ERA, 31(9): 5766-5779.

EE DOI: 10.3934/era.2023293

Gieig Electronic Received: 16 February 2023

@ Research Archive Revised: 18 May 2023

Accepted: 26 July 2023
http://www.aimspress.com/journal/era Published: 25 August 2023

Research article

On the reciprocal sums of products of mth-order linear recurrence
sequences

Tingting Du and Zhengang Wu*
Northwest University, Xi’an, Shaanxi 710127, China

* Correspondence: Email: 20144743 @nwu.edu.cn.
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1. Introduction

k=1 n—=00 \k=n

It is well known that if a series, ), a; is convergent, then its ‘tail’ lim (Z ak) = 0. This means
n

-1
lim (Z ak) = co. To understand the values of } a, it would be helpful to understand the values of

n—oo \r=pn n k=1

>, ai. In the past years, many scholars have been interested in studying the properties and forms of
k=
n N -1
the reciprocal ‘tails’ | )’ ak) , where {a,} is related to some recurrence sequences. This problem starts
k=n

from the reciprocal sum of Fibonacci sequences.

For any positive integer n, the Fibonacci sequence {F,} is recursively defined as F, = 0, F; = 1,
and F,,, = F,41 + F,,. In [1], Ohtsuka and Nakamura considered the partial infinite sums of reciprocal
Fibonacci sequence, for n > 2, the authors proved that:

| Faa, ifniseven,
\F..—1, ifnisodd,
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and

oo -1
k=n F]%
where | z] denotes the floor function.

For any positive integer n, the Pell sequence {P,} is defined from the recurrence relation Py = O,

Py =1,and P,,, = 2P, + P,. In [2], for n > 2, Zhang and Wang considered the partial infinite sums
of reciprocal Pell sequence, and proved that:

z7)

k=n

F,. F,—1, if niseven,
F,_F,, ifnisodd,

| Put Poa, if niseven,
P, +P,o—1, ifnisodd.

For any positive integer n, the k-Fibonacci sequence {G,} is defined by the recurrence G, = 0,
G, =1, and G,;» = kG,;1 + G,. In [3], for n > 2, Holliday and Komatsu considered the partial infinite
sums of reciprocal k-Fibonacci sequence, and proved that:

ol

k=n

3 G,-G,_1, ifniseven;
" G,=G,.1 =1,  ifnisodd.

For more facts in this topic, we recommend to the reader the papers [4-9]. In addition, we found
the series of papers [10—15], where the partial sums related to the Riemann zeta function ¢ (s). For
example, in [11], for n > 1, Lin proved that:

(&)

and
@)
[[Z E] } = 2n(n - 1).
k=n
For any positive integers ay, as, . . . , a,,, the mth-order linear recursive sequence {u,} is defined from

the recurrence relation as follows:
Uy = AUp-) + Aoy + -+ + Qlly_, 1f 0> m, (L.1)

where initial values u; € N for 0 < i < m, at least one of them is different from zero. If m = 2,
a; = a, = 1, and initial values uy = 0, u; = 1, then {u,} reduces to the Fibonacci sequence. If m = 2,
a; = 2, a, = 1, and initial values uy = 0, u; = 1, then {u,} reduces to the Pell sequence. If m = 2,
a; = k, a, = 1, and initial values uy = 0, u; = 1, then {u,} reduces to the k-Fibonacci sequence. The
characteristic polynomial of the sequence {u,} is given by

f=x"—a X"~ =g x—ay = (x—a)" - (x— @)™

where the «; are distinct for i = 1, ..., [, which are called the ‘roots’ of the recurrence. Moreover, the
recurrence {u,} has a ‘dominant root’ if one of its roots has strictly largest absolute value.
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Recently many papers discussed to reciprocal sums of mth-order linear recursive sequence. In [17],
for any positive integers a; > a; > -+ > a,, > 1, Wu and Zhang proved that there exists a positive

integer n; such that
o)
U

k=n

= Uy, — Uy, N 2Ny

where ||z|]| denotes the nearest integer. Clearly that ||x|| = [x + %J

For more discussion of the mth-order linear recursive sequence studies, see [16,18-20]. Specifically,
in [19], Trojovsky considered by finding a sequence which is “asymptotically equivalent” to partial
infinite sums of {u,} , and proved that

0o -1
1
{[;P(uk)) } and (P (u,) — P (ttp_1))

are asymptotically equivalent, where P(z) € C|[z] be a non-constant polynomial. Specifically, we
called that two sequences {G,} and {H,} are called asymptotically equivalent, if {G,} / {H,} tends to 1
asn — oo.

In this paper, we continue the discussion to reciprocal sums of mth-order linear recurrence se-
quences. Different from previous studies, we mainly consider that a series of sequences are asymptoti-
cally equivalent to the reciprocal sums of products and the products interleaving terms of any mth-order
linear recurrence sequences {u,}. In addition, we extend these results to equidistant sub-sequences of
{u,}. We separate the main term and the error term, and in order to control the range of the error term
during the specific operation, the reciprocal and the form of the general term in it should be properly
constructed. The major results are as follows:

Theorem 1. Let {u,} be mth-order linear recurrence sequence defined by (1.1), where the restriction
a; >a, >--->a, > 1. Then for any positive integers p1, ps, ..., ps and s.
(i) The sequences

-1 s s
o0 a(5+1)k Up 1—[1 Up+p; Un—1 r[] Untpi-1
1 i= i=
s and a(s+1)n a(s+1)(n—1) ?
k=n uy [T thrp, 1 1
i=1

are asymptotically equivalent.
(i1) The sequences

-1 5 s
il (-a )(S+1)k uy [1 Un+p, up-1 [ 1 Upipi-1
it _{\(s+Dn i=1 1y i=1
s and =D (s+1)n +(=1) =D >
k=n e [T e, 1 !

i=1

are asymptotically equivalent.
Theorem 2. Let {u,} be mth-order linear recurrence sequence defined by (1.1), where the restriction
a, >a, >--->a, > 1. Then for any positive integers ¢, py, p2, ..., ps WithO < p; < gfor0 <i <s.
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(ii1) The sequences

-1 s s
oo a(s+1)qk Ugn [1 Ugn+p;,  Ugn—q [1 Ugn+pi—q
1 i=1 i=1
Z i s and a(s+l)qn aq(s+1)(n—l) ’
k=n Ugp Hl Ugk+p; 1 !
=

are asymptotically equivalent.
(iv) The sequences
-1
Sl _ (s+1)gk
Z a7 als) and

k=nu g [1 Ugk+p;
i=1

s s
uqn Hl uqn+pi ”qn—q 1_[1 M‘/”‘*’Pi—q
_1\G+hgn| =8 __1\0(sg+q+1) . 1=
( 1) a(s+1)qn + ( 1) aq(s+l)(n—l) ’

1 1

are asymptotically equivalent, where 6 (z) = z — 2 |_§J is the parity function.

From these two theorems we may immediately deduce the following corollaries:
Corollary 1. Let {u,} be mth-order linear recurrence sequence defined by (1.1), where the restriction
ay >a, > -+ > a, > 1. Then for any positive integers p and g with 0 < p < g.

(i) The sequences
oo 2%\!
(ial) UnUn+p Up1Upyp-1
z : and on 2n-2 ’
o WkUi+p aj a;

are asymptotically equivalent.

(i1) The sequences
oo -1
Z (ial)zqk and UgnUgn+p _ Ugn—qUqn+p—q
U U 2qn 2g(n-1) ’
= ak“qk+p Cll Cll
are asymptotically equivalent.

Corollary 2. Let {u,} be mth-order linear recurrence sequence defined by (1.1), where the restriction
ay >a, > -+ > a, > 1. Then for any positive integer gq.

(i11) The sequences
-1
00 sqk K s
a, Ugn Ugn—g
u’ and sqn sq(n-1) [’
al al

k=n gk

are asymptotically equivalent.
(iv) The sequences

00 sak -1 N s
(Z Ca)” and {1y | Loy Cqypearn . Soma (L

are asymptotically equivalent, where 6 (z) =z —2 [%J is the parity function.
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2. Auxiliary results

In this section, we give two lemmas that are necessary in the proofs of the theorems.
Lemma 1. ([17] ) Let {«,} be mth-order linear recursive sequence defined by (1.1). The coefficients of
the characteristic polynomial f (x) are satisfied that a; > a, > --- > a,, > 1. Then the closed formula
of {u,} is given by:
u, =aa" +0(c™), (- ),

where a > 0 is a constant, ¢ > 1, « is the positive real dominant root of f (x) fora; < @ < a; + 1, and
“0” (the Landau symbol) denotes if g (x) > 0 for all x > a, we write f (x) = O (g (x)) to mean that the
quotient f (x) /g (x) is bounded for x > a.

Lemma 2. Let {u,} be mth-order linear recursive sequence defined by (1.1). Then

N

(s+Dk+ 3, pi skt 3 pi
Uj 1—[ Uperp; = ala i=1 +O(af = e k). (2.1

i=1

where a > 0 is a constant, ¢ > 1, « is the positive real dominant root of the characteristic polynomial
f(x)fora; <a<a +1.

Proof. We prove (2.1) by mathematical induction. When s = 1, by Lemma 1,
Ullgsp, = (aozk +0 (c_k)) (ao/”p‘ +0 (c_k_p'))
= a*a*P + O (ozkc_k_” ‘) +0 (0/‘”’ ! c_k) +0 (C_Zk_” ‘)
= 2P 4 O(ak+p|c—k).
That is, (2.1) is true for s = 1, suppose that for any integers s — 1, we have

s—1 s—1 s—1

s Skt 2 pi (s=Dk+2 pi
ukl_[ukwi:aa =1 +0la = .
i=1

Then for s, by Lemma 1, we have

s s—1 s—1
sk+ 3 pi (s=Dk+ Y pi _ _
U l_l Uprp; = (asa/ = O(a = k)] . (aakﬂ’s + O(c (kﬂ’s)))

i=1
K K s—1
) (s+Dk+ 2 pi sk+Y pi sk+ ), pi
=ala =14 O(a =e k) + O(a/ =1 ¢ (k“"‘))

» (2.2)
" O (a/(s—l)k+izl Di (c_(2k+l7s)))
_ gt s (ask+i§l pic_kJ .
Now (2.1) follows form (2.2) and mathematical induction, which completes the proof. O
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3. Proof of the theorems

Here, we only prove that Theorem 1, and Theorem 2 are proved similarly.

Proof of Theorem 1. First, we prove (i), from the geometric series as € — 0, we find:

1
1+e

=15e+0(¢)=1+0(e).
Using Lemma 2, we have

(s+1)k+2sj pi (s+1Dk+ i Di
i=1 i=1

a; a;

Ky s s
s+1)k+ i sk+ i
Uk H uk+p,- aS"'laz( ) E] pi + O (Q/ igl plc_k)
i=1
R
(s+Dk+ 3 pi

P
a;

(s+1)k+§j Di
a ;

= (1 + O (a ke )

S
(s+Dk+ Y pi
i=1

as+1

a, —k —k
=—L——(1+0(a*c™*) by 3.1)
(s+Dk+ 3 pi
as+1a, i=1
(s+Dk+ 3, p; (s+ D+ 3, pi
al i=1 al i=1
=— + 0| ——|,
(s+Dk+ Y pi (s+2)k+ Y, pi
aS+1a i=1 a i-1 Ck
Thus,
(s+Dk+ 3, pi % p ) (s+Dk+ 3 pi
i=1 i=1 i=1

S ® st S
a, o a; a,

s - s s+l +0 (s+2)k i

; s+2)k+ Y pi

k=n_uy, 1—[ Ukt p; as+1a,i=1pl k=n k=n a i=1p'Ck

i=1
s
(s+Dn+3 pi
i=1

R

(s+Dn+3 pi
i=1

a4

a,s-H a
)+o L

s o s
(s+Dn+ Y, pi (a-‘“ - af“ (s+2)n+ 3’ pi
i=1 =l

as+la, a

-

(3.1)
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Taking reciprocal, we get

s -1
(s+Dk+ 2 pi
o0 i=1

a, B 1
Ky - S S
(s+Dn+ 3, (s+hn+ 3, p;

_ Pi
k=nuy H uk+pi a =1 s+1 a =1
. 1 a 1
i=1 — |+ 0| +——F—
1

S s+1 S
(s+hnt 3, p; \ @ —a (s+2m+ 3 p;
atla i=1 a i=1

ch

s
(s+Dn+ ¥ p;
i=1

i=

al as’+1 (1 1
. : +0
(s+Dn+ i Pi ast! _aA]-Jrl anc"
i=1

aHla i=

s
(s+1)n+ i
a‘”la Elp’ a,s+l _ 5+l

= ! 1+0 ! , (by (3.1))

s
(s+Dn+ Y pi ast! a'c"
i=1

a,

which yields that

s
(s+Dk+ X p;
i=1

00

>
S

k=n w1 Uk+p;
i=1

S N
up [1 Un+p; un-1 [1 Un+p;—1
i=1 i=1

i= i=

(x+l)n+i pi (s+1)(n—-1)+ ZS: Pi
i=1 i=1

a a

1 1

s
(s+Dn+ Y p; y ‘.
a“la s+1)n i:")l (I°+1—ai+1 (1 + O( 1 ))
(.v+l)n+§: Pi as! anct
a i=1

= ‘ (3.2)

s s s s
(.v+1)n+42 Pi m+.z Pi (x+])(n—1)+42 Pi .v(n—l)+lz Pi
a”la =l +O0|la i=1 cn a”'a =l +0|a i=1 C—n+l

<s+1)n+ﬁl i <s+1)<n—1>+ﬁl pi
= =
4 a
(s+1) i
s+ D+ .
as+laé T a’*! it 1+0 1
s, s+l ach
(s+Dn+ ¥ p;
i=1
B (s+1) i
s+n+ 3 p;
astla i=1 ! (Ys+l—d'i+l 1 + O 1 + 0 ai“
S s+l ach atsen
(s+Dn+ ¥ p;
i=1
4
We obtain that
(s+1)k+ i pi
o a i=1
Z 1
N
k=n g [T tk+p;
i=1
- - tends to 1, as n — oo,
Un H Un+p; Up—1 H Un+p;—1
i=1 _ i=1
S S
(s+Dn+ 3 p; (s+D)(n=1)+ ¥ p;
i=1 i=1

a a

1 1
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Therefore, the sequences

-1 s s
00 a(s+1)k Uy I—[l Up+p; Up-1 I—[l Un+pi-1
1 = =
el and a(s+1)n a(s+1)(n—l) ’
k=n wg [T s, 1 1
i=1

are asymptotically equivalent.

Now we prove (ii), using Lemma 2, we have

(s+1)k+§ Di (s+1)k+i Di
(—a = (—a =

5 S
(s+Dk+ 2 pi sk+ 3 pi

N
ue [1 Ui+ p; astla =+ 0 (a =1 C_k)

i=1

S
(s+Dk+ Y, pi
—-a i=1

s+1

s
(s+Dk+ 2 pi
aa i=1

(1 +O0(a*c*))
(s+1)k+i Di

-~ (1+0(etet)) oy Gy

§

(s+1)k+Y p;
aS+1 % i=1
S
(S+1)k+ipi (s+l)k+Z pi
(—ay) = a, -
= — +0 - ,
(s+Dk+ Y pi (s+2)k+ Y, pi
a5+la i=1 1% i=1 Ck
Thus,
S S (s+1)k+§] pi
) (S+1)k+_z Di 2 Pi oo s+1\k ) i=1 !
(—ay) =1 (—ap)= (—ay) a
s = Z?: a,s+1 + O (s+2)k 25:
i s+2)k+ Y pi
k=n Uy ,l—_Il Uiy p; a»“‘*‘lau‘:l P k=n k=n % i=1 p’ck
For an odd s,
s s 5 s
. (s+Dk+ 3 pi .Z i (s+1)n+i§I Di . (s+1)n+i§] pi
(—a1) ! (=D -a, a' 4
= +0
Z : (s+ D+ 3, p; st — gttt (s42n+ 3, pi
k=n  w [] Ui p; ala &b 1 a i:lplcn

i=1
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Taking reciprocal, we get

s -1
(s+Dk+ 2 pi

i (-a1) =

k=n g [T e,

i=1

s s
i i (s+l)n+_zl pi (x+1)n+_zl pi
i= i=

(- a, ( (,mm)_'_o a,

s 1 g
(s+Dn+ 3 pj o't —a; (s+2)n+ 3. pj
astla i=1 i=1

o

= (by (3.1))

s
i i (.v+1)n+_zl Pi
i=

(=)=l a as+l 1
S, +1 s+1 (1 +O( nm))
(s+l)n+_Z pi at 7“1 a’c

02

as+la i=1
(s+1)n+§s; pi
. ipi aﬁla ] a,s+l _ aiH o
= (— i=1 .
( ) S s+1 1+ nen ||’
(s+Dn+ Y pi a a’c
i=1
a
which yields that
s -1
) (s+1)k+.z Pi

(cap &
)

k=n ue [] Uk+p;
i=1

s s s
Z Di Up n un+pi Up—1 H un+p,-71
DE ! i=1 i=1
(_ )7 : 5 - 5
(s+|)n+.2 Pi (s+])(n—l)+.2 Pi
a, i=1 a, i=1

S (s+Dmt 3
i Syt L Pi s+1_ s+l
(A" et DO () (4 o (L))
(s+Dn+ 3 p; a’ a’c
i=1

s s s s
(s+Dn+ Y p; sn+ Y, p; (s+Dm=D+ 3 p; s(n=1)+ ¥ p;
s atla =l 4+0la =1 atla =l +0|a =1 cmn+l
2 pi
(~a" . | i
(,r+1)n+_z pi (S+l)(n71)+_z pi
a, i=1 a, i=1

s
s+1n+ i ;. ;-
1 (s+Dn .lel (a,ﬁ»l_aﬁ»l

ata = a‘Hll )(1 +0 (anlcn ))
1

s *
s+1 i . ;
ax+la(v+ )’Higl bi aﬁ“—ai+1 1 a;”
S s+1 1 + O nen + O n+s on
(s+Dn+ 3 p; @ a’c a e
i=1

a

q
(.v+l)n+.2 Pi
a i=1

1
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We obtain that

(r+])A+Z Pi

Z ( ap) i=1

k=n Uk l_l Uk+p;

i=1

tends

u H Up+ Up—1 H Un+p;—1
( l)z Di ni_ n+p; B n— i n+p;—
(s+1n+ 2 Pi (s+D(n-1)+ Z Pi

l_ l_
a4

a4

For an even s,

5 5
(s+Dk+ 2 pi (s+Dn+ 3 pi o1

to 1,

i (-a1) s (a - @
s - >\t +a

— (s+1)n+ i
k=n g [T thes s asHlg nt 2 pi
i=1

Taking reciprocal, we get

-1
(S+1)k+Z pi

Z (—ay) =l

k=n Uy H Upe+ p;
i=1

) s
(s+Dn+ i i (J+1))1+_Zl Pi (s+Dn+ 2 Pi
2 i=

-1 =1 . S+ i=1
( ) al ( X T 1a-v»l ) + O

3 1
(s+Dn+ S p; a**ltay (s+2m+ z i
astla i=1 a =l ch

s 3
(s+Dn+ Z i (J+1))1+_Zl pi
. i=

(-1 =1 q, s+l
s+1 s+1 (1 + O( n n))
. (s+Dn+ Z Pi ' +ay a’c

astla i=1

S
o1 (s+Dn+3 pi

5
(s+Dn+3 pi as+1
i=1

a;

Electronic Research Archive

s+1)+0
1

s+ | @t a7 ('t + gt 1
(_l)s ni:lp. - L 1+0
ac

as n — oo,

S
(s+Dn+ 3 pi
i=1
1

S
(s+2)n+ 3 pi
a =t

a

)) . by G
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which yields that

) (s+1)k+ i

Z (ca)) =1

k=n Ui n uk+pi
i=1

i=

s s
(s+Dn+3 p; Un nl Un+p;
i=1 . =

s
Up—1 l_[ Un+p;—1
i=1

(-1 ;
(s+Dn+ 3 p;
i=1

4

(=D

s
(s+Dn+ 3 pi
=1 .

(s+1)(n—1)+ ZY] Pi
i=1

a4

(s+Dn+
1(1

s
2 pi s+l s+l
s+ i=1 [0 +a
“ s s+1] (1 +O( nln))
(s+Dn+ 3 p; @ a’c
i=1

a

1

s astHa
)(s+1)n+ 2 Di
i=1 .

(_

i=1

s s s s
(s+Dn+ 3 p; sn+ 3, p; (s+D(n=D+ 3 p; s(n=1)+ ¥ p;
1 =l +O0|a i cn ax+la, =l +O0|a i=1 C—n+l

+

a

S
(s+Dn+ 3 p;
i=1

S
(s+D-D+ 3, p;
1 a :

i=

B
+1 .
a”la(H— )n+i§l Pi a‘+]+a§“ 1
S s+1 1 + O non
(s+Dn+ 3 p; @ a’c
i=1

f
4

astla i=

(s+1)n+§ pi
2 (

q
(s+Dn+ 3 p;
i=1

4

For an even s, n, we obtain that,

s
) (x+l)k+_z pi

(=a)) =
s
k=n u [1 Uk+p;
i=1

s+l g5+l s+1
T )(1 +0( ,3,,)+O(—ffi.r ))
e} a'c arsc

s s
2 Di Un H Un+p;

(A" | 2

S
(s+Dn+ ¥ p;
i=1
4

are asymptotically equivalent.

+

For an even s and an odd n, we obtain that

(s+1)k+ i pi

io: (—a1) =1

N
k=n g [1 wrsp;
i=1

s 5
> pi+l Un i[:l] Un+p;

(=1

S
(s+Dn+ ¥ p;
i=1

4

Therefore, the sequences

-1

[

(_al)(s+l)k
2

k=n_uy H Uk+p;

i=1

and

- tends to 1, as n — oo,
Up-1 I_Il Un+p;—1
i=
(s+l)(n71)+§: Pi
=1
a, !
-1
- tends to 1, as n — oo,
Up-1 il;ll Un+p;—1
(s+1)(n—-1)+ i Pi
a i=1
1
s s
Uy 1_[ Upp; Up-1 H Upip—1
_1\(s+Dn i=1 1) . i=1
(=1) —n T D GDeD)
1 a

are asymptotically equivalent, which completes the proof.
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Remark. We will now discuss relative error of an asymptotic behavior of the result in (1) of Theorem 1.
By identity (3.2) we obtain

(S+l)k+zsz Pi
o a i=1
o
k=n u [T s, 1+0 1_
i=1 1 atch 1
s s - ol \
. _ i 1 a
up ’_131 Un+p; 3 Up—1 iEIl Un+p;-1 1 + O (_a"c”) + O (_aniscn ) (33)
(s+1)n+§:] Di (s+1)(n—])+§:] Pi
i= =
4 4 I
1 aS+1
1
) + 0 (by (3.1))
a,ncn an+scn

Determine the dominant root @ well as the magnitude of the relative error of asymptotic equivalence
by identity (3.3) for n= 100, for the following two sequences {u,} defined by linear recurrences of the
fourth-order:

Uy = Sutp_i + Uy + Up_3 + Up_a,
U, = Sup_1 + 3uy_p + 2u,_3 + Upy_y.
Requested computations are in Table 1. We used software Mathematica.

Table 1. The fourth-order linear recurrences with ¢ = 2, s = 3.

s+1

uy, a O( . )+O(;L—C)

Uy = Sty + 3Upo + Uz + Upg 55760  3.02896 x 10719
U, = Stty_y + 3upo + 22Uy + U,_g 5.6046  1.80125 x 107'%

4. Conclusions

In this paper, we discuss the reciprocal sums of products of any mth-order linear recurrence se-
quences. We use the idea of “asymptotic equivalence” to consider the reciprocal infinite sums of
products and the products interleaving terms of any mth-order linear recurrence sequences {u,}. In ad-
dition, we generalize this conclusion to equidistant sub-sequences of {u,}. Of course, as a special form
of conclusion, we can obtain the reciprocal infinite sums of the products of any Fibonacci sequences,
Pell sequences or k-Fibonacci sequences and other classical linear recursive sequences. Obviously, we
have obtained the estimation formula of the reciprocal infinite sums of the products of any mth-order
linear recursive sequences, and whether we can get more accurate results is an open problem.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Electronic Research Archive Volume 31, Issue 9, 5766-5779.



5778

Acknowledgments

The authors express their gratitude to the referee for very helpful and detailed comments. This study

is supported by the National Natural Science Foundation of China (Grant No. 11701448).

Contflicts of interest

All authors declare no conflicts of interest in this paper.

References

1

10.

11.

12.

13.

14.

. H. Ohtsuka, S. Nakamura, On the sum of reciprocal Fibonacci numbers, Fibonacci Quart., 46/47
(2008/2009), 153-159.

W. P. Zhang, T. T. Wang, The infinite sum of reciprocal Pell numbers, Appl. Math. Comput., 218
(2012), 6164—-6167. https://doi.org/10.1016/j.amc.2011.11.090

S. H. Holliday, T. Komatsu, On the sum of reciprocal generalized Fibonacci numbers, Integers.,
11 (2011), 441-455. https://doi.org/10.1515/integ.2011.031

. G. Choi, Y. Choo, On the reciprocal sums of products of Fibonacci and Lucas numbers, Filomat.,
32 (2018), 2911-2920. https://doi.org/10.2298/FIL.1808911C

R. Liu, A. Y. Wang, Sums of products of two reciprocal Fibonacci numbers, Adv. Differ. Equ.,
2016 (2016), 136. https://doi.org/10.1186/s13662-016-0860-0

A. Y. Wang, F. Zhang, The reciprocal sums of even and odd terms in the Fibonacci sequence, J.
Inequal. Appl., 2015 (2015), 376. https://doi.org/10.1186/s13660-015-0902-2

M. Bagbiik, Y. Yazlik, On the sum of reciprocal of generalized bi-periodic Fibonacci numbers,
Miskolc. Math. Notes., 17 (2016), 35-41. https://doi.org/10.18514/MMN.2016.1667

. Z.G. Wu, W. P. Zhang, Several identities involving the Fibonacci polynomials and Lucas polyno-
mials, J. Inequal. Appl., 2013 (2013), 205. https://doi.org/10.1186/1029-242X-2013-205

. G. Choli, Y. Choo, On the reciprocal sums of square of generalized bi-periodic Fibonacci numbers,
Miskolc. Math. Notes., 19 (2018), 201-2009. https://doi.org/10.18514/MMN.2018.2390

Z. G. Wu, Several identities relating to Riemann zeta-Function, Bull. Math. Soc. Sci. Math.
Roumanie., 59 (2016), 285-294.

X. Lin, Some identities related to Riemann zeta-function, J. Inequal. Appl., 2016 (2016), 32.
https://doi.org/10.1186/s13660-016-0980-9

X. Lin, Partial reciprocal sums of the Mathieu series, J. Inequal. Appl., 2017 (2017), 60.
https://doi.org/10.1186/s13660-017-1327-x

X. Lin, X. X. Li, A reciprocal sum related to the Riemann {-function, J. Math. Inequal., 11 (2017),
209-215. https://doi.org/10.7153/jmi-11-20

H. Xu, Some computational formulas related the Riemann zeta-function tails, J. Inequal. Appl.,
2016 (2016), 132. https://doi.org/10.1186/s13660-016-1068-2

Electronic Research Archive Volume 31, Issue 9, 5766-5779.


http://dx.doi.org/https://doi.org/10.1016/j.amc.2011.11.090
http://dx.doi.org/https://doi.org/10.1515/integ.2011.031
http://dx.doi.org/https://doi.org/10.2298/FIL1808911C
http://dx.doi.org/https://doi.org/10.1186/s13662-016-0860-0
http://dx.doi.org/https://doi.org/10.1186/s13660-015-0902-2
http://dx.doi.org/https://doi.org/10.18514/MMN.2016.1667
http://dx.doi.org/https://doi.org/10.1186/1029-242X-2013-205
http://dx.doi.org/https://doi.org/10.18514/MMN.2018.2390
http://dx.doi.org/https://doi.org/10.1186/s13660-016-0980-9
http://dx.doi.org/https://doi.org/10.1186/s13660-017-1327-x
http://dx.doi.org/https://doi.org/10.7153/jmi-11-20
http://dx.doi.org/https://doi.org/10.1186/s13660-016-1068-2

5779

15

16.

17.

18.

19.

20.

. D. Kim, K. Song, The inverses of tails of the Riemann zeta function, J. Inequal. Appl., 2018
(2018), 157. https://doi.org/10.1186/s13660-018-1743-6

Z. G. Wu, H. Zhang, On the reciprocal sums of higher-order sequences, Adv. Differ. Equ., 2013
(2013), 1809. https://doi.org/10.1186/1687-1847-2013-189

E. Kilic, T. Arikan, More on the infinite sum of reciprocal Fibonacci, Pell and higher order recur-
rences, Appl. Math. Comput., 219 (2013), 7783-7788. https://doi.org/10.1016/j.amc.2013.02.003

Z. G. Wu, J. Zhang, On the higher power sums of reciprocal higher-order sequences, Sci. World J.,
2014 (2014), 521358. https://doi.org/10.1155/2014/521358

P. Trojovsky, On the sum of reciprocal of polynomial applied to higher order recurrences, Mathe-
matics., 7 (2019), 638. https://doi.org/10.3390/math7070638

T. T. Du, Z. G. Wu, On the reciprocal products of generalized Fibonacci sequences, J. Inequal.
Appl., 2022, (2022), 154. https://doi.org/10.1186/s13660-022-02889-8

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

@ AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 31, Issue 9, 5766-5779.


http://dx.doi.org/https://doi.org/10.1186/s13660-018-1743-6
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-189
http://dx.doi.org/https://doi.org/10.1016/j.amc.2013.02.003
http://dx.doi.org/https://doi.org/10.1155/2014/521358
http://dx.doi.org/https://doi.org/10.3390/math7070638
http://dx.doi.org/https://doi.org/10.1186/s13660-022-02889-8
http://creativecommons.org/licenses/by/4.0

	Introduction
	Auxiliary results
	Proof of the theorems
	Conclusions

