), Yt € R, (3.3)

Being C° (R?) dense in E, one knows that for any & > 0, there exists £ € Ccy (R?) such that ||é—u|| < &.
Then, by the Holder and Sobolev inequalities, we obtain

<

+

f (g2t — ga(u)udx f (g2(tn) — g2(u)Edx f (@at) — g2t — E)dx
R3 R3 R3

< 04(1) + Clluall + laall + Ntall® + Nl PE = ull < 04(1) + Ce. (3.4)
Then, by (3.2), (3.4) and 4, — u in E, it has

f g2t — g2()](ttn — )l
R3

=f gQ(Mn)undx_f gz(u)u—f [g2(un) —gz(u)]udx—f W), —wydx >0. (3.5
R3 R3 R3 R3

With the Holder inequality and the Sobolev inequality, one sees

< |(¢un - ¢u)(un - u)lZl”an

f (@, — DU, (1, — u)dx
R3

< |¢un - ¢u|6|un - M|3|Ltn|2

< Cllgw, — dullpr2lu, — ulzluyl2,
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where C > 0 is a constant. As u, — u in L*(R?) for any 2 < s < 6, we obtain
[, = b, = =0, 25— o, (3.6)
and
ng Gutty — W)(uy — w)dx < |¢yloluy — ulslu, — uly — 0, as n — co. (3.7
Consequently, from (3.6) and (3.7), we have

f (d)unun - ¢uu)(un - u)dx = f (¢un - ¢u)un(un - u)dx + f ¢u(un - u)(un - u)a’x - 0 (38)
R3 R3 R3

Notice that the sequence {¢? u,} is bounded in L? and 7 Unly < |Bu, |2lua |3, We have

f (92 — ¢, — u)dx
R3

2 2

2 2
< (193,13 + 1¢l3)Nun — uls

— 0. (3.9
Then, by (3.8) and (3.9), one has
fR QW+ i )¢u,un = Qw + ¢)puul(t, — u)dx
=2w L (Pu,tn = )ty = u) + fR 3(¢ﬁn — ¢2)(uty — u)dx — 0. (3.10)

It follows from (3.1), (3.5), and (3.10) that

p—

I (un) = I' (W), uy — u) =f IV @ty = W) + V)t — ) + m(u, — u)z] dx

R3

- [(2(1) + ¢un)¢un U, — (2(‘) + ¢u)¢uu](un - u)dx

w

%i%%

[g1(un) — g1(w)](u, — u)dx + f [g2(u,) — g2(u)1(u, — w)dx

R3

>||u, — ull. (3.11)

From (3.11), one obtains that u,, — u in E as n — co. The proof is completed.

Lemma 3.2. Assume that (V)—(V3), (g1)—-(g3), and (h))—(hy) hold. Then, system (2.1) has a nontrivial
solution u; € E satisfying I(u;) < O.

Proof. Tt follows from (g;) and (g,) that for some constants D > 0 and C > 0

G(t) < -D* +Cf® forall teR. (3.12)
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From (2.6), the functional / can be simplified to the form

w = f 9 + Vo - Qoo+ gppuc|dx - o [ 1Vofas
R3

f IV, |*dx — f G(u)dx — f hudx
167( R%

(|Vu| + V)uP)dx + = f ¢2u2dx+8i f Vo[> dx

ﬁ f IV, |*dx — f Gu)dx — f hudx. (3.13)
16 R3 R3

From —w < ¢, < 0, Sobolev inequality, (3.12) and (3.13), for some C > 0, we have

2

1
I(u) > Ellull2 + Df wdx — Cllull® = hlllull
R3

1
> [|ull [Ellull — Cllulf’ - |h|2]~ (3.14)

Set p(r) = 31— CP°, for 1 > 0. It is easy to see that max,s p(f) = 3(55¢)* — C(ﬁ)% := A > 0. Then,
from (3.14), we have I|35. > a for |h|; < A, where r = (ﬁ)%. By (g1), for some Cy > 0 and k > O,
we have

IG(1)| < Cot* forall [f <k. (3.15)
With (g,), for any o > 0, there exists K. > k such that
IG()| < or® forall |f| > K,. (3.16)

Since g € C(R, R), for some constant C/_ > 0, one has

’

N C
G < C, < k—;’zz forall k<l <K,. (3.17)

Set C, = max{Cy, i—z} Then, combining (3.15)—(3.17), for any o > 0, it yields that
IG()| < Cot* +ot° forall teR.

We let o = % and let uy € E satisfying fR3 h(x)updx > 0, together with —w < ¢, < 0, for £y > 0,
one has

2 . 2 1
o) =5 f Vuol + Py~ f (200 + i ~ - f VP
R R3 R

_ £ f IV, |*dx — f G(tup)dx — f htugdx
167T R3 R3 R3

1 .
SEf(qu0|2+V(x)u§)dx+t2w2f u(z)dx
R3

R3
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+C%t2f f dx—tf huodx

<0, YO<t<u,. (3.18)

MlN

From (3.18), we know that there exists fuy := u € E small enough such that /(«) < 0. Together
with 1|55, > a, we have ¢y := inf,p I(u) < 0 < inf,cyp I(u). Using Ekeland’s variational principle
(see [42]), we obtained that a minimizing sequence {u,} C B, satisfying

1 1 _
co>1u,) >co+— and IW) > I(u,) — —|lu,—vll, Yv e B,. (3.19)
n n
So {u,} is a bounded (PS) sequence, combining with Lemma 3.1 and B, is a closed set, there exists
ity € E such that I’ (1p) = 0 and I(iig) = ¢y < 0.

Similar to the proof of Theorem 5.1 of [35], we can find a solution with positive energy to system
(2.1) only when w > 0 small enough. To overcome the difficulty in obtaining bounded (PS). sequence
for the functional /, we define a cut-off function n € C*(R*,R") satisfying

ni) =1, for tel0,1];

0<n( <1, for re(l,2)

nt) =0, for tel2,+00);
7'l < 2.

Consider the following modified functional:

I (u) =% f (Vul® + V(x)u*)dx — %ar(u)f Qw + ¢p)puu’dx — é f IV, [dx
R3 R3 R3

—if |V¢u|4dx—f G(u)dx—f hudx,
1671' R3 R3 R3

and then for all u,v € E,
7)Y (w),vy =(1 + bT(u))f VuVvdx + (1 + bT(u))f V(x)uvdx
R3 R3

—ar(u) f Qw + ¢)puvdx — f g(uwyvdx — f hvdx,
R3 R3 R3

where T > 0, ar(u) = (””” )and by (u) = 7277 (””” )fR3(2w+¢u)¢u 2dx. Consequently, we can obtain
that I(u) = Ir(u) when ||u|| < T.

Lemma 3.3. Assume that (g1)—(g3) and (hy)—(h,) hold. Then,
(a) It|sp, > a > 0, where r and « are the same as that in Lemma 3.2;
(b) there exists ey € E such that It(eq) < 0.

Proof. The proof of (a) is the same as that in Lemma 3.2. For (b), similar to [28], for any constant
M > 1, one can define

y(x) = for |x| < M; y(x) =¢(M + 1 — |x]) for M < |x|] < M+ 1; y(x) =0 for |x| > M.
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Hence, y is radial. Here, we work on the ball By, = {x € RY,|x| < M}; and let M — +oo. There
exist C;(i = 1,2, 3,4) such that

f IVyldx < C,M?, f G(y)dx > CoM? — C3M?, f lhyldx < C4(M + 1)3. (3.20)
R3 R3 R3
We define y = y(;) for any 6, and let

(1) :&(g) for 0<r<1; y(t)=0 for r=0.

By (3.20) and —w < ¢, < 0, one has

1 - 1
I(y(1) =5 fR IVYGP + VY Gldx = 3ar(:5) fR Q0+ )b (G

_ L g P x4_f~’£_ff
- fR VP o fR Woprar- [ 60Gn- [ mGs

9 _ ¢ [ . _ ) _
§§C1M2 to f V(0ydx — 8 (CoM® — C3M?) + 0:C4(M + 1)?
R3

0 [ ,|VyPdx+ 6 [, V(x)y*dx
+ w20377[ fR3 &3 f y2dx.
R3

= (3.21)

Since 6 can be large enough and M > 1, we can choose a y small enough such that

0 [ IVyPdx+6° [, y*dx
n( 2

) =0 and Ir7(y(1)) <O0.
Let 6, > O sufficiently large, then the proof of Lemma 3.3 is completed by letting ¢y = y(e—’;).

From Lemmas 2.3 and 3.3, we can define the mountain pass value

= inf I
¢ = inf max r(y(1) > 0,

where I' := {y € C([0, 1], E)| : ¥(0) = 0, I7(y(1)) < 0}. Similar to the proof in Appendix A of [43], we
know that u satisfying (I7)'(u) = O solves

—(1 + br)Au + (1 + brW)V(x)u — ar()Qw + ¢)pu = g(u) + h(x), in R¥; (3.22)
Ad + BA4p = dn(w + ), in R3. )
Hence, the following PohoZaev identity holds:
Pr(u) _d+brw) f |Vuldx + l(1 + br(u)) f [3V(x) + (x - VV(x)]uldx + E2 f IV, | dx
2 R3 2 R3 16m R3

- %aT(u) f Gw + 2(/)u)¢uu2dx - [3G(u) + 3hu + (x - Vh)uldx.
R3 R3

Similar to the Lemma 3.3 of [44], one can obtain that there exists a sequence {u,} C E such that

Ir(u,) — ¢, (Ir) (u,) = 0 and Py(u,) — 0, as n — oo. (3.23)
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Lemma 3.4. Assume that (V)—(V3), (g1)—(g3), and (hy)—(hy) hold. Let {u,} be a sequence given by
(3.23). Then, for T > 0 large enough, there exists a positive constant wy such that ||u,|| < T for any
0 < w < wg, which implies that {u,} is a bounded sequence for both I and I7.

Proof. We will argue by contradiction, from —w < ¢, < 0 of Lemma 2.1, assumption (V3) and the
definition of i, we obtain

1
Sar() f piu*dx < C1w°T?, (3.24)
R3
b by
Tz(”) f (VuP + 37 (0ud)dx < 2( D 3P < CrT?, (3.25)
and
1+b ~ 1+b
%T(”) f (x- VV())ldx < +TT(M) ollul? < C3°T?, (3.26)
R3

where C,C,,C3; > 0 are constants. By (k) and Sobolev inequality, there exists k € Lg(R3) and a
1

constant A; > 0O such that
2
f(x -Vh)udx| < |k|s|ulg < Ay (f |Vu|2) . (3.27)
R3 3 R3

By (3.21), for some constant A, > 0, we have

g _ - _ 3 = 3
¢ < max IT(y(g)) <max(5C1M? = 6 (CoM® = CiM?) + 6:CuM + D)
+ max wzesaT(y()—c))f yz(f)dx
[ 9 R3 9
<A, + C,*T?. (3.28)
From (3.24)—(3.28), we have

3¢+ On(l) _3IT - PT(un)
f |V, |*x T(“") f (Vu[* + 3V(x)ub)dx — m f (x - VV(x)uidx

——aT(u,,) f (W + @) puuldx + f (x- Vh)undx—— f Ve, | de— f IV, [*dx.
(3.29)

By (3.29), there exists C > 0 such that

bT(un)

-~ 1 -~
Vu,2dx <3c + f (Va2 + 3V(x)ud)dx + w f (x - VV(x)uldx
R3 R3
2 2 3 2 3ﬁ 4
+ aT(un) ¢ u,dx — (x-Vhu,dx + — Vo, |°dx + — Vo, |"dx
R3 8 R3 81 R3
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1

<3A, + CW’T? + A ( f |Vun|2dx)
R3

+i( f IV, |*dx + 8 f |V¢un|4dx)+on(1>,
87T R3 R3

which implies

1
2 A A? 3
f |Vu,l’dx| < AL e B 34, + Cw?T? + —(f IV, |2dx +ﬁf Vo, [*dx) + 0,(1). (3.30)
R3 2 4 87T R3 " R3 "
Since {u,} satisfies ((Ir)’, u,) = 0,(1), by (g;) and (g,), we obtain

(1 + br(uy)) f \Vu,[*dx + (1 + br(uy)) f V(x)utdx
R3 R3

+ mf uidx— aT(u,,)f Qw + </)un)¢unuﬁdx—f hu,dx
R3 R3 R3

Sf (8(un)u, +mui)dx
R3

1
s—f uﬁdx+cf uSdx + 0,(1), (3.31)
2 R3 R3

where C is a positive constant. By Sobolev inequality and (3.31), we have

3
min{%, Wlual” = Clilalueal < C(f IVunlde) +04(1). (3.32)
R3

We suppose by contradiction that ||u,|| > 7. Using (3.30) and (3.32), one has

T

min{ \T2 - CT

6

A A? 3
<C|ZL + C+[=L +34, + C?T? + — f Vo, |>dx +,Bf Vo, [*dx| + 0,(1)| +o0,(1). (3.33)
2 4 8\ Jus g

We can choose w < wy < T~! such that w?*T? < 1, then from (3.33), we know that this is impossible
for T is large enough. Thus, we complete the proof.

4. Conclusions

Proof of Theorem 1.1.

Proof. From Lemma 3.4, we know that I has a bounded (PS') sequence {u,} with ||u,|| < T and I(u,) —
¢ > 0 for any w € (0, wp]. It follows from Lemma 3.1 that there exists iiy € E such that u, — .
Then, we have I'(ity) = 0 and I(ity) = ¢ > 0. Together with Lemma 3.2, the proof of Theorem 1.1
is completed.
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