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1. Introduction

In this paper, we study the fractional iterative functional differential equation with a convection term
and nonlocal boundary condition

{ € D& u(t) + () = f@@), @), -, u™M@), 0<r<1, (L1)

w'(0) =0, u(l) =),

where “Dg, denotes the Caputo derivative of order @, 1 < @ < 2, 4 € R, ul) = 1, ull(t) =
u(®), -+, u™t) = u™"u(r). e(u) = fol u(s)dA(s) is a Stieltjes integral with a signed measure, that is,
A is a function of bounded variation.

During the recent few decades, a vast literature on fractional differential equations has emerged,
see [1-6] and the references therein. On the excellent survey of these related documents it is pointed
out that the applicability of the theoretical results to fractional differential equations arising in various
fields, for instance, chaotic synchronization [3], signal propagation [4], viscoelasticity [5], dynamical
networks with multiple weights [6], and so on. Recently, we notice that the study of Caputo fractional
differential equations with a convection term has become a heat topic (see [7-10]).

In [7], Meng and Stynes considered the Green function and maximum principle for the following
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Caputo fractional boundary value problem (BVP)
S D&u(t) +bu'(t) = f(1), 0<t<l,
u(0) = Bou’'(0) = yo, u(l) +pu'(1) =1,

where 1 < @ < 2, b, By, B1, Yo, ¥1 € Rand f € C[0, 1] are given. Bai et al. [8] studied the Green
function of the above problem, and the results obtained improve some conclusions of [7] to some
degree.

Wang et al. [9] used operator theory to establish the Green function for the following problem

—C D% u(t) + W/ () = h(t), a<t<b,
u(a) — Pou'(a) = yo, u(b) +p1u'(b) =y,

where 1 < a < 2, the constants A, By, 81, Yo, ¥1 and the function & € C[a, b] are given. The methods are
entirely different from those used in [7, 8], and the results generalize corresponding ones in [7, 8].
In [10], Wei and Bai investigated the following fractional order BVP

=€ D3.u(t) + bu' (1) = f(t,u(t)), x€(0,1),
u(0) =B’ (0) = 0, u(1) +Byu’(1) = 0,

where 1 < @ < 2 and b, By, 51 € R are constants. By employing the Guo-Krasnoselskii fixed point
theorem and Leggett-Williams fixed point theorem, the existence and multiplicity results of positive
solutions are presented.

Now, not only fractional differential equations have been studied constantly (see [11-17]), but
also iterative functional differential equations have been discussed extensively as valuable tools in the
modeling of many phenomena in various fields of scientific and engineering disciplines, for example,
see [18-26] and the references cited therein. In [22], Zhao and Liu used the Krasnoselskii fixed point
theorem to discuss the existence of periodic solutions of an iterative functional differential equation

u' () = ci(u(®) + c; U @) + ...+ e, (™M) + F(@).
For the general iterative functional differential equation

W' (1) = fW@), @), -, u™M@)),

the existence, uniqueness, boundedness and continuous dependence on initial data of positive solutions
was considered in [23].
In [24], the authors studied the following BVP

W’ (0) + h@@), @), - u™M@) =0, -b<t<b,
u(_b) = 7719 I/l(b) = TIZ’ )719 TIZ € [_ba b]a

where h : [-b,b] x R¥ — R is continuous. By using the fixed point theorems, the authors established
the existence, uniqueness and continuous dependence of a bounded solution.

To the best of our knowledge, there are few researches on fractional iterative functional differential
equations integral boundary value problem with a convection term. Motivated by the above works and
for the purpose to contribute to filling these gaps in the literature, this paper mainly focuses on handing
with the existence, uniqueness, continuous dependence and multiplicity of positive solutions for the
fractional iterative functional differential equation nonlocal BVP (1.1).

By a positive solution u of (1.1), we mean u(t) > O for ¢ € [0, 1] and satisfies (1.1).
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2. Preliminaries and lemmas

Definition 2.1.( [1], [2]) The Riemann-Liouville fractional integral of order a > 0 of a function f :
(0, +00) — R is given by

1 !
B0 = s fo (it - 9 f(s)ds,

provided the right-hand side is pointwise defined on (0, +00), where I'(x) = fom *le7dt (x > 0) is the
gamma function.

Definition 2.2.( [1], [2]) The Caputo fractional derivative of order a > 0 of a function f : (0,00) - R
is given by

D0 = s [y s
provided the right-hand side is pointwise deﬁned on (0, +00), where m = [a] + 1

Definition 2.3. [ 1] The two-parameter Mittag-Leffler function is defined by

o k
x
E = § — R.
iy (%) 24Tk + v fora>0,y>0andx €

Lemma 2.1. [7] Let F(x) = ¥E,_ 158 (Ax*"). Then Fpg has the following properties:
(P1) : [Fp1(0)]" = Fp(x) for B > 0 and x > 0;
(Py) : Fi1(0) =1, Fg(0)=0forp>1;
(P3) : Fi(x) > 0 for x > 0, Fy(x) is increasing for x > 0;
(Py) : Fo_1(x) > O for x >0, F(x) is increasing for x > 0;
(Ps) : Fi(x) = AF,(x) + L forO < x < 1.
For 8 > 0 and v > 0 one has by [1]

(Ig+Fv)(t) = F(ﬁ) f(t_ S)B K lEa lv(/lsa l)ds tﬁ+v lEa lﬁ+v(/lta 1)
That is to say,
(I.F)(0) = Fg,(t), 0<t<1. 2.1)

Lemma 2.2. Suppose that h € AC|0, 1] and ¢(1) # 1. Then u € AC?[0, 1] is the solution of

“CD%u®) + W' (@) =h(t), O0<t<l,l<a<?,
{ ¢ u(t) + ' (1) = h(t) a 02

' (0) =0, u(l) = p(u),

if and only if the function u satisfies u(t) = fol H(t, s)h(s)ds, where

H(t,s) = (I)QA(S) + G(t, 5),

Fo(1=5)=F,t—s), 0<s<r<1,

1
Ga(s) = fo G(t, )dA(D), G(t,s) = {Fa(l 9 O<i<s<l.
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Proof. Applying Ijj, to the both sides of the Eq (2.2), we know by simple calculation that the general
solution of (2.2) is given by

u(t) = Co+ C1Fy(t) - j: Fo(t = s)h(s)ds, te][0,1]. (2.3)
Then .
u'(t) = C1F (1) - [) Fo_1(t = s)h(s)ds.
In view of «’(0) = 0 and u(1) = ¢(u), we deduce by (2.3) that
Ci =0, Co=ou+ fol Fo(1 = $)h(s)ds.
Therefore,

1 t
u(t) = o(u) + f F,(1 = s)h(s)ds — f F.(t — s)h(s)ds
0 0

1
= o(u) + f G(t, s)h(s)ds, te][0,1]. (2.4)
0

Direct computations yield

1 1 pl
o(u) = f e(u)dA(t) + f f G(t, s)h(s)dsdA(r)
0 0 Jo
1l
= o(u)p(1) + f f G(t, s)dA(h(s)ds
0 Jo

1
:awan+l:@mm@u&

It follows that
1

1 =)

Substituting it to (2.4), we have u(r) = [ H(t, s)h(s)ds, 1 € [0, 1].
Conversely, due to

1
o(u) = j; Ga($)h(s)ds.

1 1
u(t) = f H(t, s)h(s)ds = f ( ! Ga(s) + G(t, s)) h(s)ds,
0 o \1—¢)

we obtain

1

1 1 1 1
Es | omsas+ [ Gumsns - [ Gutomisias
0 0 1 - (1) Jo

1 =)

o(u) =

and

1 1 t
u(t) = o(u) + f G(t, s)h(s)ds = ¢(u) + f F,(1 - s)h(s)ds — f F.,(t — s)h(s)ds.
0 0 0
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Then, u(1) = ¢(u) and u’(0) = 0.
Let

H(r) = f F,(t— s)h(s)ds = f F,()h(t —s)ds, 0<t<1.
0 0

Then, for almost all ¢ € [0, 1],

t

H'(t) = h(0)F () + f Fo(s)P' (t — s)ds = h(0)F,(t) + f Fo(t — )P (s)ds,
0 0

and )
H"(t) = h(0)F,_1(t) + f Fo_1(t — s)I (s)ds.
0
Then using (2.1), we calculate
C na _ (12—a gy
Dy.H(t) = (I5-"H")(1)

= h(0)F(t) + F(21— o f(;(r - f: Fo_1(r =)W' (s)dsdr
1

I'2-a)

= h(0)F,(t) + ‘[0 n(s)[ fo_‘ (t—s- T)l_“Fa_l(T)dT]ds 2.5)

= h(0)F, () + f W ($)(I*F,_)(t — s)ds
0

= WO)F,(t) + f W (s)F,(t — s)ds,
0

and

AH'(£) = A(0)F, (1) + A f Fo(t = )i (s)ds
0 (2.6)

= AR(0)F, (1) + f [[Fl(t — 5) = 1]K/(s)ds.
Combining (2.5) with (2.6), we obtain O
D2 H(t) — AH'(1)
=h(0)F (1) — Ah(0)F,(t) + fo t K (s)ds

=h(t) + h(O)[F1(2) — AF(2) — 1]
=h(r), O<r<l,

where we utilize & € AC[0, 1] and (Ps). Consequently, we obtain —CD8+ u(t) + Au'(t) = h(t). The proof
is finished.

As a direct consequence of the previous results, we deduce the following properties that, as we will
see, will be fundamental for subsequent studies.

Lemma 2.3. Assume that 0 < ¢(1) < 1 and Ga(s) > 0 for s € [0, 1]. Then fort,s € [0, 1],
1). G(t, s) and H(t, s) are continuous,
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2).0<G(t,s) < F,(1 —5), and G(t, s) is decreasing with respect to t;

3). 0 < H(t,s) < w(s), where w(s) = ﬁgA(s) + Fo(1 —5), and H(t, s) is decreasing with respect
tot.

Let £ = C[0, 1]. Then E is a Banach space with the usual maximum norm |[u|| = max;ejo 17 [u(?)|.
ForO < P <1andL > 0, define

Q(P, L) = {I/t ceE:0< bt(t) <P |M(t2) — M(t1)| < Lllg - l1|, Yt, 1,1 € [O, 1]}

It is easy to show that Q(P, L) is a convex and compact set.
Define an operator T : E — E as follows:

1
(Tu)(¢) = f H(t, $)ful®(s), ut(s), -, u™(s)ds, te€]0,1].
0

By Lemma 2.2, we can easily know that u is a solution of BVP (1.1) iff u is the fixed point of the
operator 7.

Suppose that

(H,) for the function f : [0, 1]N*! — [0, +00), there exist constants 0 < ko, ki, -+ ,ky < +0o such
that

N
s, uy) = fs v, vl < kolt = sl + D Kyl = vl
=1
(Hy) 0 < ¢(1) < 1, and A is a function of bounded variation such that G,(s) > O for s € [0, 1].
Clearly, using (H;), we obtain

N
|f (2, ur,u, -+ un)| < koltl + B + Z kijlujl, (2.7)
J=1
where g = |£(0,0,---,0)|.
Lemma 2.4. [22] For any u,v € Q(P, L),

n—1
™ = < Y L=, n=1,2,-- N,
i=0

Lemma 2.5. [27] Let P be a cone in a real Banach space E, P. ={u € P : ||lul| <c}, P(6,a,b) ={u €
P :a < 6, ||lul| < b). Suppose A : P. — P. is completely continuous, and suppose there exists a
concave positive functional 0 with O(u) < ||u|| (v € P) and numbers a,b and d with) <d <a < b <,
satisfying the following conditions:

(Cl){u € P,a,b) : O(u) > a} # 0 and O(Au) > a if u € P(0,a, b),

(C2) |Aul| < d ifu € Py;

(C3) 6(Au) > aforallu € P(6,a,c) with ||Au|| > b.
Then A has at least three fixed points u,, u,, uz € P, with

luill < d, 0(uz) > a, llusll > d, 6(us) < a.

Remark. If b = c, then (C1) implies (C3).
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3. Existence and uniqueness of positive solution

Theorem 3.1. Suppose that (H,) and (H,) hold. If

N j-1 1
ko +B+). > k,-UP)f w(s)ds < P, 3.1)
j=1 =0 0
and
N j-1
(ko +B+ ). > kGLPF,(1) < L, (32)

j=1 i=0

then problem (1.1) has a unique nonnegative solution. If in addition A is an increasing function, and
there exists ty € [0, 1] such that f(t,,0,---,0) > 0, then problem (1.1) has a unique positive solution.

Proof. For any u € Q(P, L), in view of (2.7) and Lemma 2.4, we deduce that
Lf @ (s), ut(s) -, ul™ ()]

N j-1
<kolsl +B+ > > k;Lllul
j i=0

J=1 i

j-1

and hence

1
|(Tw)(®)| < f w(s)If @ (s), " (s), -, u™(s))lds
0

N j-1

1
s<k0+ﬁ+ZijUP)f w(s)ds <P, tel0,1].
0

j=1 =0

Therefore, 0 < (Tu)(t) < P fort € [0, 1].
On the other hand, for any #,#, € [0,1] and #; < 1,, by means of Lagrange mean value theorem,
there exists & € (t;,1,) C (0, 1) such that

1 1
f |H(t2, 5) — H(t1, $)|ds = f (G(11, 5) — G(tp, 8))ds
0 0

%) 3l
= f F,(t, —s)ds — f F,(t; —s)ds
0 0

= Foi1(r) = Four(t1)
=Fo (&)t - 11)
< Fo(D)(1 — 1y).
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It follows from (3.2) that

=

J-1 1
[(Tu)(t2) — (Tu)(t1)| < (ko + B+ Z kL”P)f0 |H(t2, 5) — H(t1, 5)|ds

j=1

= 5
I

< (ko +B+

Mz

kjLiP)Fa(l)(t2 — 1)
i=0

—_

J:
< L(l’z - l]).

Therefore, T(Q(P, L)) C (P, L).
Next, we show that T is a contraction mapping on (P, L). Indeed, let u,v € Q(P, L). Then

(. 1(5), - N 5) = FO) ), AV (s))

N N j-1
< kil =W < Y L= vl
Jj=1 j=1 i=0

and
|Tu—Tv|

1
Sf W@ (s), (), -, u™M(5)) = FOIOU) (), -+ VIV (s))lds

SZNZJZ: L’Iu—vllfw(s)ds

j=1 i=0

It follows from (3.1) that
N

j-1
> k,L’ f w(s)ds < 1.

j=1 i

This shows that 7" is a contraction mapping on Q(P, L). It follows from the contraction mapping
theorem that 7" has a unique fixed point u# in Q(P, L). In other words, problem (1.1) has a unique
nonnegative solution.

Suppose u is the nonnegative solution to problem (1.1). Then

1
M(t) = f H(t’ s)f(u[O](S)9 T, M[N](S))ds’ re [O’ 1]
0

By the monotonicity of H(¢, s), we have u(¢) > u(1) > 0 for ¢ € [0, 1]. If A is an increasing function,
and there exists 7, € [0, 1] such that f(#,0,---,0) > 0, we must have u(1) > 0. Otherwise, u(1) = 0
and we have fol u(s)dA(s) = ¢(u) = u(1) = 0. Then u(r) = 0 for t € [0, 1]. By the equation of (1.1), we
conclude f(¢,0,---,0) = 0 for ¢ € [0, 1], which is a contradiction. We have thus proved u(1) > 0 and
u(t) > u(l) >0 fort € [0, 1].
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4. Continuous dependence

Theorem 4.1. Assume that the conditions of Theorem 3.1 are satisfied. Then the unique positive
solution of problem (1.1) continuously depends on function f.

Proof. For two continuous functions fi, f> : [0, 1]¥"! — [0, +00), they correspond respectively to
unique solutions u; and u, in Q(P, L) such that

1
ui(1) = f H(t, ) fiu"(s), (), -+ ,ulM(s)ds, 1€10,1], i=1,2.
0
By (H,), we find that

1A (), ul(s), -+ b)) = AW (s), ul M), -, ulM ()
<A@ (), ul(s), -+, ulN(s)) = L), ulN(s), - utM(s))]
+ 16 ), ul(s), - ™M) = £ ), ul ), - M )

N j-1
<lfs = fill+ D > kLl = .
j=1 i=0
It follows from Lemma 2.3 that
N j-1 _ 1
o) = 0@ < Uf = S+ Y, 3 kil =) [ wds, 1€ (0.1
j=1 =0 0

Then |
fo w(s)ds

i . rl
-3 S kL [, w(s)ds

If2 = Aull.

llr — uq]| <

The proof is complete.

5. Multiplicity of positive solutions

Define
Q={ueE:ult)>0te[0,1]}, Q. ={ueQ:|ul<c},

1 -1 2 -1
M = (f w(s)ds) , m= [ min H(z, s)ds) ,
0 1 te[d,2]

6

() = min |u@)|, QO,b,d)={uecQ:b<6u), ||ul<d}.
1/6<t<5/6

Obviously, 6 is a continuous concave functional and 6(u) < ||u|| for u € Q.
Theorem 5.1. Assume that f € AC([0, 11V*!, [0, +00)) and (H>) hold. If there exist constants 0 < a <

ésb<c$%suchthat
(Dl) f(t9 U, Upy -+ 9MN) < Maa (ta Uy, Uy, -+ auN) € [Oa 1] X [O’a]N;
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(D2) f(t,ur,uz, -+ ,uy) > mb,  (t,uy,uz, - ,uy) € [, 2] X [b, c]";
(D3) f(t? U, Upy - 7MN) < MC7 (t’ U, Upy -y MN) € [07 1] X [0’ C]N)
then problem (1.1) has three non-negative solutions uy, u,, u3 € Q. with

lurll < a, 6(uz) > b, |lus|l > a, 6(us) < b.

Proof. We first prove T : Q. > Qs completely continuous. For u € Q., we have |lu|| < ¢ < 1. Then
0 <ull(s) <cforj=1,2,---,Nand 0 < s < 1. It follows from (D3) that

1 1
| Tu|| < f w(s)f(u[o](s), ut(s), - -+, u™(s))ds < Mcf w(s)ds = c.
0 0

Therefore, T(Q,) C Q. and T D is uniformly bounded for any bounded set D c Q.. We denote M as
the maximum of f on [0, 1]¥*!. Since H(t, s) is uniformly continuous on [0, 1] x [0, 1], for any & > 0,
there exists 6 > O such that forany u € D, #,,t, € [0, 1] and |, —#;| < 8, we have |H(t,, s)—H(t;, )| < %
Then,

1
ITu(ty) - Tu(n)| < M f \H(t2. 5) — H(t1, )lds < .
0

which implies that 7D is equicontinuous. Clearly, the fact that f is continuous implies that 7 is
continuous. Hence, 7' : Q. — Q. is completely continuous.
For any u € Q,, due to (D1), we conclude

1 1
| Tul| < f w(s) F@(s), uM(s), - -, uN(s5))ds < f w(s)Mads = a.
0 0

Then, 7(Q,) C Q,, which implies that (C,) in Lemma 2.5 holds.
Choose v(t) = %, 0 <t < 1. Obviously, v € {u € Q,b,c) : O(u) > b}. Then {u € Q6,b,c) :
O(u) > b} # 0. For u € Q(0,b,c), we have + <b < u(r) <c < 2 for 3 <t <2 Thenb < ulll(s) < ¢ for

j=12,---,Nand { <s < 2. It follows from (D2) that

5
6
0(Tu) = 1/6mgl§r§/6|(Tu)(t)| > v[g) 1/?1313%/6 H(t, s)ymbds = b,

which implies that (C;) in Lemma 2.5 holds. By remark under Lemma 2.5, we know that (C3) in
Lemma 2.5 holds. Then according to Lemma 2.5, problem (1.1) has three nonnegative solutions
Uy, Uy, U3 € E with

lusll < @, 6(uz) > b, llus|l > a, 6(us) < b.

6. An example

We consider the following BVP
3
=€ Dgou(n) +u' (1) = f(t,u(0), u® (1), /1)), 0<1<1,

I (6.1)
' (0) =0, u(l) = f u(s)dA(s),
0
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where f (1, u(t), u® (1), u\(1)) = 751+ msm(u(t))+ o5 8in((0) + 15 sin(uP)(1)), A(s) = 3. It follows

that (1) = fol d(%s) = % and G4(s) = fo G(t, s)d(it) > 0, which implies (H) holds. Since
|t u(), u? (@), P (1) - f(s, M(S) ul(s), uP(s))|

1 1 1
- | = _ _ M2 ut?! Bl — 4,031
<500l ~ 81+ Toglu® — us)l + 100'” (O) = u= () + 7O —u= (),

200, ki = 100, ky, = 100, ky = 100 and 8 = 0, which implies (H;) holds.
Direct computation shows that fo w(s)ds = fo [—— ¢(l)gA(s) +Fy(1=5)lds < 22, Choose P = 3 and

L =1, we have
3L 159
(k0+ﬁ+ZijLP)f w(s)ds < 3o,

we obtain kg =

j=1 i=0
and
(ko +,8+ZZI< L'P)F5(1) < —
j=1 i=0

Taking #y = % € [0, 1], we find that f(#y,0,0,0) = 400 > 0. By Theorem 3.1 we conclude that BVP
(6.1) has a unique positive solution.
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