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Abstract: In this paper, we deal with the existence and multiplicity of solutions for fractional p(x)-
Kirchhoft-type problems as follows:

1 (x) —v(y)Pe)
M dxdy)(=A )’
(L p(x,y) |x— y|d+sp(x,y) X y)( p( ) v(x)

= ()" w(x), in Q,
v =0, in R\Q,

where (—A ()’ is the fractional p(x)-Laplacian. Different from the previous ones which have recently
appeared, we weaken the condition of M and obtain the existence and multiplicity of solutions via
the symmetric mountain pass theorem and the theory of the fractional Sobolev space with variable
exponents.

Keywords: the symmetryic mountain pass theorem; Kirchhoff-type problem; fractional
p(x)-Laplacian; fractional Sobolev space with variable exponents

1. Introduction and main results

In [1], Kirchhoff studied a stationary version of the equation

v p1
Pos - f 2 a5 = o, (1.1)

where py, p1, h, L and E, are constants. Such equation extends the classical D’ Alembert wave equation
by considering the effects of the changes in the length of the string during the vibrations. It is
worthwhile to note that the Eq (1.1) received much attention only after Lions [2] put forward an abstract
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framework to the Eq (1.1). After this work, various equations of Kirchhoff-type have been studied
extensively. For instance, many researchers have studied the Kirchhoff-type equations involving the
p-Laplacian, which can be found in [3-6], p(x)-Laplacian (see, for example, [7-11]) and fractional
p(x)-Laplacian (see [12-15]).

Recently, lots of researchers have been interested in the Kirchhoff-type equations involving the
p-Laplacian (see [16, 17]). In [5], Liu proved the existence of infinite solutions for the p-Kirchhoft-
type problems via the fountain theorem. Since the infimum of its principal eigenvalue is zero, the p-
Laplacian is not homogenous, and generally it does not have the alleged first eigenvalue. Hence, more
and more attention has been given to partial differential equations with nonstandard growth conditions.
Dai and Hao [18] investigated the existence and multiplicity of solutions to Kirchhoft-type problems
associated with the p(x)-Laplacian via a direct variational approach. The p(x)-Laplacian has more
complex nonlinear properties than the p-Laplacian, and we can refer to [11, 19] for more details about
it.

In the last few years, many researchers have tended to focus on the fractional p(x)-Kirchhoff-
type problems. Kaufmann, Rossi and Vidal [20] introduced the fractional p(x)-Laplacian Ay v =
div(| v v|P™=2) (see, for example, [21,22]). In [23], the authors investigated the fractional p(x)-Laplace
operator and associated fundamental properties about new fractional Sobolev spaces with variable
exponents. In [14], by using dint of the variational methods, Azroul et al. investigated the existence of
solutions for the Kirchhoff-type problems involving fractional p(x)-Laplacian as follows:

L) — v
M dxdy)(=A,)’
(Lmnwm—WWW>x”(””“”

= ()2 v(x), in Q,
v=0, in R\Q,

where M € Q,, i.e., M satisfies the following: there exist 0 < a; < a, and 8 > 1 such that

(Py)

a ' < M) < ap7?' forall T e RY

In [24], applying the symmetric mountain pass theorem, Azroul, Benkirane and Shimi resolved the
existence solutions to the following Kirchhoft-type problems involving fractional p(x, -)-Laplacian in
RY:

1 [w(x) —v(y) P
M dxdy)(=A ,0.)*
(fRded p(x,y) |x — yldtspy) X y)( ) V(X)

+ POy = f(x, v), in R,
v € WHPEI(RY),
where M € @, i.e., the continuous function M : Rj := [0,+00) — R satisfies the following

conditions:
(M,): Let g > 0 and @ € (1, (p;)-/p+). Suppose that

kM (k) < aM(k) forall k > e, (1.2)

where

k
M(k) = f M(e)de
0
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and (p;)-, p+ and p_ will be introduced in Section 2.
(M) : let € > 0. Suppose [ = l(e) > 0 such that

M(k)>1 forall k > e. (1.3)

By comparison their definitions, we find that the condition of @, is weaker than @;. Hence the
spontaneous question is to show which results we can obtain if we replace M € Q; by M € @, in [14].

Inspired by the fractional Sobolev spaces with variable exponents (for more details see [23]) and
the papers referred to above, we aim to deal with the existence and multiplicity solutions to the
fractional p(x)-Kirchhoff-type problem (Pj,) which is introduced in [14], where

e M € @, and A is a positive real constant;

o 0 := R¥\(Q° x Q°), where Q € R is a Lipschitz bounded open domain and Q¢ = R\ Q, d > 3;
e the continuous functions r : Q — (1,+00) and p : @ — (1, +c0) are bounded;

e for s € (0, 1), the operator (—A, )’ is the following fractional p(x)-Laplacian

v(x) = vO)IPP 2 (v(x) = v()

| T dy forall x € R,
xX—y sp(x,

(=Ap)'v(x) = p.V.f

Rd
where p.v. stands for Cauchy principle value for brevity.
We introduce our main conclusions and results as follows:

Theorem 1.1. For the continuous function r : Q- (1, +00), let
1 <r_:=infr(x) < r(x) <ry :=supr(x) < py(x). (1.4)

xeQ) xeQ
Suppose that M satisfies (1.3) and r € C+(§) such that

Il <r(x)<r.<p_ forall xe Q, (1.5)
then problem (P},) has a nontrivial weak solution, if there is A, > 0 such that
A < A < +oo.

Theore@ 1.2. Suppose that p € C.(Q) is symmetric with sp, < d and s € (0,1). Let M € @,
r e C.(Q) with
ap, <r_, (1.6)

re < pi(x) forall xeQ. (1.7)
Then problem (P3,) has a sequence {u,}, of nontrivial solutions, if there is a constant ¢, > 0 such

that
0<A<q.

Remark 1.3. We discuss the p(x)-Kirchhoff-type problem (P;,) in two situations: if r satisfies (1.5),
we apply the direct variational methods; we utilize the symmetric mountain pass theorem if r satisfies
(1.6).

The paper is organized as follows: we introduce the fractional Sobolev spaces with variable

exponents and some necessary properties of variable Lebesgue spaces in Section 2. In the end, Section
3 gives the proofs of Theorems 1.1 and 1.2.
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2. Preliminaries

In this section, we present some useful properties of the fractional Sobolev spaces with variable
exponents and the generalized Lebesgue spaces. We can refer to [17, 18,20,25,26] and the references
therein for more details.

We always suppose that Q is a Lipschitz bounded open domain in R? and Q is a closure of Q.
Consider a continuous function r : Q — (1, +00) and set

Co(Q)={re@Q°:r(x)>1 forall xe Q).

For a measurable function v and any r € C +(§), the modular functional p,,)(v) is defined by

Prn(V) = f V() dx
Q
The variable Lebesgue space is defined as
L' := L'O(Q) = {v : py(Av) < +00}

equipped with the norm
IVl = 1nf{Ad > 0 2 pry(f/A) < 1}

1
7’ (x)

Suppose r € C+(§) such that % + = 1, where 7’/(x) is the conjugate exponent of r(x). Then the

Holder inequality is as follows:

Lemma 2.1 ([20]). Let v € L' and u € L” ™. There exists a positive constant c¢ such that
| [ veouda < elbte o
Q

Proposition 2.2 ([27]). Let v € L'™. The following properties hold:
(Q) IVl = 1 (resp. > 1,< 1) © pyp(v) =1 (resp. > 1,< 1);

(ii) IVl < 1= VI < Proo®) < VI

(”l) ”v”L"(") >1= ”V”Zr(x) < pr(x)(v) < ||V||Irjr(x);

(iv) lim |[vy = Vllpw = 0 & lim p,n(vx —v) = 0.
k—+0c0 k—+00
We show the following proposition, which is from Theorems 1.6 and 1.10 in [26].

Proposition 2.3. Suppose 1 < r_ < r(x) < r, < oo; then, (L'™, || - ||pw) is a reflexive uniformly convex
and separable Banach space.

Let the continuous function p : 0 — (1, +0) be bounded. We set

l <p_:= inf p(x,y) < p(x,y) < p;:= sup p(x,y) (2.1)
(x.y)€Q (xy)€0
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and p is symmetric, if p(x, y) satisfies the following

p(x,y) = p(y,x) forall (x,y) € Q. (2.2)

We assume that
p(x) := p(x,x) forall x=y.

Throughout this paper, s € (0, 1) and the fractional Sobolev space with variable exponents is defined
in [14] given by )
v : RY - R measurable such that v|g € L’ with

S = f V() = v)IP)
Q

APV x — y|d+sptey) dxdy < +oo for some 4 > 0

The norm of S is as follows
IVlls = [Vl + [Vs,

where [v]s is defined by

_ _ . [v(x) = v(y)|P™
Pls = D (Q) = inf {/l >0 L AP — y]droptan dxdy <1;.

Also, (S, || - |ls) is a separable reflexive Banach space which is introduced in [14].
Now, we denote the linear subspace of § given by

SO:{veS :v=0 ae. in Rd\Q};

the modular norm is as follows

— p(xy)
IVls, := [v]s = inf{/l 50 f v(x) — v(y)| dxdy < 1}‘
0

APEY) | x — y|d+sp(x.y)

We know that (S, || - ||s,) is a separable, reflexive and uniformly convex Banach space (see Lemma
2.3 in [14]).
We denote the modular p,,y) : So — R by

v(x) = v()lP™
|_x — yld"'SP(X,y)

1Y% p(x,y)(v) = dXdy s

where
Moy = inf {2 > 0 2 ppeyy(v/) < 1} = [ls.

Similarly to Proposition 2.1, p,y) has the following property:

Lemma 2.4 ( [13]). Let p satisfy (2.1) and s € (0, 1). Suppose v € S; we can obtain
(i) IVlls, < 1= IVI§E < ppy@) < VIS ;

(ii) IVlls, 2 1= VIS, < ppeey ) < VIS

We will introduce a continuous compact embedding theorem as follows.

Electronic Research Archive Volume 31, Issue 6, 3309-3321.
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Theorem 2.5 ( [13]). Let s € (0, 1) and p satisfy (2.1) and (2.2) with sp, < d. If r satisfies (1.4), i.e.,

dp(

1 <r_<r(x)<pi(x):= ﬁ;()x) forall x e Q.

Then we have
IVl < clvlls forany v €S,

where c is a positive constant depending on p, s, r, d and Q. In other words, the embedding S — L™
is continuous and this embedding is compact.

Remark 2.6. (i) Theorem 2.5 still holds if we replace S by S .
(ii) Since 1 < r_ < r(x) < p;(x), then according to Theorem 2.5, we can get that || - ||s, and || - ||s are
equivalent on S .

We need to introduce the functional £ : Sy — S defined by

(P2 (p(x) — _
(L)) = f v(x) = v (v(x) = v))(p(x) — ¢(3)) dxdy
0

|x — y|d+Sp(x,y)

for all ¢ € Sy, where S is the dual space of S .

Lemma 2.7 ([23]). Suppose that p satisfies (2.1), (2.2) and s € (0, 1). Then the following results hold:
(i) L is a bounded and strictly monotone operator;
(ii) L is a homeomorphism,
(iii) L is a mapping of type (S ,), i.e., v, = vin Sy, ifv, = vinSgand L

lim sup(L(v,) — L(v),v, —v) < 0.

n—+oo

3. Proof of the main results

Definition 3.1. We say that v € S is a weak solution of problem (P3)), if

_ (x,y)-2 _ _
M(T iy (V) L v(x) — v(y)IPP 72 (v(x) — v(y))(e(x) ¢(y))dxdy

|x _ y|d+sp(x,y)

-4 f V)™ v(x)p(x)dx = 0
Q

forall ¢ € S, where

1 v(x) — vy
. — dxdy.
T pxy)(V) fQ p(x,y) |x — yld+sreen rdy

For the purpose of formulating the variational method of problem (P;},), we present the functional
I, : Sy — R given by

_ 1 () — v(y)Pe f 1 :
L) = M(f dxdy) — A1 | —v(x)"Wdx
! 0 POry) x— ey A G

— 1
M(0 p(ry)(v) — A fg @Iv(x)l’(x)dx.
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It is not tough to demonstrate that I, € C'(S,R) and I, is well defined. Moreover, for all v, ¢ € S,
the Gateaux derivative of I, is introduced by

— () P57 (1(x) = v))(p(x) = (1)) dxd
|_x — y|d+w(x,y) xay

Ty = MO pan)) f | v(x)
o

A f VO™~ 2p(x)p(x)dx = 0.
Q

Thus, the weak solutions of (P},) correspond to the critical points of /;.

To prove Theorem 1.1, we need to introduce the next result:
Lemma 3.2. For A € R, the functional 1, is coercive on S .

Proof. We assume ||v||s, > 1. By (M;) we obtain that

p
L) > o py)(V) = r_pp(x,y)(v)~

According to Remark 2.6 (i), we have

r—

) .
1v) 2 —Ivif§, = =—min{vli5,. VI, -
P+ r

where c is a positive constant depending on d, s, p, r and Q. It follows from (1.5) that

Li(v) > o0, as [Vs, — oo.
Next, we prove Theorem 1.1.

Proof of Theorem 1.1: According to Lemma 3.2, we know that I, is coercive on S,. Moreover,
I, 1s weakly lower semi-continuous on Sy. Applying Theorem 1.2 in [28], we find that there exists
V1 € § which is a global minimizer of 1;; thus, the problem (P},) has a weak solution.

Now, we claim that the weak solution v, is nontrivial for all A large enough. Indeed, let 6, > 1 and
|Q;| > 0, where Q; is an open subset of Q. Suppose 77y € Cg"(ﬁ) such that ny(x) satisfies

10(x) = 0o forall x € Q,
0 < 1p(x) < 0o forall xe Q\ Q.
Then we have that
—~ 1
I = M(op -1 — Wq
2(10) (O pey)(10)) fg r(x)an(x)l x

IA

2 A,
c3— — f 00" Vdx < ¢35 — =611,
rvy Jo ry

where c; is a constant. Therefore, we get

I,(no) <0 forall A€ (4;,+0c0),

Electronic Research Archive Volume 31, Issue 6, 3309-3321.
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if the nonnegative A, is large enough. The proof is now complete.

We say that I, satisfies (Ce).-condition for any ¢ € R if every sequence {v,} such that
Liv,) — ¢, I wlls: (1 + lvalls,) = 0

has a strongly convergent subsequence in S. In order to prove Theorem 1.2, we need the symmetric
mountain pass theorem as follows.

Theorem 3.3 ( [29,30]). For the infinite dimensional Banach space S, we define

S = EZBSJ,
J=1

where S, is finite dimensional. Suppose I € C'(S,R), if I satisfies the following
(1)1(0) =0, I(=v) =I(v) forallv e S;
(2) for all ¢ > 0, I satisfies (Ce).-condition;
(3) suppose constants p, a are positive, and we have l\gp 7 > a;
(4) for each finite dimensional subspace S C S, we obtain I(v) < 0 on S\B,, if r = r(S) is a positive
constant.
Then I possesses an unbounded sequence of critical values.

The following result shows that the functional /, satisfies the geometrical condition of the mountain
pass.

Lemma 3.4. Let ¢, > O andv € S with ||v|ls, = p > 0. Then for each A € (0, cy), we can choose a > 0
such that Iy|sp,nz > a.

Proof. Suppose v € Sy and p € (0, 1) such that [|ulls, = p. It follows from Theorem 2.5, (M), (1.6) and
(1.7) that

— 1
L) = M(opuy(v) -4 f —(0)|"Vdx
o r(x)
> F1 o) = & [ beorvds
Q
M(1)
2 O )Q(Pp(xy)( )) __Pr(x)(V)
M) o,
> T )all vilgh ——II Vil
M), . Ac’™
2 ( ) s = || 5,
(p+)*
N M) Ac i
Jol P+(_a -—0p + 17+).
(p+) r-
Thus, choosing p even smaller, we have
Li(v) >0,

since ap, <r_ <r,.
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Lemma 3.5. For each finite dimensional subspace S cSoveS and A €R, there exists r = r(§ )>0
such that

Li(v) <0,

where ||V||s, > r.

Proof. Suppose ¢ € C;’(Q2) with ¢ > 0. According to (M), one must have
M(k) < M(1)k® for all k > 1. (3.1)

Therefore, by (3.1), we have

7 1
L) = M(0puy(t¢) - f — |tV x
Q

r(x)
— A
< M)t +(0p<x,y)(<15))a—r— L ltpl"Vdx
M " 2
< ()f’p “(Ppy) (D)) —f"r— fg g™ dx.

(p-)*
It follows from (1.6) that
lim 7(1¢) = —co.
Thus, there exists a large ¢ > 1 such that
L(v) <0.
The statement holds.

Lemma 3.6. The functional 1, satisfies condition (Ce). in S .

Proof. For all ¢ € R, suppose a sequence {v,} C S such that

Li(v,) — ¢,
n—+oo

I(vy) — 0. 3.2)

—+400

First, we claim that {v,} C S is bounded. Arguing by contrary, passing eventually to a subsequence,
still denote by v,, we assume that lim ||v,||s, = +oco. Hence, for all n, we can consider that ||v,||s, > 1.
n—+0co

According to (3.2), Lemma 2.4, (M;) and (M,), we get that

Electronic Research Archive Volume 31, Issue 6, 3309-3321.
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I + c+lalls,

>
i A r(x)
= M(O-p(x,y)(vn)) -4 _lvn(x)| dx
o r(x)
p(x.y) 1
- %”' dxdy + fMﬂWWx
| +sp(x.y) ap+ Jo
— px.y)
S [ va(x) = v, (y) | dxdy
0 I xX—y |d+sp(x,y)
> lo—p(x,y)(vn) - -l
I Mm Pl L )
> — — = + -
= p+pp(x,y)(vn) ( ye- l(pp(xy)( n)) (I"_ ap, )mln{”vnHLr(x)’ ||Vl’l||Lr(x)}
[ ( ) A= A .
p- OZP+ ry re
> levnllso TRE ——|vallg, " = ( - ap+)mln{”vn”50a”anlgo}’

when n is large enough. Dividing the above inequality by [|v,||s,. According to ap, < r_ < r,, we have
—(;t = 35-) > 0. By passing to the limit as n — +oco, we can get a contradiction.
Since S is reflexive, then we can assume that v, — v in S. It follows from (3.2) that

lim (}(vy), v, — V) =0
n—+oo

that is

[Va (%) = v 2 (1,(x) = v )(a(x) = va(y)) = (F(x) = 7))
M(O-p(x,y))(vn) | d+sp(x,y)
0 x — y|reptey

didy = 2 [ 02400 - H0)dx =0
Q

(3.3)

Moreover, due to r(x) < pi(x) for all x € Q and Remark 2.6 (1), we can conclude that v, — ¥ in
L' Hence according to Lemma 2.1 and the proof of Theorem 3.1 in [14], we have that

lim | v,/ %v,(v, — ¥)dx = 0. (3.4)

n—+oo Jo
Since {v,} is bounded in §, if necessary, we can suppose that

O'p(x,y)(vn) m 153 > 0.
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If, = 0, then {v,} — ¥ = 01in S and the proof is complete. If #, > 0, according to the continuous
function M, we have
M(O'p(x,y)(v,,)) m M(lz) > 0
Thus, for n large enough and M € Q,, we get that
0 <1< M(0pry(vi)) < c3. 3.5)

Combining (3.3)—(3.5), we deduce that

i f V(%) = vaOIPE 2 (1,(x) = v M)((Va () = V() = (F(x) = $()))
m
n—+eo Jo |X - y|d+sp(x,y) (36)

dxdy = 0.

Using (3.6), Lemma 2.7 (iii) and v, — v in S, we obtain that

lim {(L(v,),v,— V) <0

n—+0o

Vv, —=7PinS = v, > VinSo.
L is a mapping of type (S ;)
Moreover, according to (3.2), we have
lim I)(v,) = [L(§) = ¢, and I}(¥) = 0.
n—+0o0

This completes the proof of Lemma 3.6.

Proof of Theorem 1.2: Clearly, 7,(0) = 0 and I;(—v) = I;(v). According to Theorem 3.3 and
Lemmas 3.4-3.6, we deduce that Theorem 1.2 holds.
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