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Abstract: This paper is concerned with the following planar Schrodinger-Poisson equations
—Au+V(u+ (n| - | * |ul”) ulfu = f(x,u), xeR?

where p > 2 is a constant, and V(x) and f(x,u) are continuous, mirror symmetric or rotationally
periodic functions. The nonlinear term f(x, u) satisfies a certain monotonicity condition and has critical
exponential growth in the Trudinger-Moser sense. We adopted a version of mountain pass theorem by
constructing a Cerami sequence, which in turn leads to a ground state solution. Our method has two
new insights. First, we observed that the integral fRZ fR2 In (|x — y)|u(x)|?|u(y)|’dxdy is always negative
if u belongs to a suitable space. Second, we built a new Moser type function to ensure the boundedness
of the Cerami sequence, which further guarantees its compactness. In particular, by replacing the
monotonicity condition with the Ambrosetti-Rabinowitz condition, our approach works also for the
subcritical growth case.

Keywords: planar Schrodinger-Poisson equation; Cerami sequence; critical exponential growth;
mirror symmetry/rotationally periodicity; nonlinear equations

1. Introduction

The present paper is concerned with the existence of solution to the planar Schrodinger-Poisson
equations

—Au+ V(@)u+ (n|-| = u?) [ulPu = f(x,u), xeR? (1.1)

where p > 2, V, f are continuous, mirror symmetric or rotationally periodic functions, and f(x, f) has
exponential critical growth in the Trudinger-Moser sense ( [1] ).
In last decades, considerable attention has been paid to the following Schrodinger-Poisson
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equations:
—Au + V(X)u + KX)d()ulP2u = f(x,u), xeR>, (1.2)
—A¢ = K(x)|ul”, xeR3 '

with various conditions on the parameters p, N and functions V, K, f. These kinds of equations arise in
many contexts of physics, such as, in quantum mechanics [2—4] and semiconductor theory [5-8]. In [5],
Eq (1.2) was introduced as a model describing solitary waves for nonlinear stationary equations of
Schrodinger type interacting with an electrostatic field where the unknown functions u and ¢ wave
function for particles and potential, respectively. Let p € (1,6] and K € L*(R?). For each u € H'(R?),
the second equation in (1.2) determines the Newton potential ¢, in D'2(R?), i.e.,

1 K I
o i f ORI,
dr Jrs |x =yl

Many minimization techniques, such as minimizing on a constraint set [9, 10] and the Mountain
Pass Theorem [11-15], were used in the Eq (1.2).

When K(x) = 0, Eq (1.2) becomes the Schrodinger equation. In this case, there are many results
to Eq (1.2) with the dual method if V and f satisfy some certain conditions, such as a positive lower
bound on V or a monotonicity condition on f (see [16-20] and references therein).

In the following, let us focus on the two-dimensional case. Stubbe [21] considered the equations

{—Au + A+ Ppu=0, xeR (1.3)

Ap = u?, x € R?,
where 4 € R is a constant. They set up a variational framework for Eq (1.3) with a subspace Z of
H'(R?):
Z:= {u € H'(R?): f In(1 + |x)u’dx < oo}.
R2

They proved that there exists a unique radial ground state solution for any 4 > 0. In addition,
they proved that there exists a negative number A%, such that for any A € (4%, 0) there are two radial
ground states with different L? norms. Cigolani and Weth [22] considered Eq (1.1) with p = 2 and
f(x,u) = blu]”"%u. Specifically, V € C(R?, (0, o)) is Z? periodic. Using the concentration-compactness
theory, they proved that Eq (1.1) has a ground state u € X, and a solution sequence {u,}, C X,, such
that lim,_,, J(u,) = co. Here,

X, = {u e H'(R? : f [qul2 + V()u? +In(1 + le)uz]dx < 00}
RZ

and J are the energy functionals associated with Eq (1.1).
Chen and Tang [23] considered Eq (1.1) with p = 2, i.e.,

{—Au + V(u + ¢(x)u = f(x,u), xeR2 (1.4)

AP = i, x € R?,

where V € C(R2, [0, )) is axially symmetrical and f € C(R?> x R) is of subcritical or critical
exponential growth in the sense of Trudinger-Moser. More precisely, we say that f(x,f) has
subcritical exponential growth at t = +oo if it verifies
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(F1°) For every A > 0,

sup |f(x, )] < 400 (1.5
xeR2,|s|<A
and
N . .
lim /e, D) = 0, uniformly in R?, (1.6)

[t >0 e“tz

for any a > 0;
and the function f(x,?) is said to have the critical exponential growth at t = +co if it verifies

(F1) The nonlinearity f satisfies (1.5) and there exists ay > 0 such that, for any @ > «, (1.6) holds but
,1
lim lf (x, 1)

S = T, uniformly in R? for all @ < .
[fl>c0 g%

This notion of criticality can be referred to [24].
For the critical growth case, Chen and Tang [23] established the existence of a ground state solution
for Eq (1.4) by assuming following conditions on V and f:

(VO) V € C(R, [0, o)) and lim inf ;. V(x) > 0;

(CF1) V(x) := V(xi,x2) = V(xil,|Ixo]) for all x € R?%, f(x,0) 1= f(x1,x,1) = f(lxil,|xzl,2) for all
(x,1) e R xR;

(CF2) f(x,0t > 0 for all (x,#) € R*> x R\{0}, and there exists M, > 0 and #, > 0 such that

F(x,1) < Mo|f(x, 1), ¥ x€R?, |t| > 1o,

where F(x,1) := f f(x, s)ds;
0

(CF3) liminf}_ PR $ uniformly on x € R?, where p € (0, 1/2) satisfying p* max <, V(x) < 1;

%0 t2

(CF4) JED- VIt non-decreasing on ¢ € R\{0}.

I
Recently, Cao et al. [25] considered the equations

—Au+ V(u+ (An| - | = ul?) |ul’2u = blul”u, x e R?, (1.7)

where o > 2p, b > 0 and V € C(R?, (0, c)) are Z? periodic. With a similar method in [22], they

obtained the existence of a positive ground state solution of Eq (1.7) in X, where

X, := {u € H'(R?): f |IVul + Vu? +In(1 + [xDlul? |dx < oo}.
RZ

Here, we will prove the existence of a nontrivial solution to Eq (1.1), not only for all p > 2, but also
for general nonlinearities f and potentials V.

To describe our main results, we introduce the following notations: Let us view R? as C, let k €
N, k > 2 and we say that v € Py if v(ze*™/*) = v(z) over C. We define

Ek,p = Xp N pk, (Vk,l = C(C) N Pk
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Fer = {f€CCXR): f(.1) e PV t R}

We say that v is mirror symmetric denoted by v € M if v(Z) = v(z) in C. Let
Tk,p = Ek,p N M, (Vk’z = (Vk,l N M,

Fro :={f € Fr1: fC.0) e MV t€R).

Finally, we write the associated functional of Eq (1.1) in the following form

1 1
D) = Slull* + — f f In (Ix = yDIu(O lu(y)|Pdxdy — f F(x,u)dx, (1.8)
2 4p7T R2 R2 R2

and the associated Nehari manifold of the functional (1.8) is

Ni = {u € Eg,\{0} : (D' (w), u) = 0},

, (1.9)
Na = {u € T MO} = (@' (u), u) = 0.

Our main result is stated as follows.
Theorem 1.1. Let p > 2, V and f satisfy (V0), (F1) and the following conditions
(VF) VeViiand f € Frawithk>4o0rV e Vi,and f € Frowithk >2;

(F2) f(x,0t > 0 for all (x,t) € R? x R\{0}, and there exists My > 0 and ty > 0 such that F(x,t) <
My\f(x,1)| for x € R?, || > to;

[HF (D _
e"()tz -

(F3) There exists g € R such that lim inf +00;

(F4) g,(x,1) is non-decreasing on t € (—00,0) and t € (0, 00), where

fn=V()t
T P = 2,

gp(x, 1) 1= { FOen) -V ()t

mZp—l s
for some u < 1.

(F5) If p = 2, f(x,1) = o(t) as t — O uniformly on R*; and if p > 2, f(x,1) = O(t*) with sy > 1 as
t — 0 uniformly on R

Then, Eq (1.1) has a nontrivial solution ii. Moreover, if V. € Vi, and f € i\, then il € E} ), satisfies
®(iz) = min O;
() min @;
if Ve Viyand f € Frp, then i € Ty, satisfies
®(z2) = min D.
(i) min

Remark 1.2. Comparing to [23, Theorem 4], we have weakened the assumptions (CF1)—(CF3) to (VF)
and (F2)—(F3), respectively. More precisely,

o (CF1) means V € V,, and f € F,,, hence, it is a special case of (VF);
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o The condition (F3) is less restrictive than (CF3) for the behavior of f at infinity;
o (F2) improves slightly (CF2) where f(x, )t > 0 is replaced by f(x,t)t > 0;

Here is an example of f, which satisfies (VF) and (F1)—(F5), but not (CF3). Let 6 > 0, py > p,qo > 2

and
2
070" 2apt*~qo) £> Po+q0
lq0+1 ’ = o B

2
eP0* 0 (2po+qo)ag’ ' 5

po—1 Po+qo

t , 0<t< T

(po+qo)Potior?

Jo(x, 1) =

with odd extension to t < 0. Finally, it seems that [23] used implicitly f(t) = o(t) ast — QO with p = 2
in (FS) (see the proof of Lemma 2.6 there).

Our approach works also for the subcritical case.
Theorem 1.3. Let p > 2, V and f satisfy (VO), (VF), (F1”), (F5) and the following condition:
(F4) f(x,t)t > 0 for all (x, 1) € R? x (R\{0}) and there exists v € (2, ), #; € (0, o) such that

f(x,0t > vF(x,1), ¥ xeR% |t >1;

Furthermore, if p > 2, we assume that

where

> 0.

F(x,t . 7]
M, = sup ( > ) and v = inf _Mell_
(rOeR2x[-.n\0) T ueXy |utll 1 z2)
Then, Eq (1.1) has a nontrivial solution . Moreover, it € E; , if V€V, and f € F;,and it € Ty,
ifVe (Vk,Z and f S 7:1{,2.

This paper is organized as follows: In Section 2, we present some basic results; in particular we
show that the energy functional corresponding to the nonlocal term is non positive, which is our key
observation and different from the available results, see Lemma 2.3. In Section 3, we prove a mountain
pass type theorem using a new test function, see Lemma 3.2 below. In Sections 4 and 5, we give the
proof of Theorems 1.1 and 1.3, respectively.

2. Preliminaries
In this section, we will give some preliminary definitions and basic facts about inequalities, such as
the Moser-Trudinger inequality, the energy estimate of the nonlocal term. In the following, the letter C

denotes generic positive constants and || - ||, denotes the standard norm in L7 (R?).
The function space X, is a Banach space equipped with the norm

lullx, := lleel| + [loel]., 2.1)
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where ]

f In(1 + |x|)|u|”dx)p :
Rz

lull = (fR l

[qul2 + V()c)uz]dx)2
{u,vy :=

llull. =

—

while

)

is induced by the scalar product

(Vu - Vv + V(x)uv)dx.

2

S

We will use the following bilinear functionals (see [21]):

Ai(u,v) = f f In(1 + |x — yDu(x)v(y)dxdy;
R2 JR2

As(u,v) = f f ln(l + ! )u(x)v(y)dxdy;
R2 JR2 lx =yl

Ao(u,v) := A1(u,v) — Ax(u,v) = f f In(|x — yDu(x)v(y)dxdy.
R2 JR2

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

By the Hardy-Littlewood-Sobolev inequality (see [26]), there exists C > 0 such that for any u,v €

L4/3(R2),

1
IAz(u,V)ISff u(x)v(y)dxdy < Cllul[s][v]]s.
R2 JR?2 i

|x =yl
Corresponding to (2.5)—(2.7), we define

Li(u) == A(Jul”, |ul”), 1=0,1,2.
The following bound for /;(u) is a direct consequence of (2.8):

ILw)| < Cllul®, Y ueL¥®R?), ¥ p> 1.

47,)’
3

We can rewrite the associated functional of Eq (1.1) in the following form

1 1
Q) = =|lul? + —1I(u) — f F(x, u)dx.
2 4pn R2

Next, we state several lemmas.

Lemma 2.1. (i) Let u € H'(R?), then for any a > 0,

f (e"”2 - 1)dx < 00,
R2

(2.8)

(2.9)

(2.10)

(2.11)

(ii) Given M > 0, a € (0,4n), there exists a constant C(M, &) such that for all u € H'(R?) satisfying

IVull, < 1, |lull, £ M, there holds

fR 2 (e“” — 1)dx < C(M, a).
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The statements (i) and (ii) of the above lemma were first established by [27, Lemma 1] and [1,
Lemma 2.1], respectively (see also [28,29]).

Lemma 2.2. Assume that V and f satisfy (VO0), (F1)(or (F1°)), (F5). Then, I;,,® € C 1(Xp, R) and
(I (w), vy = 2pA(ulP, ulPuv), i=1,2

1 . (2.12)
(@' (w), v) = (u,v) + —Ao(lul”, [ul”“uv) — f S(x, u)vdx.
2 R2

For the sake of completeness, we present a proof of Lemma 2.2 in the appendix. The following
lemma is our first key observation.

Lemma 2.3. For any u € X, we have Iy(u) < 0.

Proof. First, let u € Cy° (R?) with supp(u) C B 1 (0). Then
lo(u) = f f In(|x = yDlu()IP lu(y)IPdxdy < 0.
B%(O) B%(O)

Consider now u € Cg"(RZ,R). Take R > 0 such that supp(u) C Bg(0) and let w(x) = u(2Rx), so
supp(w) C B 1 (0) and ¢,,(x) := ﬁ(ﬁu(ZRx). Hence,

1
5 low) = f f In(lx — yDIu(0)Ilu(y)I” dxdy
4 Br(0) J Br(0)

_16R' f f In(lx = YDW(P ()P dxdy < 0.
B%(O) B%(O)

We conclude by the density argument. For any R > 0, let ¢z(r) be a Cj cut-off function such
that 0 < ¢ < 1, og = 1 on [0,R] and ¢r = 0 on [R + 1,00). Let n be the standard mollifier and
ns(x) := %n(%), where 6 > 0. Given € > 0, since VVu € LAR?), [In(1 +]-D]"7u € LP(R?), [30, Pages
264 and 714], we can choose ¢ small enough such that

lesa-pu—uf <e |nax [era- ] = e u L <€

X, »

Therefore, for any u € X,,, there exists {u,}, C C(‘;°(R2) such that lim,,_,« |lu, — ullx, = 0. By the fact
Iy = I} — I, and Lemma 2.2, we conclude that Io(z) < 0.

Corollary 2.4. Assume that V and f satisfy (VO) and (F1)(or (F4’)). Then

lim O(tw) = —co, Y w € X,\{0}.

t—00

Proof. For any w € X,\{0}, there exists 6 > 0 such that m{lw(x)| > 6} > 0. For a critical case, by
Lemma 2.3 and (F1), one has

4

2 f
O(tw) = Ellwllz + 4P710(a)) - f 2 F(x, tw)dx
R

Electronic Research Archive Volume 31, Issue 11, 6763—6789.
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2
t 22

< —|lwl? - Cf e 2dx — —c0, ast — oo.
2 flo(l20)

For a subcritical case, we choose large enough R > 0 such that m(G) > 0, where

G = {lw(x)| = 6} N Br(0).

By (F4’) and choosing M := % > (0, there exists #); > 0 such that

|F(x,tw)| > Mf*, YxeG,lt| > ty,

which together with Lemma 2.3 implies

4

2 t
O(tw) = 5||w||2 + EIo(w) - f 2 F(x, tw)dx
R

g, £
< §||w|| —"Mm(G) = —5||w|| — —00

as t — oo, and we complete the proof.

The following lemma is inspired by [31, Lemma 2.2].

Lemma 2.5. Assume that V and f satisfy (VO) and (VF). Then there exists C; > 0 such that

Ar(lul”, P) = CellullZIVII,, Y u,v € Egp. (2.13)

In particular, since Ty, C Eyp,, (2.13) holds for u,v € Ty ,.

Proof. Let Q; := {(x;,x2) € R? : x; > 0}, Q, = —Q,. For any x € Q, and y € Q,, one has

Ix =y =[x + [y = 2x -y > xI* + [yI*.

Then, it follows from the definition of E; , and k > 4 that

so we obtain (2.13).

Electronic Research Archive

Ai(lul?, V") = fRz jl;z In(1 + |x = YDl V() dxdy

> |v(y)|”dyf In(1 + |x — y])|u(x)|"dx
Q

(0))
> f WGPy f In(1 + xDlu(x)Pdx
Q) Q

2 lzf IV(y)I”dyf In(1 + [xDu(x) dx
k R2 R2

> CllullZIVIG, ¥ u,v € E),
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3. Variational framework

In this section, we will quote a version of Mountain Pass Theorem and prepare the proof of
Theorems 1.1 and 1.3.

Lemma 3.1. Let Y be a real Banach space and I € C'(Y,R). Let S be a closed subset of Y, which
disconnects Y into distinct connected Y, and Y,. Suppose further that 1(0) = 0 and
(1) 0 € Yy, and there exists a > 0 such that 1|5 > «,
(i1) There is e € Y, such that I(e) < 0.
Then, I possesses a Cerami sequence with ¢ > a > 0 given by

= inf 1(v(t
¢ = inf max (y(®)),

where
I'={yeC(0,1,X) : y(0) = 0,y(1) = e},

and a Cerami sequence means a sequence {u,} C X such that
I(u,) — c, 1 (@a)lly (1 + |lnlly) — O.

The proof of the above lemma can be found in [32, Theorem 3]. We state another result that serves
as a bridge between the mountain pass structure (see Lemma 3.3) and Theorem 1.1.

Lemma 3.2. Assume that V and f satisfy (VO0), (F1) and (F3)—(F5). Then there exists ny € N such that

2w
) G.1)
t>0 @
where
n In(Inn
\/‘/lg - Zq\/ﬁ’ 0 < |-x| < (lnl’l)(I/z/n;
) = | Y (In )2/ < || < 1;
0, x| > 1.

Proof. Without loss of generality, we can fix ¢ > 2. Direct computation yields

llw,|* < f \Vw,|*dx + V, f w?dx
B By (3.2)
- gIn(Inn)
B 21nn w

where 6, = O(ﬁ) as n — oo. By (F3), there exists #y > 0 such that

|t]1F (x, 1)

eaolz

>1, Vit >1. (3.3)

There are three cases for the value of 7.
Case (i): 0 <t < i—’; For large n, then it follows from (3.2) and Lemma 2.3 that

T

1 13P 1+6,
DO(tw,) = Ella)nll2 + —Iy(w,) — f F(x,tw,)dx < th < (3.4)
RZ

2p T day

Electronic Research Archive Volume 31, Issue 11, 6763—6789.
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Case (ii): \/% <t < \/% For large n, we have tw,(x) > o for x € B2,
from (3.2), (3.3) and Lemma 2.3 that

t2 12
(D(ta)n) = _lla)n”2 + _IO(wn) - f F(x’ twn)dx
2 2p R2
- 146, , gqln(lnn), 29%x"*1%(Inn)? ey,
< - - e
2 41nn n2t‘1TZ/2
q/2
140, gnum, agalony e,
2 41nn 2424/
where
¢* In*(Inn)

T, :=Inn-gqgln( +
nn— qln(lnn) Inn

Let ¢, > 0 be the unique maximum of ¢, in R,, then (as n — o0)

, A4nm (q—l)ln(lnn)+0( 1 )]

r,=—|1+
" Inn

o7 2Inn

and

1+6nt2_q1n(lnn)t2+0(i)'

() < @ulty) =
(D) < pulln) = ==, = =5 ==t Inn

Combining (3.5)—(3.7), one has

Inn

2 In(1 1
(D(twn) < ‘pn(tn) = _7T - n( nn) + 0( )
07 2Inn

Case (iii): t > % As in the above case (ii), we have

q/21+q/2 qa .
Do) < At O 2Tm AT sy,
2 n2aT4?
146, , 2927%42(1np)
< p_2manf [2(@t2— I)Tn]
2 1T 4
_ 4n(1+6,) P r(lnn)??
- n
B @ 24
<0

for large n. To get the third inequality, we used the fact that the function

1+, 24/271+4/2(] q
i r— 7 nn) exp [2 (@tz - 1) Tn]
2 1TI?

. Then it follows

(3.5)

(3.6)

3.7

(3.8)

(3.9)

is decreasing on ¢ > ,/i—’; when n is large enough. Combining the conclusions for cases (1)—(iii), the

proof is completed.
Now we show the existence of the Cerami sequence.

Electronic Research Archive Volume 31, Issue 11, 6763—6789.
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Lemma 3.3. Assume that V and f satisfy (V0), (VF), (F1)(or (F1°) and (F4’)) and (F5). Then there
exists a constant ¢ € (0, sup,., O(twy,)] and a Cerami sequence {u,} C Ey , such that

D(u,) — ¢, 19" ()l (1 + [lutnllx,) — O. (3.10)
Proof. Applying the Sobolev embedding theorem for given s € [2, 00), there exists y, > 0 such that
llulls < ysllull, ¥V ueX,. (3.11)
By (F1) (or (F17)) and (F5) for any € > 0, there exists some constant C, > 0 such that
IF(x,1)] < € + C(e2 = DI, ¥ (x,1) e R?XR. (3.12)

On the other hand, in view of Lemma 2.1, one has

f2 (¢ —1)dx < C, ¥ |lull < ,/go. (3.13)
R

Lete = # from (3.11)—(3.13), and there holds
2
I 5 3 n
F(x,u)dx < leull + Gallell”, Vlull < [—- (3.14)
R? Qo
Hence, it follows from (2.11) and (3.14) that if ||u|| < /alo,

1 1
D(u) = Ellull2 + 4—(11(u) — L(w)) —f F(x, u)dx
pr R2

) (3.15)

> leull2 — Csllul® = Callull*”.

Therefore, there exists ko > 0and 0 < p < \/% such that
DO(u) > kg, YuesS :={ueky,:|ul=p}. (3.16)

By (V0), (F1) (or (F4’)) and Corollary 2.4, we have lim,_,., ®(tw,,) = —oco, and then we can choose
t* > Osuchthate = t'w,, € Y> :={u € E,, : |lull > p} and ®(e) < 0. Let Y, := {u € Ey, : [lull < p}, then
in view of Lemma 3.1, one deduces that there exists ¢ € [«o, sup,., P(tw,,)] and a Cerami sequence
{u,} C Ey, satisfying (3.10).

4. Proof of Theorem 1.1

The proof of Theorem 1.1 is based on the following lemmas. As in Lemma 2.5, we only consider
the Ey , case.

Lemma 4.1. Assume that V and f satisfy (V0), (VF), (F1), (F4) and (F5), then we have

Electronic Research Archive Volume 31, Issue 11, 6763—6789.
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(1) Letm; := infy, ®(u), then there exists a constant ¢, € (0,m;] and a sequence {u,} C Ey , satisfying

O(uy) = c., 19 (un)llx, (1 + llunllx,) — O. 4.1)

(i1) For any u € E; ,\{0}, there exists a unique t, > 0 such that t,u € N\. Moreover, we have

my = inf max O(tu).
Ep\0) 20

Proof. We will prove that
O(u) = max ®O(tu), Yue N, 4.2)
1>

and then we can get the statement (i). Indeed, if (4.2) holds the same as [33, Lemma 3.2], we can
choose v; € N such that

1
m S(D(Vk)ﬁl’l’hﬁ-%, k e N.
For any vy, similarly to Lemma 3.3, we can obtain a Cerami sequence {u ,}, C E , such that
O(uyn) — cx, 1D (i )llx, (1 + lluallx,) — O, VkeN

with ¢, € (0,sup,,, ©(tvy)]. By (4.2) and the diagonal rule, we can verify (4.1), and now we prove
(4.2). By (2.11) and (2.12), one has

-2 o 1=
O(u) — D(tu) = lleall” + Luw)+ | [F(x,tu) — F(x,u)ldx
2 4pr R2
-2 P —ptr+p-1
- (@ () uy + —L TP
2p 2p
1 —¢%
+ f [ fx,wu + F(x,tu) — F(x, u)] dx
R2 2p (4 3)
11— Pr—ptt+p-1 '
- (@) uy+ — L TP
2p 2p
s fl f(_x, I/l) — V(.X)l/[ _ f(.x, Su) - V(X)SM 32p_1|u|2p_1udsdx
R Jr |ua?P! |sul?P~1
-7 rPr—ptr+p-1
> (@), u) + DL TP .
P 2p

According to the fact u € N and min,s((t*’ — pt> + p — 1) attained at ¢ = 1, then (4.2) holds.

Next, we consider statement (ii). Let u € E;,\{0} be fixed and {(f) := ®(tu) on [0, o). By the
definition (2.11),

2p

I’H)=0 Allull? + ;—ﬂlo(u) — f f,twtudx =0 < tu e N,.
R2

Using (3.15), (F1) and Lemma 2.3, one has £(0) = 0, £(¢) > O for t+ > 0 small and {(¢) < O for ¢
large. Therefore maxe ) {(f) is achieved at some #, > O so that {’(#,) = 0 and t,u € N,;. Now, we
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claim that 7, is unique. In fact, for any given u € E; ,\{0}, let #;,7, > O such that {'(t;) = {'(r,) = 0.
By (4.3), taking 7 = 2 and 7 = ! respectively, it implies

18( 2/ 1) 28( 1/ 1)

(1) > D(tyu) + ———lul>  and  O(tu) = O(1yu) + =———Ilul’,

where g(t) := 1*” — pt* + p — 1. Therefore, we must have ¢, = t,, since g(s) > 0 forany s > 0, s # 1.

Lemma 4.2. Assume that V and f satisfy (V0), (VF), (F1), (F4) and (F5). Then any sequence satisfying
(4.1) is bounded w.r.t. || - ||.

Proof. We only consider the case p > 2. The case p = 2 is obtained by [23, Lemma 2.11]. First, we
prove that

L Flx, 0t — F(x, 1) > MV(x)tz, VieR. (4.4)
2p 2p

Indeed, by (F4), there holds

Fx 1) — gV(x)ﬁ = f [f(x,7) — uV(x)7ldT
0

"G = uV (e

Do [¢]?P~1

_ f D= pV(x)r
_ - _

|T|2p 2rdr

By (4.4), one has

¢ +o(l) = O(u,) - %((D’(un), Up)

_(1_L 2 1 _
1 1 1 1 )
> (5 - 2_) ||un|| - (E - E) ‘[Rz V(x)und_x

(1
> %n P 4.5)
D

Here, we also used (2.11), (2.12) and (4.1). Therefore, we complete the proof.

Proof of Theorem 1.1 completed. Applying Lemmas 4.1 and 4.2, we deduce that there exists a
sequence {u,} C Ey , satisfying (4.1) and [|u,|| < C < 0. Now, we prove

f f(x,u)u,dx < C. 4.6)
RZ
Indeed, let p > 2, and by (2.11), (2.12) and (4.1) there holds
_ p+u(l -
¢ +o(l) = d(u,) - —(CD( n)s Un)
2p
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NEEL T Mf Veoudx + LU=
2 2p g2 4pn

+wf (X, ) undx
2p R2

Zw f F(x, up)undx,
2p R2

hence (4.6) holds true. Next, we complete the proof of Theorem 1.1 in three steps.

Step 1: {u,} is bounded in E .
We first prove that 6y := limsup,_,, [lu.ll, > 0. Suppose the contrary 6, = 0, then from the
Gagliardo-Nirenberg inequality (see [34, Page 125]):

lally < Clluaallp I Vaally ™, 4.7)

where 2 < p <t < 00,6 = ? Hence, u, — 0 in L"(R?) for 7 € (2, +o0). Given any & € (0, MyC)o/t,),
we choose M, > M,Cy/e, then it follows from (F2) and (4.6) that

f F(x,u,)dx < My f |f Cx, up)ldx
|”n|2M£ |un|2Ms
<My

(4.8)

f(x, u)u,dx < €.
& Juy|>M,

Applying (F5), one has

Cellu, s=o(1 s =2,
[ Pupar< = (4.9)
i, Cllulis = o()). p>2

s+1

and
C n 2 = 1 > = 2’
G uundx < 4N ”?H ot p (4.10)
g1 CllunllSs, = o(1), p>2.
By the arbitrariness of € > 0, we deduce from (F2), (4.8) and (4.9) that
f F(x,u,)dx = o(1). (4.11)
R2
Hence, by (2.10) we have
0 < L(uy,) < CllulI?? = o(1). (4.12)

By Lemmas 3.2 and 3.3, we know that & := %(1 - ‘;—(f) > 0, which together with (2.11), (3.10),
(4.11), (4.12) and the fact 1;(u,) > 0 implies

1 1 4
||Lt,1||2 =20 - —1I(u,)+ —DL(u,)+0(1) <2¢+0(1) = —ﬂ(l —3&)+o(1). 4.13)
2pn 2pm Qo
Now, let d € (1, 1%) satisfy
(1+&)( -38)d -

— 1. (4.14)
1-¢
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By (F1), there exists C > 0 such that
fenlf < Cle @ — 1], ¥ xe R 2 1. (4.15)

It follows from (4.13)—(4.15) and Lemma 2.1 that

f If(x, un)lddx < Cf [eao(l+é)du% _ 1]dx
[un|>1 2

R:

_ Cf [e(YO(l+<§)d|llln||2(Lln/||’/ln”)2 _ 1] dx < C. (4.16)
R2

Asd = ﬁ > p, using (4.16) there holds

1/d
J(x un)undx < [f If(x, un)lqu] lunlla = o(1). (4.17)
lean |21

[14n]21

Combining (2.10)—(2.12), (3.10), (4.10) and (4.17), we arrive at

2+ (1) = D) ~ 30 (y), 1)

1

1 11
T (E - Er)ll(u") * (E - m)b(u") 4.18)

1
+ f [_f(x’ un)un - F(-x’ un)] dx
RZ 2
<o(l).
This contradiction shows that 6, > 0. Now, from (2.10), (4.5) and Lemma 2.3, one has
L(u,) < L(u,) < C,

which, together with Lemma 2.5, implies that ||u,||. is bounded and {u,} is bounded in E ,.

Step 2: ®’(iz) = 0 in Ellc,p and ©(i1) = m,.
We can assume by [25, Lemma 2.3] and passing to a subsequence again if necessary, that u, — i
in E , u, — i a.e. on R? and
u, —» i in L*(R?),

where s € [2,00) if p =2 and s € (2, o) if p > 2. First, we need prove that

n—oo n—oo

lim F(x,u,)dx = f F(x, u)dx and lim f(x,u,)udx = f f(x,u)udx. 4.19)
R? R2 R2 R2

Since (4.6) and the condition (F1), (F2) and (F5) hold the same as [23, Assertions 2 and 3], (4.19)
still holds. Next, we prove that

Indeed, noting that u,, — ii in L¥(R?) by [35, Lemma A.1], there exists wy € L¥ (R?) such that
|4, ()] < wo(x) and [i(x)| < wo(x),
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a.e., for a subsequence if necessary, which together with the Lebesgue dominated convergence theorem
and Hardy-Littlewood-Sobolev inequality implies

() — (@) <|Ao(ual? lunl” = [@7)] + [Ax(lual” — 117, 7l7)| = o(1) (4.21)
as n — oo and (4.20) is proved. Now, we claim that
O(r) = my, (@' (@), i)x, x,y = 0. (4.22)
Indeed, similar as (4.20), we also have
Ag(lunl” unlPunit) — Ax(0)”, |5l”) = o(1). (4.23)
By [25, Lemma 3.3], one has
Ayl P~ 1, — ) = 0(1),
which together with (3.10), (4.19) and Fatou’s Lemma implies
o(1) =(@ (), i)(x; x,)
1 1
=y, 1) + == A1 (ual?, " i) = = Aol |? P> 07) — f S upudx +o(1)  (4.24)
27T 27T RZ
(@' (&), it)xr x5 + 0(1).

Hence, we can obtain
(@' (@), ityxy x,y < 0. (4.25)

Since &z # 0, by Lemma 4.1 there exists 7 € (0, 1] such that fz € N;. By (3.10), (4.4) and (4.25), the
weak lower semi-continuity of norm, Lemma 4.1, the condition (F4) and Fatou’s Lemma, we have

. |
mp 2 C, = r}l—{g [(D(un) - E(cp (un)’ un)(X,’,,X,,):|

L 1 1 ) 1 p-1 5
=lim {(2 2p) IVu,|l5 + fRz [pr(x’ u)u, — F(x,u,) + o V(x)un] dx}

11
>z - — ||Vu||§+f
2 2p R2

1 P
=D(it) — E(Q) (@), W) (x;, x,)
. B
>®(fi) — 2—(‘I’ (@), i) (x;, x,)
14

-1
P V(x)ﬁz] dx
14

Lf()c, mi— F(x, i) +
2p

72p

t P
2my — 2—<(D (@), u)x; x,y = my, (4.26)
14
which implies (4.22) and
lim ®(u,) = m;. (4.27)
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By (4.19), (4.20), (4.22) and (4.27) and the weak lower semi-continuity of norm and Fatou’s
Lemma, one has

1
o(1) = O(uy) = D(@) = |lu,|> = llall® + 47ﬂ[11(un) — Li(@)] + o(1), (4.28)
which implies
lim ||, — || =0 and lim I,(u,) = I,(in). (4.29)

Hereafter, we claim that
Ai(Junl?, [val?) = 0, as n — oo, (4.30)

where [v,|P := |u,|P~%|u, — @i|*. Indeed, we have
Al(lun|p’ |vn|p) = Il (un) - 2A1(|”n|pa |un|p_2(un - ﬁ)ﬁ) - Al(lunlp, |un|p_2ﬁ2)-

Then, we estimate

) —\— -2 — =
|A (unl? s [Py — )| <lunllt | || ", — aalltld x
p
RZ

el el 0t — ] |12 (4.31)

<lluall} fz P~ 1ty = il In(1 + [xD)dx + 0,(1).
R

For any € > 0, there exists R, > 0 such that

1/p
h(R,) := ( f i) In(1 + |x|)dx) <e.
R2\Bg,(0)

Now, we split

f lital” it = @llial In(1 + [xD)dx = d(Re) + en(R),
R2

where
. -2 =I5 -2 - -
dn(Re) := f |t |” ™" |ty — @lliz] In(1 + |xDdx < Rellunlly " Mluy — allpllall, < €
Br,(0)

for large enough n and

en(Ro) = f |t |P 2w, — @l In(1 + |x])dx
R2\ By (0)

1/p
<lletw — ulllluall? ™ (f |iz” In(1 + IXI)dX)
R2\Bg,(0)
<Ch(R,) < Ce,
which together with (4.31) implies

lim A, (|u,|?, [u,|P 2 (u, — @W)u) = 0.
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Hence, by Fatou’s Lemma, we have

lim sup A; (|u,]”, [v,|P) < lim sup 11 (u,,) — liminf A, (Ju,|?, |u,|P~*a*) < limsup I (u,) — I, (@0).

n—oo n—oo n—oo

Since I)(u,) — I;(i) and A(|u,|?, [v,4|”) > 0, we conclude with (4.30). Finally, by [25, Lemma 3.2]
we obtain |lu, — i||. — 0, which together with (4.27) and (4.29) implies

lim [lu, —itllx, =0 and D(i1) = my.
Step 3: @’(it1) = 0 in X,
By using the group action on the space X, we will conclude ®’(i1) = 0. Let G C O(2) be a finite
group of transforms acting on X,,, where O(2) denotes the group of orthogonal transformations in R?.
The action of G on the space X, is a continuous map (see [35, Definition 1.27]):

GxX,—>X,:[r,ul >7t(w)=uort.

Assume that ¢ € C'(X,,R) is invariant by G; that is, ¢(w o 7) = ¢(w) forany 7 € G, w € X,,. Let u
be a critical point of ¢ in X, , where

X,6:={ueX, tu=u, ¥71eGj.

Then ¢’(#) = 0 in X;. In fact, given any v € X,,, we define
where #(G) denotes the cardinal of G. For any 7 € G, since G C O(2), we have

To\_/ =T

1 _
= —#(G)Z‘rorv:v,

7€G

1
%;TV

which implies v € X, ;. Therefore, one has

1 1
0 =(¢'(w),v) = % Z(‘Pl(u), TV) = m Z((,O'(u) ot v)
7€G 7€G

1 L
:%;«p(uorl)orw

= (¢’ (), v).
For the second line, we used the fact u € X, ;, so we have ¢’(1) = 0 in X;,.
The two cases in Theorem 1.1 are direct consequences of the above discussion. Indeed, let G; be

the subgroup of O(2) generated by z > ze*™/*, then X, ;, = E; . If G, is generated by z +— ze*/* and
272, X,6, = Tip, 80 @'() = 0in XJ,.
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5. Proof of Theorem 1.3

We prove Theorem 1.3 in three steps for subcritical case and the Ambrosetti-Rabinowitz condition
(F4’). As in the proof of Theorem 1.1, we only consider the function space Ej .

Step 1: ||u,|| is bounded.
We only consider the case p > 2. Same as critical case, the case p = 2 can be obtained by [23,

Lemma 2.11]. Applying Lemma 3.3 and (5.1), there exists a sequence {u,} C Ej, satisfying (3.10).

By (3.10) and (F4’), we can choose a constant A, € (%, 1- %) and then we have

¢+ o0(1) = O(uy,) — (D' (uy,), uy,)

1 1 /(1
=|=-2A 2h —|— =21
(2 0)||Mn|| + o (Zp 0) o(uy)

+ f (Ao fCx, up)uy — F(x, un))dx
R2

1
> (_ - /10) ”un”2 - f F(X, un)dx
2 {lunl<r1}

(/l —l)f f(x, w,)u,dx
V] )iz

1 Mtl 2
2 (5 N /10) llueall”

(5.1)

+
(=]

and then ||u,|| is bounded.

Step 2: {u,} is bounded in Ej .

As in the proof of the critical case, we first prove &y := limsup,_,, [lull, > 0. Suppose the contrary
0o = 0. Denoting M, := sup, ||u,|| and M., := sup, ||lu,ll». By (F1’) and (FS5), choosing a € (0, ;:;A;Z)’
one has

If(x, )] < ¢ 1+ C(e" = 1), V(x.) eR?xR. (5.2)

T 2M?,
By (5.2) and Lemma 2.1, we have

SO undx < —~—lu, )3+ C f (% = 1) luyldx
R2

, M,
p-1
¢ L qu? v
< E +C (ep*l n— l)d.x ”un”p
. (5.3)
_ g i C fz (61%(1||Mn||2(uﬁ/||un||2) _ l)dx] ”un”p
R
< % +o(1).
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Hence, by (5.3) and Lemma 3.3, we know

£ + (1) = D) ~ 30 (), 1)

-1 -1 1
= _p Il (un) + P IZ(”n) + f —f(x, un)un - F(X, un) dx (54)
4pr 4pr r2 |2
< % +o(1).

This contradiction shows that 6, > 0. Now, from (2.10), (5.1) and Lemma 2.3, one has
Il(un) < IZ(Mn) < C,

which, together with Lemma 2.5, implies that |[u,]|. is bounded and {u,} is bounded in E; .

Step 3: ®’(iz) = 0 in X,
We may assume by [25, Lemma 2.3] and passing to a subsequence again if necessary, that u,, —
in Ej , u, — i, a.e., on R? and

u, —» u in L*(R?),

where s € [2,00)if p =2and s € (2,00)if p > 2. Let M := sup,, ||Vu,l||,. By (F1’), we can choose a > 0

small enough such that M? < %”. Therefore, there is 8 > p big enough such that [A:Tzf < %”. Without

loss of generality, we may assume that sy € (1,2) in (F5). Then, it follows (F5) and Lemma 2.1 that

f |f(x7 un)(un - ﬁ)ldx

RZ

< f |f Ce, ) (uy — 0)|dx + f | Cx, un)(uy, — 0)|dx
{lunl<1}

{lup |21}

< Clletllol ey — ﬁllﬁ + Cllu, — ullg

= o(1). (5.5)

Similarly, one has

fR e )y = wldx = o(1). (5.6)
Furthermore, it follows from (2.9), (2.10) and the Holder inequality that
Ag(anl? Nttty — @) = (1), Ag(ladl”, lal"*au, — @) = o(1). (5.7
By [25, Lemma 3.3], we have
Ar(unl?, Py — @) = 0(1), Ayl |alP~*a(u, — @) = o(1). (5.8)
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Combining (2.11), (2.12), (3.10), and (5.5)—(5.8), there holds

o(1) = (@ (u,) — O (i), up — i)x;, x,)

1 _ _
= |lu, — all* + 2—A1(Iun|", |47~ (u, — 1))
JT
1 1
+ — A (u,|”, || 20w, — ) — —A (@), |l i(u, — i)
2r 2
1 1
+ — Ayl a2 a(u, — ) — —As(unl?, |wn|P 1, (ty, — 1))
2 2
+ f [, w)(u, — w)dx — f FO u)(uy, — w)dx + o(1)
R2 R2
> |lu, — @l* + o(1).

By (2.10), (5.9) and Lemma 2.1, we have
As(|unl”, val?) = o(1), (U, u, — ) = 0(1), f S(x, un)(u, — w)dx = o(1),
R2
where |v,|” := |u,|"~%|u, — ii|* for every n € N. By (3.10) and (5.10), one has

, _ 1 1
o(1) = (D" (), uy — Wyxy x5 = 3= A1([t0al”, Val”) = s=As(|tn]”, [Val”)
4 2 2
+ <Mn’ u, — ﬁ) + f f(x, un)(un - ﬁ)dx
RZ
1
= EAl(Iunl”, val”) + o(1)
which, together with Lemma 2.5, implies
lim (vl + Ivall) = 0.
From (5.11) and [25, Lemma 3.3], one has
oty — @l = f In(1 + [xD)(|u, — 8172 = | P~ *)lu, — @lPdx + o(1)
RZ

1
< §||un —al|P + cf In(1 + |x))|a”2|u,, — al*dx + o(1)
RZ
L ten = @1 + 0(1)
= —||lu, — ull; +o(l),
2

where we used the following inequality

1
la + bIP2 = 1612] < S1BIP? + Clal™,

(5.9)

(5.10)

(5.11)

(5.12)

and C is independent of a,b € R. Combining with (5.9), we have u, — @ in E;,. Hence, 0 < ¢ =
lim,, o, ®(u,,) = ®(ir) and @’ (it) = 0 in E,’C’p. We conclude that @’(it) = 0 in X, as in the proof of step

3 of Theorem 1.1.
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Appendix

In

In this section, we give the proof of Lemma 2.2. For any u € X,,, we denote W(u) := fR2 F(x,u)dx.
fact, we just need to prove ¥ € C1(X »,R), and the readers can refer to [25, Lemma 2.3] for the rest.

First, given any u,v € X,, for almost every x € R?

. F(x,u(x) + tv(x)) — F(x, u(x))
lim

t—0 t

=[x, u(x))v(x).
On the other hand, we can choose a large enough number #; > 0 such that
Fe Dl < e 1,V [ 2 1.

By (F1), (F5) and Lemma 2.1, one has, for any u € X,,,

f |fCx, w)Pdx = f |fCx, )PP + f |fCx, w)PPdx
R2 (lul<n) (lulr1)

< C”u”%-i_f (e(oto+l)u2 B l)dx
R2
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<C.

Then, for any u € X, f(x,u) € L*(R?), it implies that the Gateaux derivative lI’;,(u) exists and
V() € X,

Now let {u,} C X,,, |lu, — @lly, — 0. Hence, u, — it in H'(R?). Let us prove ¥ (it) = lim, . ¥’ ().
It suffices to prove

lim sup
= |||y, =1

f [f(x,u,) — f(x,u)]vdx| = 0.
R2

Define that M := sup,, ||Vu,||,, then we prove this lemma in two cases.

/.
2a0°

For any given ¢ € (0, 1), we choose large enough R, > 0 such that

Special case: M <

i
Wllreas) < IMllrss, ) < elln(l + R P IMllrss ) < ellvily,, ¥ R = Re

and
llatll 22 < ||’7‘||L2(B;'e8) <g VR>R..

By Lemma 2.1 and ap < 575, it is easy to verify that there is a Co > 0 such that [|ully < Collullx, for
all u € X, and

f |f(x, )P dx + f |F(x, u)Plunldx < C, V n.

Bg, Bg,

Now, we claim that

lim sup {[|f(x, u,) = fOx, Wl> + ||, — all2} < Ce. (AD)

n—oo

The proof of (Al) is in spirit of [36, Lemma 2.1]. As LZ(BRS) is a Hilbert space, we need only to
prove

limsup | (If(x, )l = |f(x, @)F)dx < Ce

n—oo BRg

for the first part of (Al). Let M’ be large enough such that

2
X, )| |u C
f |f(x, u,)Pdx =f e, ) el "ldx < O, <e.
{lual=M’)\Bg, iual=M’)\Bg, |et| M

By the dominated convergence theorem and Fatou’s Lemma, one has

(1f e, )PP = |f(x, )

Bg,

2 21-
x, u,)|*|u x, u,)|*|in
[ Pl [ el
{lul>M’ "B, M {lul>M"}NBg, M

+ f h,(x)dx
B,

=2¢e+ 0,(1),
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where 5,(x) = || £, un GOV unt<mringe, — LG BCO)PX unj<mringy, |- and we use the fact

|f(x AP, luy| = M,

(x| < - , N ,
sup{lf(x, O : x € B, |t < M'} + |f(x, a(x)",  |un| < M’

Therefore, we get (Al). By (A1), for large n, one has

f Lf(x,u,) — f(x,ut)]vdx

R2

Sf |f(x, un) — f(x, ﬁ)llvldx+f |F(x, 1) — £(x, D)|VIdx
BRg BRg

S)‘/SHVHX,, + ;(Hun = il + 2@l s, )IVII,

1/
4 02pC (‘[W [exp (p’aui) —1+exp (p’(n‘tz) - 1] dX) ; elvllx,

<Cél|vllx,,

where L + L = 1 and y := inf,cx —24— > 0 (see [31, Lemma 2.1]).
p P lleell 1 2,

General case: M > 0.

For any R > 0, let ¢z(r) be a C cut-off function such that 0 < ¢ < 1, g = 1 on [0,R] and ¢z = 0
on [R + 1,00). Let 6 > 0 (to be determined later), we can choose large enough bounded domain Bg(0)
and its bounded open coverage {€,},<y. which has a partition of unity w, (1 < £ < N,) such that

llor—1(IxDia(x) — w(x)|| < 6;

Ne
BeOc | ] Q.  Ywim=1,  VxeBgO);
=1

1<t<N.

we € CHQy), [Vwe| < C, v ¢,

f Weldx < 6, f Wealfdx <6, Y nd;
Q[’ Q[

IV |*dx < 6, f Vi ,|2dx <6, Yot
Q¢

Q
where
Ye(x) = er(|xDweit, Yen(x) = @r(IxDwen,.

Choosing ¢ > 0 small enough and repeating now the proof of the special case, we can prove
f |LFCx, ) = fx, @)v|dx < Cellvll
B5(0)

and

f ILf(x,u,) — f(x,i)]v|dx < Ce|vllx, Y ¢L.
Q¢
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Therefore, one has

Lf(x,u,) — f(x, n)]vdx
R2

N,

< [ )= st ) [ i = e mids
B ,

=1 Y
<(N, + DCée|||x.

So we obtain Lemma 2.2.
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