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Abstract: Let £ = —A+V be the Schrodinger operators on R” with nonnegative potential V belonging

to the reverse Holder class RH, for some g > 5. We prove the boundedness of fractional integral
operator 7, related to the Schrodinger operators £ from strong and weak variable exponent Lebesgue
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1. Introduction

In this paper, we consider the Schrodinger operators
L=-A+V(x), xeR", n>3,

where A = Zl ] 52 and V(x) is a nonnegative potential belonging to the reverse Holder class RH,

for some g > . Assume that f is a nonnegative locally L(R") integrable function on R", then we
say that f belongs to RH, (1 < g < oo) if there exists a positive constant C such that the reverse

Holder’s inequality
1
K d
(|B(x,r)| B(xr)lf(y)l ) |B( Y f(mlf(y)l y

holds for x in R", where B(x, r) denotes the ball centered at x with radius r < oo [1]. For example, the
nonnegative polynomial V € RH,,, in particular x> € RH..
Let the potential V € RH, with g > 7, and the critical radius function p(x) is defined as

_2,

r>0

p(x) = sup{r: %L )V(y)dysl},xeR”. (1.1)


http://http://www.aimspress.com/journal/era
http://dx.doi.org/10.3934/era.2023345

6834

We also write p(x) = o X € R". Clearly, 0 < my(x) < co when V # 0, and my(x) = 1
when V = 1. For the harmonic oscillator operator ( Hermite operator ) H = —A + |x[>, we have
my(x) ~ (1 +[x]).

Thanks to the heat diffusion semigroup e™£ for enough good function f, the negative powers
L% (e > 0) related to the Schrodinger operators £ can be written as

T f(x)= L2 f(x) = f ) e Lf)t:d, 0 < < n. (1.2)
0

Applying Lemma 3.3 in [2] for enough good function f holds that

T.f() = f Ko(e)f0)dy, 0 < a < n,

and the kernel K, (x, y) satisfies the following inequality
Ci 1
(1 + lx = ylomy(x) + my () b=y

K, (x,y) < (1.3)

Moreover, we have K, (x,y) < #, 0<a<n.

Shen [1] obtained L? estimates of the Schrddinger type operators when the potential V € RH,
with ¢ > 5. For Schrodinger operators £ = —A + V with V € RH, for some g > 7, Harboure et
al. [3] established the necessary and sufficient conditions to ensure that the operators L3 (@ > 0)
are bounded from weighted strong and weak L” spaces into suitable weighted BMO (w) space and
Lipschitz spaces when p > Z. Bongioanni Harboure and Salinas proved that the fractional integral
operator £~%/? is bounded form L”*(w) into BM Oﬁz(w) under suitable conditions for weighted w [4].
For more backgrounds and recent progress, we refer to [S—7] and references therein.

Ramseyer, Salinas and Viviani in [8] studied the fractional integral operator and obtained the
boundedness from strong and weak LP spaces into the suitable Lipschitz spaces under some
conditions on p(-). In this article, our main interest lies in considering the properties of fractional
integrals operator £~ 2(a > 0), related to £ = —A + V with V ¢ RH, for some g > 7 in variable
exponential spaces.

We now introduce some basic properties of variable exponent Lebsegue spaces, which are used
frequently later on.

Let p(-) : Q — [1, 00) be a measurable function. For a measurable function f on R”, the variable

exponent Lebesgue space LP(Q) is defined by
LPOQ) = {f : f|@|p(x)dx < oo},
Q S
where s is a positive constant. Then L”©(Q) is a Banach space equipped with the follow norm

1fllro = inf {s > 0 L ‘@‘de <1},

We denote

p~ :=essinf p(x) and p* := esssup p(x).
xeQ xeQ
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Let P(R") denote the set of all measurable functions p on R” that take value in [1, o), such that
I <p-R") < p() < p+(R") < co.
Assume that p is a real value measurable function p on R". We say that p is locally log-Holder

continuous if there exists a constant C such that
C

Ip(x) = py)l < ogie + =y’ 7 € R",

and we say p is log-Holder continuous at infinity if there exists a positive constant C such that

C n
|p(x) — p(o0 )|_10g(e—+|x|) x eR”,

where p(c0) := |llim p(x) € R.

The notation P°¢(R") denotes all measurable functions p in P(R"), which states p is locally log-
Holder continuous and log-Holder continuous at infinity. Moreover, we have that p(-) € P°¢(R"),
which implies that p’(-) € P°¢(R").

Definition 1.1. [8] Assume that p(-) is an exponent function on R”. We say that a measurable function
f belongs to LP©-°(R"), if there exists a constant C such that for ¢ > 0,

ftp() Xilf>t (x)dx<C
Rn

It is easy to check that LF“»*(R") is a quasi-norm space equipped with the following quasi-norm

1 pye0 = inf{s >0:sup j;&n (E)p(X))({|f|>t (x)dx < 1}

>0
Next, we define Li pfp(‘) spaces related to the nonnegative potential V.

Definition 1.2. Let p(-) be an exponent function with 1 < p~ < p* < coand 0 < @ < n. We say
that a locally integrable function f € Li pﬁp(,)(R”) if there exist constants C;, C, such that for every ball
B cR",

: f
————— | 1f(x) = mpfldx < C, (1.4)
Bl |l sllc) Js g :
and for R > p(x),

— dx < Cy, 1.5
B Ibcgllpoflf(x)l x< G (1.5)

where mp f = ﬁ fB f- The norm of space Li pa’p(.)(R") is defined as the maximum value of two infimum
of constants C; and C; in (1.4) and (1.5).

Remark 1.1. Lipﬁp(,)(R”) C &, (R") 1s introduced in [8]. In particular, when p(-) = C for some
constant, then Li pf’p(.)(R”) is the usual weighted BM O space BM OBL(W), withw=1landf =a - % [4].

Remark 1.2. It is easy to see that for some ball B, the inequality (1.5) leads to inequality (1.4) holding,
and the average mgf in (1.4) can be replaced by a constant ¢ in following sense

1
SIflle < su —f| (x) = cldx < || fll ;2
2 f Lpa,p(-) Be]lg‘c |B| ”)(B”p() f f LP
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In 2013, Ramseyer et al. in [8] studied the Lipschitz-type smoothness of fractional integral operators
I, on variable exponent spaces when p* > <. Hence, when p* > 2, it will be an interesting problem
to see whether or not we can establish the boundedness of fractional integral operators £~ 2 (e > 0)
related to Schrodinger operators from Lebesgue spaces LP" into Lipschitz-type spaces with variable
exponents. The main aim of this article is to answer the problem above.

We now state our results as the following two theorems.

Theorem 1.3. Let potential V € RH, for some q > n/2 and p(-) € P5(R"). Assume that 1 < p~ <

pT < 50" where 6y = min{l,2 — n/q}, then the fractional integral operator 1, defined in (1.2) is
bounded from L") (R") into Li pf’p(.)(R”).

Theorem 1.4. Let the potential V € RH, with q > n/2 and p(-) € Plos(R™). Assume that 1 < p~ <

pt < ﬁ where 69 = min{l,2 — n/q}. If there exists a positive number ry such that p(x) < p*
when |x| > ro, then the fractional integral operator I, defined in (1.2) is bounded from LP©*(R") into
Lipf ().

To prove Theorem 1.3, we first need to decompose R”" into the union of some disjoint ball
B(xy, p(xx))(k > 1) according to the critical radius function p(x) defined in (1.1). According to
Lemma 2.6, we establish the necessary and sufficient conditions to ensure f € Lipf’p(,)(R”). In order
to prove Theorem 1.3, by applying Corollary 1 and Remark 1.2, we only need to prove that the
following two conditions hold:

(1) For every ball B = B(xy, r) with r < p(xy), then

flIaf(x) — cldx < CIBI* sl fllp;
B

(1) For any x, € R", then
f I, (fDx)dx < ClB(-anp(-XO))l%|L\/B(xo,p(xo))||p’(-)||f||p(-)-
B(x0,0(x0))

In order to check the conditions (i) and (ii) above, we need to find the accurate estimate of kernel
K, (x,y) of fractional integral operator 7, (see Lemmas 2.8 and 2.9, then use them to obtain the proof
of this theorem; the proof of the Theorem 1.4 proceeds identically).

The paper is organized as follows. In Section 2, we give some important lemmas. In Section 3, we
are devoted to proving Theorems 1.3 and 1.4.

Throughout this article, C always means a positive constant independent of the main parameters,
which may not be the same in each occurrence. B(x,7) = {y € R" : |[x—y| < r}, By = B(xo,2*R) and XB,
are the characteristic functions of the set By for k € Z. |S| denotes the Lebesgue measure of S. f ~ g
means C~'g < f < Cg.

2. Some useful lemmas
In this section, we give several useful lemmas that are used frequently later on.
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Lemma 2.1. [9] Assume that the exponent function p(-) € P®R". If f € L'OR") and
g € LP’OR"), then
If(0)g)ldx < rpllfllro@nllgllr o
RV!

wherer,=1+1/p~ = 1/p™.

Lemma 2.2. [8] Assume that p(-) € PY(R") and 1 < p~ < p* < oo, and p(x) < p(c0) when
|x| > ro > 1. For every ball B and f € LF"*® we have

f lfoldx < CllfllrosIbesllzro,
B

where the constant C only depends on r.
Fo the following lemma see Corollary 4.5.9 in [10].
Lemma 2.3. Let p(-) € P°2(R"), then for every ball B C R" we have
1 : "
I sllp) ~ 1BI7, if |Bl<2" xE¢€B,
and 1
W allpey ~ [Bl7=, if [Bl = 1.
Lemma 2.4. Assume that p(-) € PLOS(R"), then for all balls B and all measurable
subsets S := B(xy,ro) C B := B(x;, r1) we have
" S|y1-+L " B|\1--
sl < C(u) " I8l < C(u) .
sl Bl s llye N

Proof. We only prove the first inequality in (2.1), and the second inequality in (2.1) proceeds
identically. We consider three cases below by applying Lemma 2.3, and it holds that
1

2.1)

sl ISI7S (@)(ﬁ _ (@)1_#.

1)if |[S| < 1 < |B|, then ;
sl |B|ﬁ |B| |B]

2)if 1 <|S| < |B|, then

i
sl ISI7S_ (ﬂ)w’r _ (ﬂ)“ﬁ—.
Iy sllp ) |B|ﬁ |B] |B

|S|)ﬁ _ C(@ 1-L

1
s Il S|res) 1 =
sl il |B|70s Pl < C(— |B|) ", where xg € S

3)if |S| < |B| < 1, then
sllrey s |B|

and xz € B.
Indeed, since |xg — xg| < 2ry, by using the local-Holder continuity of p’(x) we have

1 1 1 log ;- log L
- log— < < — <
p'(xs)  p'xp)l T log(e + )~ log(e + 5-)

|xs —xgl

We end the proof of this lemma.

Remark 2.1. Thanks to the second inequality in (2.1), it is easy to prove that
D25l ¢y < Cllyslly -
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Lemma 2.5. [1] Suppose that the potential V € B, with q > n/2, then there exists positive constants
C and ky such that

1) p(x) ~ p(y) when |x — y| < Cp(x);

2) Clp(1 + 2™ < p(y) < Cp(1 + 22

ko/(ko+1)
p(x) p(x) ) :

Lemma 2.6. [11] There exists a sequence of points {x;};2, in R" such that By := B(xy, p(xy)) satisfies
DR = Uy By,
2) For every k > 1, then there exists N > 1 such that card {j : 4B; N 4By # 0} < N.

Lemma 2.7. Assume that p(-) € P(R") and 0 < @ < n. Let sequence {x;};. | satisfy the propositions of

Lemma 2.6. Then a function f € Li pf’p(.)(R”) if and only if f satisfies (1.4) for every ball, and

1
|B(xie, 0N 1 Bexi paonllpr )

f |lf(x)ldx < C, forallk > 1. (2.2)
B(xip(xk))

Proof. Let B := B(x, R) denote a ball with center x and radius R > p(x). Noting that f satisfies (1.4),
and thanks to Lemma 2.6 we obtain that the set G = {k : BN B; # 0} is finite.
Applying Lemma 2.5, if z € B; N B, we get

| — 2]
p(xg)

Ix — zl\rSr
< C2Mp(x)(1 + —=)"
p( p(x))

R
< C2k°p(x)(1 ¥ —) < C2MR.
p(x)

ko ke
p(xp) < Cp(z)(l + ) < C2%p(z)

Thus, for every k € G, we have B, C CB.
Thanks to Lemmas 2.4 and 2.6, it holds that

flf(x)ldx = f |f(Oldx = f |f(0ldx
B B Uk Bk Ukec(B( Bk)

<y fB F(Oldx < F(0ldx
keG

N By keG By
<C Y 1Bl llvs o
keG
< CIBI"|lxsllye)-

The proof of this lemma is completed.

Corollary 1. Assume that p(-) € P(R") and 0 < a < n, then a measurable function f € Lipﬁp(_) if and
only if f satisfies (1.4) for every ball B(x, R) with radius R < p(x) and

1
IB(x, pCO) I Bxpoonllpr )

f |f(x0)ldx < C. (2.3)
B(x,p(x))
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Let k,(x, y) denote the kernel of heat semigroup e~'£ associated to £, and K,(x,y) be the kernel of
fractional integral operator 7 ,, then it holds that

K,(x,y) = f ) k(x, y)t2 dt. (2.4)
0

Some estimates of k, are presented below.

Lemma 2.8. [[2] There exists a constant C such that for N > 0,

ey
p(x) P(y)
Lemma2.9. [/3]Let0 <6 <min(l,2— ?, If|x = xo| < V1, then for N > O the kernel k,(x, ) defined

in (2.4) satisfies

k(x,y) < Ct™%e , X,y € R".

|x = Xo[\d _,;p _bi2 \/_ Vi
i) = Koo 0l £ (=) 1% (1 Es )

for all x,y and x; in R".

3. Proof of theorems

In this section, we are devoted to the proof of Theorems 1.3 and 1.4. To prove Theorem 1.3, thanks
to Corollary 1 and Remark 1.2, we only need to prove that the following two conditions hold:
(i) For every ball B = B(xy, r) with r < p(xy), then

flfaf(X) — cldx < CIBI" sl o)l fllp;
B

(i1) For any x, € R", then

f T.(IfN(x)dx < C|B(X0,P(xo))|%|D(B(xo,p(xo))||p'<~)||f||p<~)-
B(x0,0(x0))

We now begin to check that these conditions hold. First, we prove (ii).
Assume that B = B(xp, R) and R = p(xp). We write f = fi + f,, where fi = fxop and f> = fxrn2s.
Hence, by the inequality (1.3), we have

| zatspeax - f L fxasdx < C f f Oy,
g B X =)l

Applying Tonelli theorem, Lemma 2.1 and Remark 1.2, we get the following estimate

d
f T(fiD@)dx < C f O f = _ay
B 2B B |x — )’|

<CR" | |f(nldy
28

< C|BI"llxally ol f |-

3.1
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To deal with f;, let x € B and we split 7, f, as follows:

R? %)
Tofo(x) = f e L0 dr + f e LHedr =1 + I,
0 R2

For I,, if x € Band y € R" \ 2B, we note that |[xo — y| < |xo — x| + |x — y| < C|x — y|. By Lemma 2.8,

it holds that

R2
n=| [ ko
0 R™\2B
R2 ‘,‘2 @
scf f 3 T ()Idy 371 dt
0 R"\2B
R2 _nta_q t ]VI/2
sc [ e [ () o
0 R"\2B lx =yl

R2
< Cf tM n+ﬂ’—]dtf Ly)llwdy’
0 R™\2B |xo =yl

where the constant C only depends the constant M.
Applying Lemma 2.1 to the last integral, we get

If(y)l f lf ) ol
L”\ZB |xo — Y|M Z 2i+1B\2iB lxo — yIM Y
<SRy [ wovay
i=1

21+IB
<C Z(2iR)_M|I/Y2i+1B”p’(-)”f”p(‘)‘
p

By using Lemma 2.4, we arrive at the inequality

f LFO)I _JOR_ 4 <CZ(R)— (2)n_7_M”/\/B”p()”f||P()

R"\2B |xg — }’|M

<CR M||f||p(~)||XB||p'(~)-

Here, the series above converges when M > n — ]%. Hence, for such M,

R? R?
_ a_| M M n+(1_1
‘f e H (0 df' <CR ||f||p(-)||)(B||p'(-)f dt
0 0
a_y
< CIBI" £l pe Il ll -

For I,, thanks to Lemma 2.8, we may choose M as above and N > M, then it holds that

[ esponrtal =] [ [ kaoso
R? R? R™"\2B

(3.2)
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0 —n—N- X*yz
<C f f T p()Ne T F(y)\dydt
R2 R"\2B

0 onN- t M2
<cpuo [ [ () o
R? R"\2B lx =yl

As x € B, thanks to Lemma 2.5, p(x) ~ p(xo) = R. Hence we have

‘ f e_thz(x)t%_ldt‘ < CR" f Ty f LyNMdy.
R? R2 R"\2B lxo —

Since M+a—n—N < 0, the integral above for variable # converges, and by applying inequality (3.2)
we have

_ o a_q
| f e ot di] < CBE o sl
R

thus we have proved (ii).
We now begin to prove that the condition (i) holds. Let B = B(xy, r) and r < p(xo). We set f = fi+ />

with fi = fx2p and f> = fyrm2p. We write
¢ = fz ) e f(xo)e> " Ldh. (3.3)
Thanks to (3.1), it holds that
fB Lo(f(X) =l < fB L (1fib(x)dx + fB L a(f2)(x) = ¢/ldx
< CIBI" sl ol fllpe) + fBlfa(ﬁ)(X) — ¢/ldx.

Let x € B and we split 7, f>(x) as follows:

2

Tofo(x) = f e L0 dr + f e LHe = L+ .
0 r2

For I5, by the same argument it holds that

r2
I =| f et di| < CIBIE Il sl
0

For 1, by Lemma 2.9 and (3.3), it follows that

| f L0t dr - o] < f f i, ) = Ko, IOy 157
r2 r? R"\2B

* X — Xol\o _pp 1l e
scf f ) e |f(y)ldy t2 7 dt
° 2 "\ZB( \/; )

« o dt
<c [ o [ reeone .
R"\2B ” t
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—y? . . .
Lets = @, then we obtain the following estimate

sCMf ol dyf R e
roy2g X — y|mato 0 s

Notice that the integral above for variable s is finite, thus we only need to compute the integral
above for variable y. Thanks to inequality (3.2), it follows that

< C(Sréf |f(y)| dy
R

map X = y[r-ate

f e LhHx)edr - ¢,
rZ

‘ f e L dr - ¢,
r2

<C ) R T lallyol Tl
i=1

a—n

< CIBI " 1 fllpe e sllpr s
so (1) is proved.

Remark 3.1. By the same argument as the proof of Theorem 1.3, thanks to Lemma 2.2 we immediately
obtained that the conclusions of Theorem 1.4 hold.
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