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Abstract: This article is devoted to study the following quasilinear Schrödinger system with
super-quadratic condition: {

−∆u + V1(x)u − ∆(u2)u = h(u, v), x ∈ RN ,

−∆v + V2(x)v − ∆(v2)v = g(u, v), x ∈ RN ,

where N ≥ 3, V1(x), V2(x) are variable potentials and h, g satisfy some conditions. By establishing a
suitable Nehari-Pohoz̆aev type constraint set and considering related minimization problem, we prove
the existence of ground states.
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1. Introduction

In this work, we consider the following quasilinear Schrödinger system:{
−∆u + V1(x)u − ∆(u2)u = h(u, v), x ∈ RN ,

−∆v + V2(x)v − ∆(v2)v = g(u, v), x ∈ RN ,
(1.1)

where N ≥ 3, V1(x), V2(x) are potential functions and h, g : R2 → R are nonlinear terms. Before
stating our assumptions and main result, now introduce some related results that motivate the present
work briefly.

1.1. Motivation and related results

The study of (1.1) was in part motivated by the nonlinear Schrödinger equation

i∂tz = −∆z +W(x)z − k(x, z) − ∆l(|z|2)l
′

(|z|2)z, (1.2)
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where z : R × RN → C, W : RN → R is a given potential and l : R → R and k : RN × R → R are
suitable functions. In recent years, this form of quasilinear equations have received much attention in
mathematical physics. For various types of nonlinear term l(s), (1.2) can be derived as models in
different areas of physics. For instance, when l(s) = s, (1.2) models a superfluid equation in plasma
physics by Kurihara [1] (also see [2]). Moreover, in the case l(s) =

√
1 + s, (1.2) models

self-channeling of a high-power ultrashort laser in matter, see [3–6]. It also appears in the theory of
Heidelberg ferromagnets magnons, in dissipative quantum mechanics and in condensed matter theory,
see for instance [7, 8]. For further detailed mathematical models and physics applications of (1.2), we
infer also the readers to [9–16] and the references therein.

It is well known that (1.2) can be reduced to the following equation of elliptic type when setting
z(t, x) = exp(−iEt)u(x), where E ∈ R and u is a real function (see [6]):

−∆u + V(x)u − ∆l(u2)l
′

(u2)u = k(x, u), x ∈ RN . (1.3)

Assuming that l(s) = s, then (1.3) turns out to be the superfluid film equation in plasma physics

−∆u + V(x)u − ∆(u2)u = k(x, u), x ∈ RN . (1.4)

To our knowledge, (1.4) has been studied extensively. Especially, the following case that k(x, u) =
|u|p−2u, 4 ≤ p < 4N

N−2 have attracted much attention:

−∆u + V(x)u − ku∆(u2) = |u|p−2u, x ∈ RN . (1.5)

Poppenberg et al. [15] proved the existence of positive ground state of (1.5) by using a constrained
minimization argument. Furthermore, with the help of changing of variables and the Mountain-pass
Lemma, Liu and Wang [17] proved the existence of a positive solution for (1.5) in a new Orlicz space
framework. In their work, the potential V(x) ∈ C(RN ,R) satisfies

(A1) inf
x∈RN

V(x) ≥ a > 0, ∀M > 0, meas{x ∈ RN |V(x) ≤ M} < +∞.

Such kind of hypotheses was first introduced by Bartsch and Wang [18] to guarantee the compactness
of

E := {u ∈ H1(RN)|
∫
RN

V(x)u2 < ∞} ↪→ Ls(RN)

when 2 ≤ s < 2N
N−2 . Colin and Jeanjean [19] also proved the existence of solutions for (1.5) in the

usual Sobolev space H1(RN) via changing variables. Recently, Ruiz and Siciliano [20] studied (1.5)
under the case 2 < p < 4N

N−2 . They used a technique of minimizing a functional under a Pohoz̆aev
constraint to show that (1.5) has ground state solution. Moreover, Chen et al. [21] proved the existence
of ground states for (1.4) under super-quadratic condition, weaker monotonicity condition and a new
decay condition on the potential V(x).

From a mathematical point of view, quasilinear Schrödinger systems have been widely considered
in the literature. Guo and Tang [22] studied the following system−∆u + (λa(x) + 1)u − 1

2∆(u2)u = 2α
α+β
|u|α−2u|v|β, x ∈ RN ,

−∆v + (λb(x) + 1)v − 1
2∆(v2)v = 2α

α+β
|u|α|v|β−2v, x ∈ RN ,
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where λ > 0 is a parameter, α > 2, β > 2, α+ β < 4N
N−2 for N ≥ 3. They proved the existence of positive

ground states via the Nehari manifold and the concentration compactness principle. In [23], under the
assumptions of (h, g) = ∇F that

(G1) there exists C > 0 such that

|h(x, u, v)| + |g(x, u, v)| ≤ C(1 + |(u, v)|p−1), ∀(x, u, v) ∈ RN × R2,

where 2 ≤ p < 4N
N−2 ;

(G2) the following limits hold

lim
(u,v)→(0,0)

h(x, u, v)
|(u, v)|

= lim
(u,v)→(0,0)

g(x, u, v)
|(u, v)|

= 0 uniformly in x ∈ RN;

(G3) there exists θ > 4 such that

Lθ(x,U) ≤ 0, ∀(x,U) ∈ RN × R2,

uh(x, u, v) ≥ 0, vg(x, u, v) ≥ 0 for all (x, u, v) ∈ RN × R2,

U = (u, v), Lθ(x,U) = θF(x,U) − U · ∇F(x,U),

Severo and Silva considered the gradient system−∆u + V1(x)u − ∆(u2)u = h(x, u, v), x ∈ RN ,

−∆v + V2(x)v − ∆(v2)v = g(x, u, v), x ∈ RN .
(1.6)

They obtained the existence of nontrivial solution under some other conditions on V1(x), V2(x) and
(G1)–(G3) for the case of

F(x, u, v) =
2
α + β

|u|α|v|β with α > 2, β > 2 and α + β <
4N

N − 2
.

Recently, Chen and Zhang [24] studied the following periodic quasilinear Schrödinger system with
2 < α + β < 4N

N−2 , −∆u + A(x)u − 1
2∆(u2)u = 2α

α+β
|u|α−2u|v|β, x ∈ RN ,

−∆v + Bv − 1
2∆(v2)v = 2β

α+β
|u|α|v|β−2v, x ∈ RN ,

and proved the existence of positive ground states with 2 < α + β < 4N
N−2 . Furthermore, they

generalized the results by Guo and Tang [22] and obtained the similar results via a constrained
minimization argument. There’s also a lot of interesting work focusing on the existence or
concentration of solutions to Choquard equations, Schrödinger equations and other elliptic equations,
we can refer to [8, 23, 25–34] and the references therein.

Motivated by the mentioned papers [21, 23, 24], an interesting question is that, whether or not
we can generalize the single quasilinear Schrödinger equation studied in Chen et al. [21] to a system,
furthermore, whether we can find the existence of ground states for it with variable potential and super-
quadratic condition. And thus, in the current paper, we shall establish the existence of ground states
for quasilinear Schrödinger system (1.1) under some suitable assumptions via Pohoz̆aev maniflod and
the techniques in [21]. We point out that we consider two general classes of nonlinear terms h(u, v)
and g(u, v), which include the particular nonlinearities treated in for example [22,24,35]. Besides, our
potential functions do not depend on a real parameter.
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1.2. Assumptions and main theorems

In order to establish a variational approach, we first suppose the following hypotheses:

(V1) Vi(x) ∈ C(RN , [0,∞)), i = 1, 2 satisfy

0 < Vi,0 = min
x∈RN

Vi(x) < Vi,∞ = lim
|y|→∞

Vi(y).

(V2) Vi(x), i = 1, 2 satisfy the set {x ∈ RN : |∇Vi(x) · x| ≥ ε} has finite Lebesgue measure for every
ε > 0, and t 7→ [(N + 2)Vi(tx) + ∇Vi(tx) · (tx)]/tp−2 is nonincreasing on [0,∞) for any x ∈ RN , where
p > 2 is given by (F3).
(F1)

lim
(u,v)→(0,0)

h(u, v)
|(u, v)|

= lim
(u,v)→(0,0)

g(u, v)
|(u, v)|

= 0;

lim
|(u,v)|→∞

h(u, v)
|(u, v)|2·2∗−1 = lim

|(u,v)|→∞

g(u, v)
|(u, v)|2·2∗−1 = 0,

where 2∗ = 2N
N−2 is the Sobolev critical exponent.

(F2) lim
|(u,v)|→∞

F(u,v)
|(u,v)|2 = +∞, where ∇F(u, v) = (h(u, v), g(u, v)).

(F3) there exists a constant p > 2 such that NF(tτ1,tτ2)+h(tτ1,tτ2)tτ1+g(tτ1,tτ2)tτ2
|tτ1τ2 |p

is nondecreasing on both
t ∈ (−∞, 0) and t ∈ (0,∞), where τ1, τ2 ∈ R\{0}.

Remark 1.1. We would like to point out that (F1) is much weaker than (G4) and (F2) is much weaker
than (G6).

Our result can be stated in the following form:

Theorem 1.1. Suppose (V1), (V2) and (F1)–(F3) are satisfied. Then system (1.1) has a ground state
solution.

Now we introduce the following system{
−∆u + V1,∞u − ∆(u2)u = h(u, v), x ∈ RN ,

−∆v + V2,∞v − ∆(v2)v = g(u, v), x ∈ RN ,
(1.7)

which acts as a limit problem for (1.1) with Vi(x) ≡ Vi,∞, (i = 1, 2). Applying Theorem 1.1 to (1.7), we
have Corollary 1.2.

Corollary 1.2. Suppose (F1)–(F3) are satisfied. Then system (1.7) has a ground state solution.

1.3. Notations

Throughout the paper we make use of the following notations:
• we use C or Ci to denote various positive constants in context;
•
∫
RN ♣ denotes

∫
RN ♣ dx;

• Ls(RN) denotes the Lebesgue space with norm ∥u∥s = (
∫
RN |u|sdx)

1
s , where 1 ≤ r < ∞;

• H1(RN) denotes a Hilbert space with norm ∥u∥H1(RN ) = (
∫
RN |∇u|2 + u2)

1
2 ;

• D1,2(RN) is a Hilbert space with norm ∥u∥D1,2(RN ) = (
∫
RN |∇u|2)

1
2 ;

• S is the best constant for the embedding of D1,2(RN) in L2∗(RN);
• the weak convergence in H1(RN) or H is denoted by⇀, and the strong convergence is denoted by→.
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1.4. Outline

The rest of this paper is organized as follows: In Section 2, we use a change of variable and thus we
are able to introduce a variational framework. In Section 3, we give some important primary results.
In Section 4, we give the proof of Theorem 1.1.

2. The variational framework

Set H := H1(RN) × H1(RN). It is no hard to verify that H is a complete space endowed with the
norm

∥(u, v)∥ =
( ∫
RN

(|∇u|2 + |∇v|2 + u2 + v2)
) 1

2

.

We note that, (1.1) is formally the Euler-Lagrange equation associated with the functional

Φ(u, v) =
1
2

∫
RN

[(1 + 2u2)|∇u|2 + (1 + 2v2)|∇v|2] +
1
2

∫
RN

[V1(x)u2 + V2(x)v2] −
∫
RN

F(u, v).

However, Φ is not well defined in H because of the appearance of the nonlocal term
∫
RN (u2|∇u|2 +

v2|∇v|2). We shall follow [17, 19, 36] and make the changing of variables (u, v) = ( f (z), f (w)), where f
is defined by

f
′

(t) =
1

[1 + 2 f 2(t)]
1
2

on [0,∞),

f (t) = − f (−t) on (−∞, 0].

Then we obtain

I(z,w) :=Φ( f (z), f (w))

=
1
2

∫
RN

[|∇z|2 + |∇w|2] +
1
2

∫
RN

[V1(x) f 2(z) + V2(x) f 2(w)]

−

∫
RN

F( f (z), f (w)).

(2.1)

Under hypotheses (V1), (V2) and (F1)–(F3) it follows that I ∈ C1(H,R). In addition, for any φ1,
φ2 ∈ C∞0 (RN), (z,w) ∈ H and (z,w) + (φ1, φ2) ∈ H, we compute the Gateaux derivative

⟨I
′

(z,w), (φ1, φ2)⟩ =
∫
RN

(∇z∇φ1 + ∇w∇φ2) +
∫
RN

[V1(x) f (z) f
′

(z)φ1 + V2(x) f (w) f
′

(w)φ2]

−

∫
RN

[h( f (z), f (w)) f
′

(z)φ1 + g( f (z), f (w)) f
′

(w)φ2].

Then (u, v) = ( f (z), f (w)) is a weak solution of (1.1) if and only if (z,w) is a critical point of
I. Moreover, every critical point of I corresponds precisely to the weak solutions of the semilinear
system {

−∆z + V1(x) f (z) f
′

(z) = h( f (z), f (w)) f
′

(z) in RN ,

−∆w + V2(x) f (w) f
′

(w) = g( f (z), f (w)) f
′

(w) in RN .
(2.2)
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Next, we define the Pohoz̆aev type functional of (2.2):

P(z,w) :=
N − 2

2
∥∇z∥22 +

N − 2
2
∥∇w∥22 +

1
2

∫
RN

[NV1(x) + ∇V1(x) · x] f 2(z)

+
1
2

∫
RN

[NV2(x) + ∇V2(x) · x] f 2(w) − N
∫
RN

F( f (z), f (w))

for all (z,w) ∈ H. It is standard to prove that any solution (z,w) of (2.2) satisfies P(z,w) = 0 and〈
I
′

(z,w),
( f (z)

f ′ (z) ,
f (w)
f ′ (w)

)〉
= 0, where〈

I
′

(z,w),
( f (z)

f ′(z)
,

f (w)
f ′(w)

)〉
=

∫
RN

[
|∇z|2
(
1 +

2 f 2(z)
1 + 2 f 2(z)

)
+ |∇w|2

(
1 +

2 f 2(w)
1 + 2 f 2(w)

)]
+

∫
RN

[V1(x) f 2(z) + V2(x) f 2(w)]

−

∫
RN

[h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)].

(2.3)

Motivated by Chen et al. [21], we introduce the Nehari-Pohoz̆aev manifold of I by

M := {(z,w) ∈ H\{(0, 0)} : J(z,w) = 0},

where

J(z,w) :=
〈
I
′

(z,w),
( f (z)

f ′(z)
,

f (w)
f ′(w)

)〉
+ P(z,w)

=
N
2
∥∇z∥22 +

N
2
∥∇w∥22 +

∫
RN

2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
∫
RN

2 f 2(w)
1 + 2 f 2(w)

|∇w|2

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(z) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(w)

−

∫
RN

[NF( f (z), f (w)) + h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)].

(2.4)

Then every non-trivial solution of (2.2) is contained inM.
Similarly, for (1.7), we have

I∞(z,w) =
1
2

∫
RN

[|∇z|2 + |∇w|2] +
1
2

∫
RN

[V1,∞ f 2(z) + V2,∞ f 2(w)]

−

∫
RN

F( f (z), f (w)),
(2.5)

J∞(z,w) =
N
2
∥∇z∥22 +

N
2
∥∇w∥22 +

∫
RN

2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
∫
RN

2 f 2(w)
1 + 2 f 2(w)

|∇w|2

+
N + 2

2
V1,∞∥ f (z)∥22 +

N + 2
2

V2,∞∥ f (w)∥22

−

∫
RN

[NF( f (z), f (w)) + h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)]

(2.6)
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and define
M∞ := {(z,w) ∈ H\{(0, 0)} : J∞(z,w) = 0}.

For any z ∈ H1(RN) \ {0} and t > 0, we make scaling refer to the method proposed by Chen et
al. [21] that zt(x) = f −1(t f (z(t−1x))). Let (z,w) ∈ H, we have

I(zt,wt) =
tN

2

∫
RN

[1 + 2t2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
1 + 2t2 f 2(w)
1 + 2 f 2(w)

|∇w|2
]

+
tN+2

2

∫
RN

[V1(tx) f 2(z) + V2(tx) f 2(w)] − tN
∫
RN

F(t f (z), t f (w)),
(2.7)

J(zt,wt) =
N
2

tN
∫
RN

[1 + 2t2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
1 + 2t2 f 2(w)
1 + 2 f 2(w)

|∇w|2
]

+ 2tN+2
∫
RN

[ f 2(z)
1 + 2 f 2(z)

|∇z|2 +
f 2(w)

1 + 2 f 2(w)
|∇w|2

]
+

tN+2

2

∫
RN

[(N + 2)V1(tx) + ∇V1(tx) · (tx)] f 2(z)

+
tN+2

2

∫
RN

[(N + 2)V2(tx) + ∇V2(tx) · (tx)] f 2(w)

− tN
∫
RN

[h(t f (z), t f (w))t f (z) + g(t f (z), t f (w))t f (w) + tNF(t f (z), t f (w))].

(2.8)

Define m := inf
M

I(z,w) and m∞ := inf
M∞

I∞(z,w), then our aim is to prove that m is achieved.

3. Preliminaries

In this section we give some primary results used throughout the paper. First, for easy reference we
present below some properties of the function f and its derivative, which are extensively used in the
rest of the paper.

Lemma 3.1. [8, 19] f(t) and its derivative have the following properties:
(1) f is uniquely defined C∞ function and invertible;
(2) | f

′

(t)| ≤ 1 for all t ∈ R;
(3) | f (t)| ≤ |t| for all t ∈ R;
(4) f (t)

t → 1 as t → 0;
(5) f (t)

√
t
→ 2

1
4 as t → +∞;

(6) f (t)
2 ≤ t f

′

(t) ≤ f (t) for all t ≥ 0 and f (t) f
′

(t) ≤ f 2(t) for all t ∈ R;
(7) | f (t)| ≤ 2

1
4 |t|

1
2 for all t ∈ R;

(8) the function f 2(t) is strictly convex;
(9) there exists a positive constant C such that

| f (t)| ≥

C|t|, |t| ≤ 1,
C|t|

1
2 , |t| ≥ 1;
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(10) there exist positive contant C1 and C2 such that

|t| ≤ C1| f (t)| +C2| f (t)|2 f or all t ∈ R;

(11) | f (t) f
′

(t)| ≤ 1
√

2
for all t ∈ R.

Inspired by [21, 37, 38], we establish the following important inequality.

Lemma 3.2. Assume that (V1), (V2), (F1)–(F3) hold. Then

I(z,w) ≥ I(zt,wt) +
1 − tN+p

N + p
J(z,w) +

1
2

Q(t, z,w), ∀(z,w) ∈ H\{(0, 0)}, t > 0,

where Q(t, z,w) is defined as

Q(t, z,w) :=
∫
RN

{[
1 −

tN(1 + 2t2 f 2(z))
1 + 2 f 2(z)

]
−

1 − tN+p

N + p

[
N +

4 f 2(z)
1 + 2 f 2(z)

]}
|∇z|2

+

∫
RN

{[
1 −

tN(1 + 2t2 f 2(w))
1 + 2 f 2(w)

]
−

1 − tN+p

N + p

[
N +

4 f 2(w)
1 + 2 f 2(w)

]}
|∇w|2.

Proof. Set Qi(t, x) := Vi(x) − tN+2Vi(tx) − 1−tN+p

N+p [(N + 2)Vi(x) + ∇Vi(x) · x], i = 1, 2, and

Q3(t, τ1, τ2) :=tN F(tτ1, tτ2) − F(τ1, τ2)

+
1 − tN+p

N + p
[h(τ1, τ2)τ1 + g(τ1, τ2)τ2 + NF(τ1, τ2)].

It follows from (2.1), (2.4) and (2.5) that

I(z,w) − I(zt,wt)

=
1
2
∥∇z∥22 +

1
2
∥∇w∥22 −

tN

2

∫
RN

[1 + 2t2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
1 + 2t2 f 2(w)
1 + 2 f 2(w)

|∇w|2
]

+
1
2

∫
RN

[V1(x) − tN+2V1(tx)] f 2(z) +
1
2

∫
RN

[V2(x) − tN+2V2(tx)] f 2(w)

+

∫
RN

[tN F(t f (z), t f (w)) − F( f (z), f (w))]

=
1 − tN+p

N + p

{N
2
∥∇z∥22 +

N
2
∥∇w∥22 +

∫
RN

2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
∫
RN

2 f 2(w)
1 + 2 f 2(w)

|∇w|2

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(z) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(w)

−

∫
RN

[NF( f (z), f (w)) + h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)]
}

+
1
2

{ ∫
RN

{[
1 −

tN(1 + 2t2 f 2(z))
1 + 2 f 2(z)

]
−

1 − tN+p

N + p

[
N +

4 f 2(z)
1 + 2 f 2(z)

]}
|∇z|2

+

∫
RN

{[
1 −

tN(1 + 2t2 f 2(w))
1 + 2 f 2(w)

]
−

1 − tN+p

N + p

[
N +

4 f 2(w)
1 + 2 f 2(w)

]}
|∇w|2

}
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+
1
2

∫
RN

{
V1(x) − tN+2V1(tx) −

1 − tN+p

N + p
[(N + 2)V1(x) + ∇V1(x) · x]

}
f 2(z)

+
1
2

∫
RN

{
V2(x) − tN+2V2(tx) −

1 − tN+p

N + p
[(N + 2)V2(x) + ∇V2(x) · x]

}
f 2(w)

+

∫
RN

{
tN F(t f (z), t f (w)) − F(t f (z), t f (w)) +

1 − tN+p

N + p
[h(t f (z), t f (w)) f (z)

+ g(t f (z), t f (w)) f (w) + NF(t f (z), t f (w))]
}

=
1 − tN+p

N + p
J(z,w) +

1
2

Q(t, z,w) +
1
2

∫
RN

Q1(t, x) f 2(z) +
1
2

∫
RN

Q2(t, x) f 2(w)

+

∫
RN

Q3(t, f (z), f (w)).

It suffices to prove that
Qi(t, x) ≥ 0, ∀t ≥ 0, x ∈ RN , i = 1, 2, (3.1)

Q3(t, τ1, τ2) ≥ 0, ∀t ≥ 0, τ1, τ2 ∈ R, (3.2)

Q(t, z,w) ≥ 0, ∀t ≥ 0, (z,w) ∈ H. (3.3)

In deed, through a simple calculation, for any x ∈ RN and t > 0, by (V2) we have

dQi(t, x)
dt

= tN+p−1
[
(N + 2)Vi(x) + ∇Vi(x) · x −

(N + 2)Vi(tx) + ∇Vi(tx) · (tx)
tp−2

]
≥ 0, t ≥ 1,
≤ 0, 0 < t < 1,

then, thanks to the continuity of Qi(t, x) on t, (3.1) holds. For τ1, τ2 , 0, by (F3) we have

dQ3(t, τ1, τ2)
dt

=tN+p−1|τ1τ2|
p
[NF(tτ1, tτ2) + h(tτ1, tτ2)tτ1 + g(tτ1, tτ2)tτ2

|tτ1τ2|
p

−
h(τ1, τ2)τ1 + g(τ1, τ2)τ2 + NF(τ1, τ2)

|τ1τ2|
p

] ≥ 0, t ≥ 1,
≤ 0, 0 < t < 1,

then, together with the continuity of Q3(t, τ1, τ2) on t imply that Q3(t, τ1, τ2) ≥ Q3(1, τ1, τ2) = 0 for all
t ≥ 0 and τ1, τ2 ∈ R\{0}, i.e., (3.2) holds. From the definition of f , we have

∥∇z∥2 ≥ ∥∇ f (z)∥2, ∀z ∈ RN . (3.4)

Then, together with

dQ(t, z,w)
dt

= tN−1{t2(tp−2 − 1)[N∥∇z∥22 + 2(∥∇z∥22 − ∥∇ f (z)∥22)] + N(t2 − 1)∥ f (z)∥22}

+ tN−1{t2(tp−2 − 1)[N∥∇w∥22 + 2(∥∇w∥22 − ∥∇ f (w)∥22)] + N(t2 − 1)∥ f (w)∥22},

imply that (3.3) holds. The proof is completed.
From Lemma 3.2, we have the following corollary.
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Corollary 3.3. Assume that (V1), (V2), (F1)–(F3) hold. Then for any (z,w) ∈ M,

I(z,w) = max
t>0

I(zt,wt). (3.5)

Similar to the proof of Lemma 3.2 and Corollary 3.3, we can get the following corollary.

Corollary 3.4. Assume that (F1)–(F3) hold. Then

I∞(z,w) ≥ I∞(zt,wt) +
1 − tN+p

N + p
J∞(z,w) +

1
2

Q(t, z,w), ∀(z,w) ∈ H\{(0, 0)}, t > 0.

Corollary 3.5. Assume that (F1)–(F3) hold. Then for any (z,w) ∈ M∞,

I∞(z,w) = max
t>0

I∞(zt,wt). (3.6)

Lemma 3.6. Assume that (V1), (V2) hold. Then there exist two constants d1, d2 > 0 such that for all
u ∈ H1(RN),

N
2
∥∇u∥22 +

∫
RN

[(N + 2)Vi(x) + ∇Vi(x) · x]u2 ≥ di∥u∥2H1(RN ), i = 1, 2.

Proof. Set Vi,max := max
x∈RN

Vi(x) ∈ (0,∞), i = 1, 2, and t̂i := ( 2Vi,max

Vi,0
)

1
N+2 > 1. Then we have

1
N + p

[(N + 2)Vi(x) + ∇Vi(x) · x] ≥
1 − t̂−(N+p)

i

N + p
[(N + 2)Vi(x) + ∇Vi(x) · x]

≥ t̂2−p
i [Vi(t̂ix) − t̂−(N+2)

i Vi(x)]

≥ t̂2−p
i [Vi,0 − t̂−(N+2)

i Vi,max]

=
Vi,0

2

(2Vi,max

Vi,0

) 2−p
N+2

, ∀x ∈ RN .

We conclude by taking di = min
{

N
2 , (N + p)Vi,0

2

(
2Vi,max

Vi,0

) 2−p
N+2
}
, i = 1, 2.

Lemma 3.7. Assume that (V1), (V2) and (F1)–(F3) hold. Suppose that (z,w) ∈ H\{(0, 0)}, then, there
is a unique t0 > 0 such that (zt0 ,wt0) ∈ M.

Proof. Let (z,w) ∈ H\{(0, 0)} be fixed. Define Y(t) := I(zt,wt) on (0,∞). If

Y
′

(t) =
N
2

tN−1
∫
RN

[1 + 2t2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
1 + 2t2 f 2(w)
1 + 2 f 2(w)

|∇w|2
]

+
tN

2

∫
RN

[ 4t f 2(z)
1 + 2 f 2(z)

|∇z|2 +
4t f 2(w)

1 + 2 f 2(w)
|∇w|2

]
+

N + 2
2

tN+1
∫
RN

[V1(tx) f 2(z) + V2(tx) f 2(w)]

+
tN+2

2

∫
RN

[∇V1(tx) · x f 2(z) + ∇V2(tx) · x f 2(w)]
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− NtN−1
∫
RN

F(t f (z), t f (w)) − tN
∫
RN

[h(t f (z), t f (w)) f (z) + g(t f (z), t f (w)) f (w)]

=0.

Obviously,

Y
′

(t) = 0 ⇔
J(zt,wt)

t
= 0 ⇔ (zt,wt) ∈ M.

From (V1), (V2) and (F2), it is easy to prove that lim
t→0

Y(t) = 0, Y(t) > 0 for t > 0 small enough and
Y(t)→ −∞ as t → +∞. This implies that Y(t) attains its maximum. Let (zt0 ,wt0) be the unique point at
which this maximum is achieved with t0 > 0 such that Y

′

(t0) = 0 and (zt0 ,wt0) ∈ M.
Now we prove the uniqueness. Indeed, if there exists another positive constant t1 , t0 such that

(zt1 ,wt1) ∈ M, i.e., J(zt1 ,wt1) = 0, then (3.3) and Lemma 3.2 imply

I(zt1 ,wt1) > I(zt0 ,wt0) +
tN+p
1 − tN+p

0

(N + p)tN+p
1

J(zt1 ,wt1)

= I(zt0 ,wt0)

> I(zt1 ,wt1) +
tN+p
0 − tN+p

1

(N + p)tN+p
0

J(zt0 ,wt0)

= I(zt1 ,wt1),

which is a contradiction, this finishes the proof.

Corollary 3.8. Assume that Vi(x) = Vi,∞, i = 1, 2 and (F1)–(F3) hold. Suppose that (z,w) ∈ H\{(0, 0)},
then, there is a unique t0 > 0 such that (zt0 ,wt0) ∈ M

∞.

By Corollary 3.3 and Lemma 3.7, we haveM , ∅ and the following lemma.

Lemma 3.9. Assume that (V1), (V2) and (F1)–(F3) hold. Then

inf
M

I(z,w) = m = inf
(z,w)∈H\{(0,0)}

max
t>0

I(zt,wt).

Proof. For any (z,w) ∈ M, it follows from Corollary 3.3 andM ⊂ H \ {(0, 0)} that

inf
M

I(z,w) ≥ inf
(z,w)∈H\{(0,0)}

max
t>0

I(zt,wt). (3.7)

On the other hand, by Lemma 3.7 there is a unique t0 > 0 such that (zt0 ,wt0) ∈ M, then
max

t>0
I(zt,wt) = I(zt0 ,wt0) ≥ inf

M
I(z,w), which implies

inf
(z,w)∈H\{(0,0)}

max
t>0

I(zt,wt) ≥ inf
M

I(z,w). (3.8)

(3.7) and (3.8) complete the proof.

Lemma 3.10. Assume that (V1), (V2) and (F1)–(F3) hold. Then
(i) there exists ρ2 > 0 such that ∥∇z∥22 + ∥∇w∥22 ⩾ ρ

2 for any (z,w) ∈ M;
(ii) m = inf

M
I > 0.
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Proof. (i) For any (z,w) ∈ M, we have J(z,w) = 0. By (F1), (2.4), (3.4), Lemma 3.1 (3), (7),
Lemma 3.6 and the Sobolev embedding inequality, for any ε > 0, one has

N
4

(∥∇z∥22 + ∥∇w∥22) +
γ1

2
∥ f (z)∥2H1(RN ) +

γ2

2
∥ f (w)∥2H1(RN )

≤
N
4

(∥∇z∥22 + ∥∇w∥22) +
N
4

(∥∇ f (z)∥22 + ∥∇ f (w)∥22)

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(z) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(w)

≤
N
2

(∥∇z∥22 + ∥∇w∥22) +
∫
RN

2 f 2(z)
1 + 2 f 2(z)

|∇z|2 +
∫
RN

2 f 2(w)
1 + 2 f 2(w)

|∇w|2

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(z) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(w)

=

∫
RN

[NF( f (z), f (w)) + h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)]

≤C1ε∥ f (z)∥22 +C1ε∥ f (w)∥22 +C2Cε∥z∥2
∗

2∗ +C2Cε∥w∥2
∗

2∗

≤C1ε∥ f (z)∥22 +C1ε∥ f (w)∥22 +C2CεS −
2∗
2 ∥∇z∥2

∗

2 +C2CεS −
2∗
2 ∥∇w∥2

∗

2 .

If we choose ε = 1
2min{ γ1

2C1β
2
1
, γ2

2C1β
2
2
} (β1 and β2 are embedding constants), then

N
4

(∥∇z∥22 + ∥∇w∥22) + (
γ1

2
−C1εβ

2
1)∥ f (z)∥2H1(RN ) + (

γ2

2
−C1εβ

2
2)∥ f (w)∥2H1(RN )

≤C2CεS −
2∗
2 (∥∇z∥2

∗

2 + ∥∇w∥2
∗

2 ).
(3.9)

By a simple calculation, we can deduce that there exists ρ2 > 0 such that

∥∇z∥22 + ∥∇w∥22 ≥ ρ
2, ∀(z,w) ∈ M.

(ii) By (3.1) and (3.2), we can deduce that

(p − 2)Vi(x) − ∇Vi(x) · x ≥ 0,∀x ∈ RN , i = 1, 2,

h(τ1, τ2)τ1 + g(τ1, τ2)τ2 − pF(τ1, τ2) ≥ 0,∀τ1, τ2 ∈ R.

Note that

I(z,w) −
1

N + p
J(z,w)

=
p − 2

2(N + p)
(∥∇z∥22 + ∥∇w∥22) +

1
N + p

(∥∇ f (z)∥22 + ∥∇ f (w)∥22)

+
1

2(N + p)

∫
RN

[(p − 2)V1(x) − ∇V1(x) · x] f 2(z)

+
1

2(N + p)

∫
RN

[(p − 2)V2(x) − ∇V2(x) · x] f 2(w)

+
1

N + p

∫
RN

[h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w)
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− pF( f (z), f (w))],∀(z,w) ∈ M.

Then for any (z,w) ∈ M, by (i) we can get

I(z,w) = I(z,w) −
1

N + p
J(z,w)

≥
p − 2

2(N + p)
(∥∇z∥22 + ∥∇w∥22)

≥
p − 2

2(N + p)
ρ2

> 0.

This implies that m = inf
M

I > 0.

Lemma 3.11. Assume that (V1), (V2) and (F1)–(F3) hold. Then m∞ ≥ m.

Proof. If the conclusion is false, that is, m∞ < m, then set κ := m−m∞ > 0 and there exists (z∞κ ,w
∞
κ )

such that
(z∞κ ,w

∞
κ ) ∈ M∞ and m∞ +

κ

2
> I∞(z∞κ ,w

∞
κ ). (3.10)

By Corollary 3.8, there is tκ > 0 such that ((z∞κ )tκ , (w
∞
κ )tκ) ∈ M

∞. It follows from (3.10) that

m∞ +
κ

2
> I∞(z∞κ ,w

∞
κ )

≥ I∞((z∞κ )tκ , (w
∞
κ )tκ)

≥ I((z∞κ )tκ , (w
∞
κ )tκ)

≥ m = m∞ + κ,

which is a contradiction. This completes the proof.

4. Proof of Theorem 1.1

Lemma 4.1. Assume that (V1), (V2), (F1)–(F3) hold. If zn ⇀ z̄, wn ⇀ w̄ in H1(RN), then

I(zn,wn) = I(z̄, w̄) + I(zn − z̄,wn − w̄) + o(1);
J(zn,wn) = J(z̄, w̄) + J(zn − z̄,wn − w̄) + o(1).

Proof. Since

I(z,w) =
1
2

∫
RN

[|∇z|2 + |∇w|2] +
1
2

∫
RN

[V1(x) f 2(z) + V2(x) f 2(w)]

−

∫
RN

F( f (z), f (w)),

it suffices to prove∫
RN

(|∇zn|
2 + |∇wn|

2) =
∫
RN

(|∇z̄|2 + |∇w̄|2) −
∫
RN

(|∇(zn − z̄)|2 + |∇(wn − w̄)|2) + o(1), (4.1)
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RN

V1(x) f 2(zn) =
∫
RN

V1(x) f 2(z̄) +
∫
RN

V1(x) f 2(zn − z̄) + o(1), (4.2)∫
RN

V2(x) f 2(wn) =
∫
RN

V2(x) f 2(w̄) +
∫
RN

V2(x) f 2(wn − w̄) + o(1), (4.3)∫
RN

F( f (zn), f (wn)) =
∫
RN

F( f (z̄), f (w̄)) +
∫
RN

F( f (zn − z̄), f (wn − w̄)) + o(1). (4.4)

By the Brezis-Lieb Lemma,∫
RN
|∇(zn − z̄)|2 =

∫
RN
|∇zn|

2 −

∫
RN
|∇z̄|2 + o(1),∫

RN
|∇(wn − w̄)|2 =

∫
RN
|∇wn|

2 −

∫
RN
|∇w̄|2 + o(1).

Then we have (4.1). Note that by Lemma 3.1 (2), (6), (7) and the Young inequality, one has

| f 2(zn − z̄ + z̄) − f 2(zn − z̄)| =
∣∣∣∣∣ ∫ 1

0

d
dt

f 2(zn − z̄ + tz̄)dt
∣∣∣∣∣

=

∣∣∣∣∣2∫ 1

0
f (zn − z̄ + tz̄) f

′

(zn − z̄ + tz̄)z̄dt
∣∣∣∣∣

≤ 2 · 2
1
2 (|zn − z̄||z̄| + z̄2)

≤ C1(ε|zn − z̄|2 +Cεz̄2).

Then by Lemma 3.1 (3), we can get

| f 2(zn − z̄ + z̄) − f 2(zn − z̄) − f 2(z̄)| ≤ C1ε|zn − z̄|2 + (C2 +C1Cε)z̄2.

Define Gn(x) := max
{
| f 2(zn − z̄ + z̄) − f 2(zn − z̄) − f 2(z̄)| −C1ε|zn − z̄|2, 0

}
, which satisfies that

Gn(x)→ 0 a.e. in RN ,

0 ≤ Gn(x) ≤ (C2 +C1Cε)z̄2.

Hence, by the Lebesgue dominated covergence theorem, we have
∫
RN Gn(x)→ 0 as n→ ∞. By the

definition of Gn, we obtain∫
RN
| f 2(zn − z̄ + z̄) − f 2(zn − z̄) − f 2(z̄)| ≤

∫
RN

2 · 2
1
2ε|zn − z̄|2 +

∫
RN

Gn,

which implies that ∫
RN
| f 2(zn) − f 2(zn − z̄) − f 2(z̄)| = o(1),

thus gives (4.2). Analogously, we get (4.3).
To prove (4.4), we claim that∫

RN
|F( f (zn), f (wn)) − F( f (zn − z̄), f (wn − w̄)) + F( f (z̄), f (w̄))| = o(1). (4.5)
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Define
Z(z,w) := F( f (z), f (w)), (4.6)

then by (F1) and Lemma 3.1 (3), (7), we have

lim
(z,w)→(0,0)

Z(z,w)
|(z,w)|2

= lim
(z,w)→(0,0)

F( f (z), f (w))
|( f (z), f (w))|2

·
|( f (z), f (w))|2

|(z,w)|2
= 0

and

lim
|(z,w)|→∞

Z(z,w)
|(z,w)|2∗

= lim
|(z,w)|→∞

F( f (z), f (w))
|( f (z), f (w))|2·2∗

·
|( f (z), f (w))|2·2

∗

|(z,w)|2∗
= 0,

from which we can deduce that, given any ε > 0, there exists Cε > 0 such that for all (z,w) ∈ R2,

|Z(z,w)| ≤ ε(|(z,w)|2 + |(z,w)|2
∗

) +Cε|(z,w)|r, (4.7)

|h̃(z,w)| ≤ ε(|(z,w)| + |(z,w)|2
∗−1) +Cε|(z,w)|r−1, (4.8)

|g̃(z,w)| ≤ ε(|(z,w)| + |(z,w)|2
∗−1) +Cε|(z,w)|r−1, (4.9)

where ∇Z(z,w) = (h̃, g̃) and r ∈ (2, 2∗). By (4.6)–(4.9), the Mean value theorem and the Young
inequality, one has∣∣∣Z(zn − z̄ + z̄,wn − w̄ + w̄) − Z(zn − z̄,wn − w̄)

∣∣∣
≤
∣∣∣Z(zn − z̄ + z̄,wn − w̄ + w̄) − Z(zn − z̄,wn − w̄ + w̄)

∣∣∣
+
∣∣∣Z(zn − z̄,wn − w̄ + w̄) − Z(zn − z̄,wn − w̄)

∣∣∣
≤

∣∣∣∣∣ ∫ 1

0
h̃(zn − z̄ + tz̄,wn − w̄ + w̄)z̄dt

∣∣∣∣∣ + ∣∣∣∣∣ ∫ 1

0
g̃(zn − z̄,wn − w̄ + tw̄)w̄dt

∣∣∣∣∣
≤

∫ 1

0

[
ε|(zn − z̄ + tz̄,wn)||z̄| + ε|(zn − z̄ + tz̄,wn)|2

∗−1|z̄| +Cε|(zn − z̄ + tz̄,wn)|r−1|z̄|
]
dt

+

∫ 1

0

[
ε|(zn − z̄,wn − w̄ + tw̄)||w̄| + ε|(zn − z̄,wn − w̄ + tw̄)|2

∗−1|w̄|

+Cε|(zn − z̄,wn − w̄ + tw̄)|r−1|w̄|
]
dt

≤C3ε(|zn − z̄|2 + |wn − w̄|2 + |zn − z̄|2
∗

+ |wn − w̄|2
∗

+ z̄2 + w2
n + |z̄|

2∗ + |wn|
2∗

+ w̄2 + |w̄|2
∗

) +C4Cε(|zn − z̄|r + |wn − w̄|r + |z̄|r + |wn|
r + |w̄|r)

and

|Z(zn,wn) − Z(zn − z̄,wn − w̄) − Z(z̄, w̄)|
≤|Z(x, zn,wn) − Z(x, zn − z̄,wn − w̄)| + |Z(x, z̄, w̄)|

≤C5ε(|zn − z̄|2 + |wn − w̄|2 + |zn − z̄|2
∗

+ |wn − w̄|2
∗

+ z̄2 + w2
n + |z̄|

2∗ + |wn|
2∗

+ w̄2 + |w̄|2
∗

) +C6Cε(|zn − z̄|r + |wn − w̄|r + |z̄|r + |wn|
r + |w̄|r).

Define the function

Hn(x) =max{|Z(zn,wn) − Z(zn − z̄,wn − w̄) − Z(z̄, w̄)| −C5ε(|zn − z̄|2 + |wn − w̄|2
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+ |zn − z̄|2
∗

+ |wn − w̄|2
∗

) −C6Cε(|zn − z̄|r + |wn − w̄|r), 0},

which satisfies that
Hn → 0 a.e. in RN ,

0 ≤ Hn(x) ≤ C5ε(z̄2 + w2
n + |z̄|

2∗ + |wn|
2∗ + w̄2 + |w̄|2

∗

) +C6Cε(|z̄|r + |wn|
r + |w̄|r).

Then similar to the proof of (4.2), one can get (4.5).
The first half of the proof of the lemma is completed. Similarly, we can prove the second half of the

lemma.

Lemma 4.2. Assume that (V1), (V2) and (F1)–(F3) hold. Then m is achieved.

Proof. Let {(zn,wn)} ⊂ M so that I(zn,wn)→ m. Then, as the proof in Lemma 3.10, we have

m + o(1) = I(zn,wn) = I(zn,wn) −
1

N + p
J(zn,wn) ≥

p − 2
2(N + p)

(∥∇zn∥
2
2 + ∥∇wn∥

2
2),

which shows that {∥∇zn∥2} and {∥∇wn∥2} are bounded. In view of (3.9), we have

γ1

4
∥ f (zn)∥2H1(RN ) +

γ2

4
∥ f (wn)∥2H1(RN )

≤C1CεS −
2∗
2 (∥∇zn∥

2∗
2 + ∇wn∥

2∗
2 ),

which implies that {∥ f (zn)∥H1(RN )} and {∥ f (wn)∥H1(RN )} are bounded. Then it follows from Lemma 3.1
(9) and the Sobolev embedding inequality that∫

RN
z2

n =

∫
|zn |≤1

z2
n +

∫
|zn |>1

z2
n

≤ C2

∫
|zn |≤1
| f (zn)|2 +

∫
RN
|zn|

2∗

≤ C3∥ f (zn)∥22 + S −
2∗
2 ∥∇zn∥

2∗
2 ,

which shows that {zn} is bounded in H1(RN). Similarly, {wn} is bounded in H1(RN). Up to a
subsequence, there exist z̄, w̄ ∈ H1(RN) such that

zn ⇀ z̄, wn ⇀ w̄ in H1(RN);
zn → z̄, wn → w̄ in Ls

loc(R
N), 2 ≤ s < 2∗;

zn → z̄, wn → w̄ a.e. in RN .

If (z̄, w̄) = O, then

lim
n→∞

∫
RN

[Vi,∞ − Vi(x)] f 2(zn) = 0, i = 1, 2. (4.10)

In fact, it follows from (V1) that for any ε > 0, there exists R > 0 such that

|Vi(x) − Vi,∞| < ε, ∀|x| ≥ R.
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On the one hand, we have ∣∣∣∣∣ ∫
|x|≤R

[Vi,∞ − Vi(x)] f 2(zn)
∣∣∣∣∣ ≤ 2Vi,∞

∫
|x|≤R

z2
n.

On the other hand, it is easy to check that

lim
n→∞

∫
|x|>R

[Vi,∞ − Vi(x)]z2
n = lim

n→∞
ε

∫
|x|>R

z2
n → 0 as n→ ∞.

It is clear that (4.10) holds. Now we prove

lim
n→∞

∫
RN
∇Vi(x) · x f 2(zn) = 0, i = 1, 2. (4.11)

Let Aε = {x ∈ R3 : |∇Vi(x) · x| ≥ ε}, by the Openset construction theorem, Aε =
+∞⋃
n=1

(Aε ∩ Bn), then

we have lim
n→∞

meas(Aε ∩ Bn) = meas(Aε) < +∞, which implies

lim
n→∞

meas(Aε ∩ Bc
n) = 0. (4.12)

From (3.1) we have
lim
t→0

Qi(t, x) ≥ 0, ∀x ∈ RN , i = 1, 2,

lim
t→∞

Qi(t, x)
tN+p ≥ 0, ∀x ∈ RN , i = 1, 2,

then we can obtain −(N + 2)Vi(x) ≤ ∇Vi(x) · x ≤ (p − 2)Vi(x), this implies

|∇Vi(x) · x| ≤ C4Vi(x) ≤ C4Vi,∞ := M. (4.13)

By Lemma 3.1 (3), (4.12), (4.13) and the Hölder inequality, for large R we have

lim
n→∞

∫
RN
|∇Vi(x) · x| f 2(zn)

≤ lim
n→∞

∫
RN
|∇Vi(x) · x|z2

n

= lim
n→∞

[ ∫
BR

|∇Vi(x) · x|z2
n +

∫
Bc

R∩Aε
|∇Vi(x) · x|z2

n +

∫
Bc

R∩Ac
ε

|∇Vi(x) · x|z2
n

]
≤ lim

n→∞

[
M
∫

BR

z2
n + M

∫
Bc

R∩Aε
z2

n +

∫
Bc

R∩Ac
ε

εz2
n

]
≤ lim

n→∞

[
M
∫

BR

z2
n + M

∫
Bc

R∩Aε
z2

n + ε

∫
RN

z2
n

]
≤ lim

n→∞

[
M
∫

BR

z2
n + +M

( ∫
Bc

R∩Aε
1
) 2

N
( ∫

Bc
R∩Aε

z
2N

N−2
n

) N−2
N

+ ε

∫
RN

z2
n

]
≤ lim

n→∞

[
M
∫

BR

z2
n + M(meas(Bc

R ∩ Aε))
2
N ∥zn∥

2
2∗ + ε

∫
RN

z2
n

]
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= 0.

Next, we claim that there exist δ1, δ2 > 0 and {yn1}, {yn2} ⊂ R
N such that

∫
B1(yn1 )

z2
n > δ1,

∫
B2(yn2 )

w2
n >

δ2. Otherwise, by Lions’ concentration compactness principle lemma, we know

zn,wn → 0 in Lr(RN), ∀r ∈ (2, 2∗). (4.14)

Under (F1), (F2) and Lemma 3.1 (3), for any ε > 0 and some p ∈ (2, 2 ·2∗), there exists Cε > 0 such
that ∫

RN
[h( f (z), f (w)) f (z) + g( f (z), f (w)) f (w) + F( f (z), f (w))]

≤C5ε[∥ f (z)∥22 + ∥ f (w)∥22] +C5Cε[∥z∥2
∗

2∗ + ∥w∥
2∗
2∗

+ ∥z∥2·2
∗

2·2∗ + ∥w∥
2·2∗
2·2∗ + ∥z∥

p
p + ∥w∥

p
p].

(4.15)

By (2.4), (3.4), (4.15) and Lemma 3.6, one can get

N
4
ρ2 +

d1

2
∥ f (zn)∥2 +

d2

2
∥ f (wn)∥2

≤
N
4
∥∇zn∥

2
2 +

N
4
∥∇wn∥

2
2 +

N
4
∥∇ f (zn)∥22 +

N
4
∥∇ f (wn)∥22

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(zn) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(wn)

≤
N
2
∥∇zn∥

2
2 +

N
2
∥∇wn∥

2
2 +

∫
RN

2 f 2(zn)
1 + 2 f 2(zn)

|∇zn|
2 +

∫
RN

2 f 2(wn)
1 + 2 f 2(wn)

|∇wn|
2

+
1
2

∫
RN

[(N + 2)V1(x) + ∇V1(x) · x] f 2(zn) +
1
2

∫
RN

[(N + 2)V2(x) + ∇V2(x) · x] f 2(wn)

=

∫
RN

[NF( f (zn), f (wn)) + h( f (zn), f (wn)) f (zn) + g( f (zn), f (wn)) f (wn)]

≤(1 + N)C5ε[∥ f (zn)∥22 + ∥ f (wn)∥22] + (1 + N)C5Cε[∥zn∥
2∗
2∗ + ∥wn∥

2∗
2∗

+ ∥zn∥
2·2∗
2·2∗ + ∥wn∥

2·2∗
2·2∗ + ∥zn∥

p
p + ∥wn∥

p
p],

which contradicts to (4.14).
If we set ẑn(x) = zn(x+yn1), ŵn(x) = wn(x+yn2), then we have ∥ẑn∥H1(RN ) = ∥zn∥H1(RN ) and ∥ŵn∥H1(RN ) =

∥wn∥H1(RN ). By (2.1), (2.4)–(2.6), (4.10) and (4.11), we have

I∞(zn,wn)→ I(zn,wn)→ m,

J∞(zn,wn)→ J(zn,wn) = 0.

Then
I∞(ẑn, ŵn)→ m, J∞(ẑn, ŵn) = o(1), (4.16)∫

B1(0)
|ẑn|

2 > δ1,

∫
B2(0)
|ŵn|

2 > δ2. (4.17)

Moreover, there exist ẑ, ŵ ∈ H1(RN) \ {0} such that, passing to a subsequence,

ẑn ⇀ ẑ, ŵn ⇀ ŵ in H1(RN);
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ẑn → ẑ, ŵn → ŵ in Ls
loc(R

N), 1 ≤ s < 2∗;
ẑn → ẑ, ŵn → ŵ a.e. on RN .

Let (rn, sn) = (ẑn − ẑ, ŵn − ŵ). Then from (4.16) and Lemma 4.1 we have

I∞(ẑn, ŵn) = I∞(ẑ, ŵ) + I∞(rn, sn) + o(1), (4.18)

J∞(ẑn, ŵn) = J∞(ẑ, ŵ) + J∞(rn, sn) + o(1). (4.19)

Define

Ψ∞(z,w) := I∞(z,w) −
1

N + p
J∞(z,w), ∀(z,w) ∈ H. (4.20)

From (4.18)–(4.20), one can get

Ψ∞(rn, sn) = m − Ψ∞(ẑ, ŵ) + o(1), (4.21)

J∞(rn, sn) = −J∞(ẑ, ŵ) + o(1). (4.22)

If there exists a subsequence {(rni , sni)} of {(rn, sn)} such that (rni , sni) = 0, i.e., rni = sni = 0, then we
have

I∞(ẑ, ŵ) = m, J∞(ẑ, ŵ) = 0. (4.23)

Next, we assume that (rn, sn) , O. We claim that J∞(ẑ, ŵ) ≤ 0. If not, that is, J∞(ẑ, ŵ) > 0, then it
follows from (4.22) that J∞(rn, sn) < 0 for n large enough. From Corollary 3.8, there exists tn > 0 such
that ((rn)tn , (sn)tn) ∈ M

∞ for large n. By (4.20)–(4.22), Corollary 3.4 and Lemma 3.11, one has

m − Ψ∞(ẑ, ŵ) + o(1) = Ψ∞(rn, sn) = I∞(rn, sn) −
1

N + p
J∞(rn, sn)

> I∞((rn)tn , (sn)tn) −
tN+p
n

N + p
J∞(rn, sn)

≥ m∞ ≥ m,

which is a contradiction with Ψ∞(ẑ, ŵ) > 0. Thus, J∞(ẑ, ŵ) ≤ 0. By Corollary 3.8, there exists t∞ > 0
such that (ẑt∞ , ŵt∞) ∈ M∞. Moreover, by using (4.15), (4.21), the Fatou’s lemma and Lemma 3.11 we
have

m = lim
n→∞

I∞(ẑn, ŵn)

= lim
n→∞

[
I∞(ẑn, ŵn) −

1
N + p

J∞(ẑn, ŵn)
]

≥ I∞(ẑ, ŵ) −
1

N + p
J∞(ẑ, ŵ)

≥ I∞(ẑt∞ , ŵt∞) −
tN+p
∞

N + p
J∞(ẑ, ŵ)

≥ m∞ ≥ m,
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which shows that (4.23) holds also. By Lemma 3.7, there exists t̂ > 0 such that (ẑt̂, ŵt̂) ∈ M. By (V1),
Corollary 3.5, (4.26), we have

m ≤ I(ẑt̂, ŵt̂) ≤ I∞(ẑt̂, ŵt̂) ≤ I∞(ẑ, ŵ) = m,

which implies that m is achieved at (ẑt̂, ŵt̂) ∈ M.
If (z̄, w̄) , O. In this case, similar to the proof of (4.23), by using I and J instead of I∞ and J∞, we

can prove that I(z̄, w̄) = m, J(z̄, w̄) = 0.

Proof of Theorem 1.1. Let (z̄, w̄) ∈ M be a minimizer of the functional I|M. Then, from Lemma 3.9,
one has

I(z̄, w̄) = m = inf
(z,w)∈H\{(0,0)}

max
t>0

I(zt,wt).

Suppose by contradiction that (z̄, w̄) is not a critical point of I, then one can find φ1, φ2 ∈ C∞0 (RN)
such that

⟨I′(z̄, w̄), (φ1, φ2)⟩

=

∫
RN

(∇z̄∇φ1 + ∇w̄∇φ2) +
∫
RN

[V1(x) f (z̄) f ′(z̄)φ1 + V2(x) f (w̄) f ′(w̄)φ2]

−

∫
RN

[h( f (z̄), f (w̄)) f ′(z̄)φ1 + g( f (z̄), f (w̄)) f ′(w̄)φ2]

< − 1.
We choose small ε > 0 such that

⟨I′(z̄t + σφ1, w̄t + σφ2), (φ1, φ2)⟩ ≤ −
1
2
, |t − 1|, |σ| ≤ ε,

and introduce a cut-off function 0 ≤ ξ ≤ 1 satisfying ξ(t) = 1 for |t − 1| ≤ ε2 and ξ(t) = 0 for |t − 1| ≥ ε.
For t ≥ 0, we define

η1(t) :=

z̄t, |t − 1| ≥ ε,
z̄t + εξ(t)φ1, |t − 1| < ε,

η2(t) :=

w̄t, |t − 1| ≥ ε,
w̄t + εξ(t)φ2, |t − 1| < ε.

Then ηi(t) is a continuous curve in the metric (H1(RN), d), and eventually choosing a smaller ε, we
get dH1(RN )(ηi(t), 0) > 0 for |t − 1| < ε, where dH1(RN )(u, v) = ∥u − v∥H1(RN ).

Next, we claim that sup
t≥0

I(η1(t), η2(t)) < m. Indeed, if |t − 1| ≥ ε, then by Lemma 3.2, for all t > 0

we have
I(η1(t), η2(t)) = I(z̄t, w̄t) ≤ I(z̄, w̄) −

1
2

Q(t, z̄, w̄) = m −
1
2

Q(t, z̄, w̄) < m.

If |t−1| < ε, t ≥ 0, by using the mean value theorem to the C1-map [0, ε] ∋ σ 7→ I
′

(z̄t+σξ(t)φ1, w̄t+

σξ(t)φ2) ∈ R, we find, for a suitable σ̄ ∈ (0, ε),

I(η1(t), η2(t)) = I(z̄t + σξ(t)φ1, w̄t + σξ(t)φ2)

= I(z̄t, w̄t) +
〈
I
′

(z̄t + σ̄ξ(t)φ1, w̄t + σ̄ξ(t)φ2), (ξ(t)φ1, ξ(t)φ2)
〉

≤ I(z̄t, w̄t) −
1
2
ξ(t)

< m.

(4.24)
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Define Ψ0(t) := J(η1(t), η2(t)). It follows from (F1), (F2) that there exist T1 ∈ (0, 1) and T2 ∈ (1,∞)
such that J(z̄T1 , w̄T1) > 0 and J(z̄T2 , w̄T2) < 0. Then we observe

Ψ0(T1) = J(η1(T1), η2(T1)) = J(z̄T1 , w̄T1) > 0

and
Ψ0(T2) = J(η1(T2), η2(T2)) = J(z̄T2 , w̄T2) > 0,

which, together with the continuity of Ψ0(t) on t ∈ [0,∞), imply that there exists t0 ∈ [T1,T2] such that
J(η1(t0), η2(t0)) = 0. Thus, we have

(η1(t0), η2(t0)) ∩M , ∅

and
I(η1(t0), η2(t0)) < m.

This contradicts to the definition of m.
To conclude, there exists (z̄, w̄) ∈ M such that

I(z̄, w̄) = m = inf
(z,w)∈H\{(0,0)}

max
t>0

I(zt,wt), I
′

(z̄, w̄) = 0.

This shows (z̄, w̄) is a ground state solution of (1.1) such that I(z̄, w̄) = inf
M

I > 0.

The proof is completed.
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