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Abstract: In this study, we investigate the boundedness, persistence of positive solutions, local and
global stability of the unique positive equilibrium point and rate of convergence of positive solutions of
the following difference equations systems of exponential forms:
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for n € Ny, where the initial conditions Y_;, W_;, Q_j, for j € {0, 1} and the parameters I';, ¢;, ®; for
i € {1,2,3} are positive constants.
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1. Introduction and preliminaries

First of all, it is important to keep in mind that Ny, Z, R, R* and R* U {0}, refer to the non-negative
integer set, integer set, real set, positive real set and non-negative real set, respectively. If @,V € Z and
® < V¥, the notation k = ®, ¥ stands for{k € Z : ® < k < ¥}.

It is of utmost importance to use different branches of science in tandem. Mathematics can also be
deployed in research fields of other scientific areas. Especially, mathematical models of many sorts have
been developed for many areas of study, such as ecology, medicine, population biology, biostatistics
and molecular biology in [1]. In order to apply mathematical modeling in biology, both mathematical
and biological information are required. As such, multidisciplinary or interdisciplinary research studies
are very popular these days (see [2—-15]).
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Difference equations, which represent a topic of applied mathematics, can also be used in mathemati-
cal modeling. In addition, difference equations are used to define real discrete models in different areas
of advanced science, such as control theory, biology, physics, economics and psychology. One of the
applications of difference equations in biology is the population model. Some population models involve
exponential-form difference equations. Difference equations of the mentioned type attract the attention
of mathematicians. But, their stability analysis process can be complex. Therefore, studying these
difference equations and systems is worthwhile. To date, a significant number of papers concerning
difference equations have been published (see [16-27]).

As a model in the field of mathematical biology, several difference equations of the exponential-type
were studied. For example, the following single-species population model

U, =k+eU,_1eV, neN,, (1.1)

where k, € € R* and U_;, Uy € R U {0}, was investigated by El-Metwally et al. in [28]. « was used as
the migration rate and € was taken as the population growth rate in Eq (1.1).
There is another example, in which the authors of [29] changed Eq (1.1) to a newer version as;

Upyr =k + €Upe™ V1, neNy, (1.2)

where U_;, Uy € R* U {0} and «, € € R*. As a model in the field of mathematical biology, Eq (1.2) was
investigated. In Eq (1.2), « is the migration rate and € is the population growth rate.

The authors of [30] researched the dynamical properties of the next exponential-type difference
equation:

K+ ee”Un
Upi1 = iU n € Ny, (1.3)

where U_;, Uy € R* U {0} and «, €, € R*. Equation (1.3) represent a mathematical biology-purposed
model, where « is the migration rate, € is the population growth proportion and ¢ is the carrying capacity.
Comert et al. in [31], explored the global behavior of the next exponential-type difference equation:

5 +eeUn
U1 = { U . n € Ny, (1.4)
where k is an even number, the initial values U_;, U_, 1, ..., Uy € R* U{0} and the parameters 6, €, € R*.

Moreover, there are numerous studies that can be viewed as a model for difference equations of the
exponential-type in the literature [32-35].

Some authors extended Eq (1.3) to the two-dimensional exponential-type difference equations
systems. For instance, Papaschinopoulos et al. examined the following systems of two-dimensional
exponential-form difference equations:

K+ ee R 0+ de
Tn+l = 5 > \py1 = >
g + Rn—l u+ Tn—l
K+ ee R 6+ eI
Tpi = s Rpyy = ———, (1.5)
{ Tn 1 M + Rn—l
K+ ee T 6+ de7Fn
Tn+1 = 5 > M\yr1 = >
{ + Rn—l M+ Tn—l
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for n € Ny, where T_y, Ty, R_1,Ry € R* and «,€,{,0, 4,4 € R" in [36]. The systems given by in (1.5)
are two-species population models.
In addition, Thai et al. in [37], studied the dynamical properties of the following systems:

q +,81€ s (0% +ﬁ2€ Rn-1
Tn+1 = ’ n+l =
Y1 + Rn Y2 + Tn
—Rp-1 =Ty
) + pre ap + pre "
T Ly Sl L (1.6)
Y1+ Tn Y2+ Rn

for n € Ny, where the parameters ay,B;,yx € R*, for k € {1,2} and T_1,Ty,R_;,Ry € R*. Two-
dimensional exponential-form difference equations systems have been studied by many authors in recent
years (see [38—44]).

Our aim in this paper is to generalize the systems given by (1.6) to the following three-dimensional
system of difference equations of exponential-form:

[} + e [y + §re I3 + 53¢ !
Ty =y, =22 g =370 (1.7)
0 +Y¥, 0, +Q, 0;+ 7,
[} +6e ¥t [ + Gy [; + 03¢ -1
Tps1 = L, el = i, el = i, (1.3)
0,+7T, 0, +¥, 05 + Q,

for n € Ny, where the parameters I';, oy, O, for k = 1,3 and the initial values Y_,, ¥_,, Q_,, for
v € {0, 1} are positive constants. Another goal of this study is to contribute to the literature, since
there are few studies on systems of three-dimensional exponential-form difference equations in the
literature (see [45,46]).

In mathematical biology, the systems given by (1.7) and (1.8) can be viewed as three-species
population models. Also, the biological parameters of systems (1.7) and (1.8) are shown in Table 1.

Table 1. Biological presentations in systems (1.7) and (1.8).

Parameters Biological presentations

I Migration rate of species Y,

01 Population growth rate of species Y,
0, The carrying capacity of species T,
I, Migration rate of species ‘¥,

02 Population growth rate of species ¥,
0, The carrying capacity of species ‘¥,
I3 Migration rate of species €2,

03 Population growth rate of species €,
(OF The carrying capacity of species €,

Our paper is organized as follows: In the following section, we study the boundedness, local and global
stability of the unique positive equilibrium point and rate of convergence of system (1.7). In the third
section, we study the boundedness, local and global stability of the unique positive equilibrium point and
rate of convergence of system (1.8). The conclusion is given in the last section.
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Before we start our analysis, recall some lemmas and definitions which are used throughout this
work. For more particulars, one can refer to the references [47-50].
Un+l = f (Un’ Un—l s Pns Pn=150n» O-n—l) s
Pn+1 = g(Un» Un—l,pn,Pn—l’O'm O-n—l) , n€E NO’ (19)
Op+1 = h (Un’ Un—l’pn’pn—la Oy, O-n—l) P
where f: U? x V2 x W? > U, g: U*xV?xW? - V,h:U?x V?>x W? — W are continuous differ-
entiable functions and U, V, W are some intervals of real numbers. Also, a solution {U,, p,, 07}~
of system (1.9) is uniquely defined by the initial values (U_#,p_ﬂ, 0'_#) e UxVxWforuei0,1}.
Along with system (1.9), we take into account the suitable vector map F = (f, O,, g, pn, h,0,). An
equilibrium point of system (1.9) is a point (U,ﬁ, E) that supplies

0 =f(0.0.p.p.0.7). p=¢(0.0.5.5.7.7). 7 = h(0.0.5.5.7.7).

The point (6, U, 0,0,0, o_') is named a fixed point of the vector map F.

Definition 1. Assume that (6, 0, 0,0, 0, 5) is a fixed point of the vector map F = (f, O, g, pn, h, 07,),
where f, g and h are continuous differentiable functions at (6, 0, 5). The linearized system given by

system (1.9) about the equilibrium point (6, 0, 5) is
K, .1 = JrK,,

where K, = and Jg is the Jacobian matrix of system (1.9) about the equilibrium point (6, 0, E).

Lemma 1. Let K, = F(K,), n € Ny, be a system of difference equations where K is a fixed point of
E. If all eigenvalues of the Jacobian matrix Jr about K lie inside the open unit disk |A| < 1, then K is
locally asymptotically stable. If one of them has a modulus greater than one, then K is unstable.

Definition 2. If there exist positive constants t and T and an integer N > —1, the positive solution
{Ou, Pn> Onbie_y of system (1.9) is bounded and persists such that

t<0,,pp0,<T, n>N.

The following lemma gives the rate of convergence of solutions of the systems of difference equations.

Lemma 2. ( [37])
X1 = |a + B ()] X, (1.10)

where X, is a k-dimensional vector, @ € C** is a constant matrix and B : Z*+ — C** is a matrix function
satisfying
18l = 0, when n — oo, (1.11)

where ||.|| denotes any matrix norm which is associated with the vector norm
NI = Va2 + y2.
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2. Global behavior of system (1.7)

Lemma 3. Every positive solution of system (1.7) is bounded and persists.

Proof. Suppose that {((,,,'¥,,, Q,)} 1s an arbitrary solution of system (1.7). We get

I'y+6; I + 0, 1—‘3""63
T, < =1, ¥, < =1L, Q, < =13, neN. 2.1
o, 1 0, 2 0, 3, N (2.1)
Then, from system (1.7) and Eq (2.1), we have
I'r+6
I+ 616_( 2922)
nZ T T T Ay,
0 +(%52)
I + (526_(r3e);’53)
n = W = Az, (2-2)
0, +(552)
_(r1+61)
I'; + dze o1
nZ T T T As,
0; + (%)
forn € N.
Therefore, from Eqs (2.1) and (2.2), the proof of the lemma is complete. O

We can indicate the following lemma, which is useful for our study of system (1.7). We consider the
following general system of difference equations:

Xn+l = f(yn’yn—l)’ Yn+1 = g(Zn’ Zn—l)’ Zn+l = h(xn’ xn—l)’ (23)

where f, g and h are continuous functions and the initial conditions x_;, xo, y_1, Yo, Z-1 and z, are
positive numbers.

Lemmad. Let f, g, h, f : R" > R*, g: R* - R" and h : R* — R be continuous functions. Let a,
b1, ay, by, az and bz be positive numbers such that a, < by, a, < b,, a3 < bz and

filas, bl X [az, byl — [ay,b1], g : [as,b3] X [as3,b3] = [as, by], h:lay,bi] X [ay,bi] — [a3,bs].

Suppose that the function f (u,v) is a decreasing function with respect to u (resp. v) for every v (resp. u),
g (w, t) is a decreasing function with respect to w (resp. t) for all t (resp. w) and h(p, s) is a decreasing
function with respect to p (resp. s) for every s (resp. p). Finally, suppose that, if m, M, r, R, t and T are
real numbers such that, if

M=f(rr),m=fRR),R=gt),r=¢g(T,T), T=h(m,m), t=h(M,M), 2.4)

thenm = M, r =Randt =T. Then, system (2.3) has a unique positive equilibrium (X,y,7) and every
positive solution of system (2.3) that satisfies

Xno € [alabl] s Xng+1 € [alabl] » Yng € [a2a b2] s Ynp+1 € [az’ bZ] s Tng € [a39b3] s Tnp+1 € [a3’b3] ,Np € N»

tends to the unique positive equilibrium of system (2.3).
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Proof. System (2.3) is equivalent to the following system of separated equations:

Xnt1 =f Ons Yu-1) = (8 (Zu-1,2n-2) » 8 (Zn-25 20-3))
=f (g (h (Xp-2, Xp-3) , h (X3, X)) » & (N (X3, Xp—a) , 1 (Xp—4, Xn=5)))
=F (Xp-2, Xp-3, Xn—4, Xp-5) , 1 2 4,

Y+t =8 (Zns Zn-1) = & (M (Xp-1, Xn-2) s h (X2, Xp-3))
=8 (W (f (Vn=2,Yn-3) > | V=3, Yn-2)) s L (f V=3, Yn-4) » | V-4, Yn-5)))
=G (Vn-2, Yn-3> Yn-4> Yn-5) . 11 = 4,

Zns1 = (X, Xpm1) = B (f V1, Y0-2) s | Vn-2, Yn-3))
=h (f (8 (zn-2,2n-3) » 8 (2n-3, Zn-4)) » f (8 (Zy-35 Zn-4)  § (Zy-45 Zn-5)))
=H (212, Zn-3> Zn-4Zn-5) , 1 = 4.

We consider the equation
Xn+1 = F (-xn—2’ Xn-35 Xn—4, xn—S) . (25)
From the conditions of f, g, h, we have that F : [a,, b;] X [a;,b,] X [a1,b] — [ai,b] and F (@, B, 7, 0)

is increasing in « for all 3, y, §; increasing in S for all @, vy, ¢; increasing in 7y for all @, $, §; increasing in
o for all @, B,y. Now, let us take m and M as positive numbers so that

M=FM,M,M,M,) = f(gh(M,M),h(M,M)),gh(M,M),h(M,M))),
m=Fm,m,m,m,) = f(g(h(m,m),h(m,m)),g(h(m,m),h(m,m))).

By setting h (m,m) = T and h (M, M) = t, we get

M=f(g(t1),g(1),
m=f(@g{T,T),g(T,T)).

By setting g (t,1) = Rand g (T, T) = r, we have that the relations given by Eq (2.4) are satisfied. Then,
from a hypothesis of Lemma 4, we have that m = M. Equation (2.5) has a unique positive equilibrium
X, and every positive solution of Eq (2.5) tends to the unique positive equilibrium Xx. Similarly, we can
prove that the equation

Yn+1 = G(yn—Za Yn-35Yn—4, yn—S) > (26)

has a unique positive equilibrium y and every positive solution of Eq (2.6) tends to the unique positive
equilibrium y. Similarly, we can prove that the equation

in+l = H (Zn—Z’ Zn-35n—4» Zn—S) s (27)

has a unique positive equilibrium 7 and every positive solution of Eq (2.7) tends to the unique positive
equilibrium z. This completes the proof of the lemma. O
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2.1. Local and global asymptotic stability

Theorem 3. For the local stability about (T, vy, 5) € [A1, I X [Ag, 1] X [A3,T13], i.e., the equilibrium
point of system (1.7), the next declarations are valid:
(i) (T, ¥, ﬁ) is locally asymptotically stable if L, < 1,

(ii) (Y. W, Q) is unstable if Uy > 1,

where
L, = ! (A1A2A3 + 6_1(61 (Ag + (526_1\2) + 0, (A] + 536_/\3)
0,0,0; ; ;
465 (As + 51e—A1)) + 515253), 2.8)
1 (F] + 51€_H2) (F2 + 526_1_[3) (rg, + (536’_1_[1)
Uy = + 5]5263€_n]_nz_n3
(O, +11,) (O, + 113) (O3 + 1)) (O, +11) (O, +113) (O3 + II))

(F2 + 52e‘H3)
(@) +11,) (@, + I13)* (©; + 1))

. (T1 + 6172) Gpe™
(@O + 1) (O, +113) (O3 + 1))

(Fl + 61e‘H2) 53€_H' (rg + 53€_H1)51€_H2
+
(©; +11,) (©; +11))

(F3 + 63e‘H1) . 5z
(0, +1L)(O; +1II;) (O +1L)
(F2 + 626‘“3) dze1h . (F3 + 636‘”‘)626‘“3)

(O, +I13) (O3 +1I)

(2.9)

+ 51€_H2
(0 +11) (O, +113) (O3 + II))

Proof. (i) From system (1.7), we obtain

T: I +61€__¢’ @ I +626__§, 5 _ I3 +63€__?‘ (2.10)
0,+¥ 0, +Q O;+7

In order to construct the corresponding linearized form of system (1.7), we consider the following
transformation:

(TYHI’TVH \Pn+1’\Pn’ Qn+laQn) - (f$ fl’ g,81, ha hl)’ (211)
where
Fl + (516_\{‘”’1
= =T
f O + Y, ’ fl
I, + (526_9"’1
_2tee ™ g 2.12
8 @2 + Qn » &1 ( )
I3 + 3¢t
— i, h=Q,.
@3 + Tn
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6704

By using the transformation given by Eq (2.11), we obtain

0 0 s, 1 0 O
1 0 0 0 0 O
9T o) 0 0 0 0 5 b
F,(‘Y‘,‘I’,Q)— 00100 ol (2.13)
ss 3 0 0 0 O
0O 0 0 01 O
where
I + 51€_¢ 51€_¢
ST =— 5 H=-— p—
(@1 + \Il) 0, +¥
[, + 6,7 5y
=2 a2 (2.14)
(@2 + Q) 0, +Q
I's + 536_? 536_¥
§3 = — —5 1 =— —.
(05 +7) ©;+ T
The characteristic equation of F; (T, vy, 5) is below:
A+ mA +m® +msd+my =0, (2.15)
where
mp = —815283,
mp; = — (S1S2l3 + S16h 83 + 11 S2S3) , (216)
m3 = — (S1tt3 + 118213 + 111253) ,
my = —His.

Because xe ™ < ¢!, for x > 0, we have

Iy + (516_@) (Fg + 526_5) (Fg + 536_?)

;| = (

4

P (@1 + @)2 (G)z + 5)2 (®3 + T)z

(Fl + 51€_$) (rz + 626_5) 536_? (Fl + (516_¢) 626_5 (F3 + 63€_¥)
+

(@1 + @)2 (@2 + 5)2 (@3 + T) (@1 + @)2 (@2 + ﬁ) (@'; + T)z
5]6_? (FQ + (526_5) (F_O, + (536’_T) (F] + 516_@) (‘)‘2(3’36_5_T
+

(@1 + ?) (@2 + 5)2 (@3 + T)z (@1 + @)2 (@2 + ﬁ) (@3 + T)
(rz + 626_5) 5153€_¢_? (F3 + 536_?) 5162€_¢_§
+

(@1 + @) (@z + ﬁ)z (6)3 + T) (@1 + @) (@z + ﬁ) (®3 + T)z
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5,6,05¢" 170

_ __rve __ _ P 2.17)
(01 +¥)(0,+Q)(0;+T) (0, +7F)(0,+Q)(0; + )
N Téze‘ﬁﬁ N Qs 1 ey
(@1 +@) (@2 +§) (®3 +T) (@1 +@) (@2 +5) (6)3 +T)
N 63e‘?T52e‘5 N 1) le‘@@&e‘T
(@1 +@) (@z +§) (®3 +T) (@1 +@) (@z +§) (®3 +Y)
. 567205 e7" N 51620371710
(G)l + @) (G)z + ﬁ) (®3 + T) (@1 + @) (G)z + 5) (6)3 + T)
< T90 . e (5 + 62T + 61Q + 620372 + 61037 + 6152¢ 77 )
0,0,0; 0,0,0;
516,55

0,0,0;
1

<
0,0,0;

(A1A2A3 +e! (5l (A3 + 52e—A2) + 6, (Al + 53e—A3) + 03 (A2 + 51e-"1))

+ 616263) < 1.

By supgos_ing_ that L; < 1, from Eq (2.17), we have that Zle |m;| < 1. According to the Rouche
theorem, (‘I‘, Y, Q) is locally asymptotically stable.

(ii) We get

- (r1 + 51e-¢) (r2 + 52e—5) (r3 + 53e—?)
- 2

4
2l
=1

i

(@1 + @)2 (@2 + 5)2 (@3 + T)
(F1 + 616_@) (Fz + 626_5) (‘)‘36_¥ (Fl + (516_@) (‘)‘26_5 (F3 + 53€_¥)
+

(@1 + @)2 (@2 + 5)2 (@3 + T) (@1 + @)2 (@2 + ﬁ) (@3 + T)2
51€_¢ (rz + (526—5) (F3 + 53€_Y) (F1 + 51€_§) 52536_5_?

(@1 + @) (@z + 5)2 (®3 + T)z (G)l + @)2 (®2 + ﬁ) (®3 + T)
(rz + 626_5) 61636_@_? (F3 + 536_?) 61526_@_5

(@1 + @) (@2 + ﬁ)z (@3 + Y) (@] + @) (@2 + ﬁ) (@3 + T)z
(51(52536_?_@_5

" (@1 +%) (6, + Q) (6 + )
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(T1 + 6172) (T + 62 (I3 + 63¢™)
>
(0 + )% (0, + I13)* (©; + I1;)?
(Fl + 516_]-[2) (Fz + 526_1-[3) 538_1-[1 (Fl + 616_1-[2) 526_1-[3 (F3 + 538_1-[1)
+
(0, +)* (@, + T1;)* (@3 + 1)) (O +11,)* (®, + I13) (O; + IT;)?
616_1-[2 (rz + 626_1-[3) (F3 + 636_1-[1) (Fl + 51€_H2) 62636_1-[3_1-[1
(0, + 1) (@, + T1)* (@3 + I1))*  (®; +I1)* (0, + IT3) (@3 +IT))
(F2 + 62€_H3) 61536_1_[2_1_11 (F3 + 63€_H1) 51626_1_12_1_[3
+

(0, + 1) (0, +T1)* (@3 + ) (O, +11,) (@, +IT3) (@3 +IT;)*
+ 515253671_[1711271_[3
(O, +11) (O, +113) (O3 + II))

1
" (0 + 1) (0, + 1) (05 + 1))
(F2 + 52€‘H3)
(©; + 1) (©, + I13)* (@5 +I1))
. (F1 + 61e‘H2) 5re7 113
(0O + 1) (O, +113) (@5 + IT))

(2.18)

(T1 + 61672 (T + 627 (I3 + 3711
(0, +11) (0, +113) (O3 + II))

(T1 +61e7) 537 . (T3 + 63¢7™) 51e-H2]
(O +11) (O3 +11;)

+ 9 52536_1-[1_“2_“3]

(r3 + 53e-H') . Syeh
(01 +1L) (O3 +11;) (O +11L)
(Fz + 626‘“3) 5ye71h N (F3 + 636‘”1)526‘”3] .

(© +113) (®3 +11;)

+ 61€_H2
(O +11,) (O, +I13) (O3 +II))

By supposing that U, > 1, from Eq (2.18), we have that Z?: , Im;| > 1. According to the Rouche theorem,

(T, ¥, Q) is unstable.
O

Theorem 4. System (1.7) has a unique positive equilibrium (?, ¥, 5), and every positive solution of
system (1.7) tends to the unique positive equilibrium of system (1.7) as n — oo if

01,03 <O,
01,07 <®3, (219)
02,03 <®1.
Proof. We consider the functions
I'y +0,e™ I + 07" I;+ 53€_k
V)= ———, )= ———— h(k, ) = ———F, 2.20
fw,v) ® +v gw,1) ®, 11 (k, D) Ot 1 (2.20)

where
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VF 0 _(%) I'+o¢ —

+ +

kle[AnIL] = | === S,
| o+ (%) @

I'3+03

»rz +(52€_( ©3 ) I, +62—

3463 ’ ® ’
L ®2+( 03 ) 2 i}

u,v € [Ay, 1] = (2.21)

r Iy+6) 1
F3 + (536_(T) F3 + (53
®3 + (M) ’ @3 ’

0

w,t € [As3,I13] =

From Eqgs (2.20) and (2.21) we get the following relations for k,/ € [Ay,ILi], u,v € [A,,Il;] and
w,t € [A3, I15]:

fu,v) € [ALIL], gw,1) € [Aa,I11], h(k, D) € [As,113] 5
thus, f : [Ay, 1] X [Ag, I] — [AfIL], g @ [As, I13] X [As, I13] — [Ay,I1;] and & @ [Ay,I1;] X
[A, 1] — [Aj,113]. Let {(Y,,¥,,€,)} be an arbitrary solution of system (1.7). Therefore, from
Lemma 3, for n € N, we get

Ty € [AL 1], W, € [Ag, I, Q, € [A3,T15].
Now, let m, M, r, R, t and T be positive numbers such that

I'y+d1e” I+ 51€_R

= —, m = —,
O +r ®, +R
R= I, + 62€_t _ I, + 62€_T

, r= ———" (2.22)
0, +¢ 0, +T
T = I's + dze™™" _ I+ 53€_M
O;+m ’ O;+M '
Then, we consider the functions
I+ 61€_ql(x) I3+ 03¢
F = — —1x, =— x€[A,IL], 2.23
(x) @ +q (0 x, q1 (%) O+ x x € [Ay, I1;] ( )
F2 + 626_q2(y) Fl + 61€_y
GO =—"""—- )= ———, Y€ [A L], (2.24)
(v @+ () Vs @2 (y @ +y y 2,11
I+ 536_613@ Iy + 6,77
Hz)=———— -7z, 7)) = ——, 7€ [A3,115]. 2.25
() 0+ () q3 (2) 0, + 2 [As, I15] (2.25)

Note that F maps the interval [Ay, I1;] into itself. We claim that the equation F (x) = 0 has a unique
solution in [A4, I1;]. From Eq (2.23), we get
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51”1 (@, + +T + S e ™

F/ () = g (x) 171 (01 + g1 (%) | 1€
(©; + g1 (x))

03¢ ¥ (O I'; + 03¢

37 ( 3+x)+(23+ 3€ ),xe[Al,Hl].

(®3 +x)

-1,

g, (x) = -

Let x, x € [A,I1;] be a solution of the equation F (x) = 0. Then, from Eq (2.23), we get
X(O1+q1 (X)) =T +61eY, gy (X) (O3 +X) =T5 + 53¢ .
Now, observe that Eqs (2.26) and (2.27) imply that

(536_} + q1 (}) 616'_111(E (@1 + q1 (%)) + F] + 61€_q1(}) _ 61€_ql(E +Xx
@ +x O + g1 @) O +q1 ()’

gy (x) = -

Then, from Egs (2.19), (2.26) and (2.28), we have

F (_) 536_} + qi ()_C) (516_[11(}) +Xx
xX) =
0, + q1 (}) @3 +x

Therefore, from Eq (2.29), we see that the equation F (x) = 0 has a unique solution in [A4, IT].

(2.26)

(2.27)

(2.28)

(2.29)

Note that G maps the interval [A,, I1,] into itself. We claim that the equation G (y) = 0 has a unique

solution in [A,, II]. From Eq (2.24), we get

) L 626720 (@) + o () + Ta + Gre7 20
G'0) =gy 2+ O) +1h ¥ e
(©; + 42 ()

61”7 (O +y)+ [T +05,e™”
_ o€ O +y) (21 1€ ),yE[Az,Hz].
O +y)

b

q> () =

Lety, y € [A,,I1;] be a solution of the equation G (y) = 0. Then, from Eq (2.24), we get
YO +q:(3)) =2+ 66"V, 2(3) (O +y) =T + 617
Now, observe that Egs (2.30) and (2.31) imply that

516_y + g2 @) 62€_q2(ﬁ (@2 + g (y)) + Fz + 626_(12@) _ 62€_q2®) + y
O, +y (©, + ¢ ) O+ q:(3)

g, =~
Then, from Eqgs (2.19), (2.30) and (2.32), we have

S1e” +qr () « 66720 +y
02 +g2(y) O +y

G' (= 1<0.

Therefore, from Eq (2.33), we see that the equation G (y) = 0 has a unique solution in [A,, I1,].

(2.30)

(2.31)

(2.32)

(2.33)

Note that H maps the interval [As, [15] into itself. We claim that the equation H (z) = 0 has a unique

solution in [A3, I13]. From Eq (2.25), we get
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5 -q3(2) @ + + I_‘ + 5 -q3(2)
H ) =—¢, () 3€ (03 + g5 (2) 23 3€
(03 + g3 (2))
—Z l—‘ =2
027 (0 +2) + (22 + 0se )’ 2 e [AwnTL].
(O, +2)

-1, (2.34)

g5 (2) =

Let z, 7 € [A3,113] be a solution of the equation H (z) = 0. Then, from Eq (2.25), we get
Z@3+q3 (@) =T34+ 639, 3@ (0, +2) =1 + 6. (2.35)
Now, observe that Eqs (2.34) and (2.35) imply that

667+ q3(7) 636 PP (0343 Q) + T3+ 53¢ 00 636709 +7

;@) = - —, = —. (2.36)
& ©+7 (O3 + qs (Z))z 0; + q3 (@)
Then, from Eqgs (2.19), (2.34) and (2.36), we have
-z = -3 4 3
=2l se it (2.37)

03 + g3 (2) 0, +z

Therefore, from, Eq (2.37) we see that the equation H (z) = 0 has a unique solution in [Ajz, I15].

In addition, Eq (2.22) implies that m and M are roots of F' (x) = 0. Hence, we get that m = M.
Similarly, Eq (2.22) implies that » and R are roots of G (y) = 0. Hence, we get that r = R. Finally,
Eq (2.22) implies that ¢t and T are roots of H (z) = 0. Hence, we get that t = T. From Lemma 4,
system (1.7) has a unique positive equilibrium (T, ¥, ﬁ) and every positive solution of system (1.7)
tends to the unique positive equilibrium as n — co. This completes the proof of the theorem.

2.2. Rate of convergence =

Theorem S. If {((,,, ¥, Qu,)},-_, is a positive solution of system (1.7) such that

limY, =Y, im¥, =%, limQ, = Q, (2.38)
where
T e[ALTL], e [A)IL], Qe [As ], (2.39)

n—1° n—-1°

both of the following asymptotic relations:

T
then the error vector @, = ((D,ll, LR RO L 2 (Df,—l) of every solution of system (1.7) supplies

lim (10,)% = |1 23.456F, (T, 7, Q)

1Dyl o
pats ||(D+|1| = ‘/11,2,3,4,5,6FJ (T, Y, Q)

b

, (2.40)

where ‘/11,2,3’4’5,6F 7 (T, v, ﬁ)‘ denotes the characteristic root of F (Y, v, 5).
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Proof. To find the error terms, from system (1.7), we obtain

— I+ 516_“1”_1 I+ 616_‘{]

T = =75 0 +¥
1 n 1+
¥ W1 _ -V
SIS LCR ) il i _)_ (¥,1 - ),
O +%¥,) (0, + ) O +¥,) (Woor - F)
¥~ =2 (; 5je;"_l Lo+t
2 n @2 +Q
a Q1 _ -0
_ [ + 679 _ (Qn_§)+ 52( ‘e _)_ (Qn—l_ﬁ)’
(©,+Q,) (0, +Q) (©:+Q,)(Q1 - Q)
Q-0 :F3(; 5je':n_l } F3@+ 53?
3 n 3+
T Tn-1 _ =T
_ I3+ 3¢ " (Tn T) 63( e _)_ (Tn—l _ T) ’
@+ ) (05 +7) @3+ 1,) (Lt = )
that is,
v SR
SRR SN ' T VR WL sl MY
@1 +¥,) (0 + ) (©1+¥,) (¥, - ¥)
0 Qo _ ,-Q
T Dree® o g el o) o)
©;+9,)(0, +Q) (0 +9,) (21 -0)
- Tn-1 _ =T
Q. -G atoe’ (1, - T) + (e e )_ (s - )
(@3 +71,) (03 + ) (@ + 1) (o1 = )
Set

O =7, -7, P=¥,-¥, 0 =0Q,-Q
By using Eq (2.43), Eq (2.42) can be written in the following form:

q),i+1 =d, D> + ¢,D>_,,
n+1 —fnd)3 + gﬂ)i 1
n+l =h, q)l + an);i 1’

(2.41)

(2.42)

(2.43)

(2.44)
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where
d I‘l + 516_¢ 51 (e_\P'H - e—?)
n—_ —, €n = — >
@ +%,)(0; +P) @ +¥,) (Vs - P)
[, + 6,6 &y (et — e
fr=m 2, = ( )_, (2.45)
(@, +Q,)(0, + Q) @, +Q,)(Q - Q)
I | ) 03 (e_T”" - €_¥)
n— — Jn = p—
(@3 +71,)(0; +T) @3+ 1,) (Lt = )
By taking the limits of d,,, e,,, f,., gu, h, and j,, we respectively obtain
- ¥
limd, = - %, lime, = — 01 —,
neo (@ +%) " ® +¥
s + 6,e72 5re7
lim f, = - =2 lim g, = —=—, (2.46)
e (@, +a) ™ ©,+0
-T -T
lim f, = - 259 i j, = -2
e (@ +7) " ©; + 71
that is,
r ¥ ¥
d, =— L]jz +§2n’ €p = — Sie — +€:2n—1’
(@1 + lP) 0, +¥
s + 6,e 2 5re7
frmm 2 3, g = 83, (2.47)
(0, +9Q) 0, +Q
s+ 63e " 53¢ "
hn:_3—3fz+§1na jn:_ 3 —+§1n—1,
(05 +7) O3+

where £1, — 0,&1,.;, = 0,82, - 0,82, — 0,£3, —» 0and £3,.; — 0 asn — oo. Then, we get
Poincare difference system (1.10) of [51], where

_F1+51€_? _516_?
0 0 (0,+¥)°  O+¥ 0 0
1 0 0 0 0 - 0 -
0 0 0 _ r2+52i_§ _ 526_2
S 0 1 0 (®6+Q) ®8+Q ’ (249
r3+(5367? (5367? 0 0 0
(®g+?)2 03+
0 0 0 0 1 0
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and

and ||B,|| = 0 as n — oo. Moreover, the limiting system of error terms turns into

(D;la+1
D,
(Di+1
o
cI)13;+1

q)S

0 0 &,
1 0 0
0 0 0
B.=lo o 1
£l, €l 0
0 0 0

§2n—1 0 0
0 0 0
0 6311 §3n—1
0 0 0
0 0 0
0 1 0

_F1+6187¢ _(5167?

0 0 (0,+%)°  O+¥

1 0 0

0 0 0

0 0 0
F3+53€7? (5367? 0
(03+7)" O34T

0 0 0 0

0 0

0 0
_ l—‘2+152€_5 _ 526_§
(®2+§)2 0,+Q

0 0

0 0

1 0

which is similar to the linearized system (1.7) about the equilibrium (T, v, 5).

3. Global behavior of system (1.8)

Lemma S. Every positive solution of system (1.8) is bounded and persists.

(2.49)

, (2.50)

Proof. Suppose that {((,,'Y,,, Q,)} is an arbitrary solution of system (1.8). From Lemma 3, by using
induction and applying n € N, we obtain

2
T el = r1+61€r+6 ,Flgél
o+ () @
T+ 6,0 (50 146y
¥ el = 2+ o02e V3 ’ 2+ 02
e () e
»F 0 _(ﬁ@;dl)l" 5<
Q, el = 3 +oze ! ’ 3+ 03
€ I »®3+(r3®_+353) ®;

= [A4,I14],

= [As, IIs],

= [Ag, I1g].

The proof of the lemma is similar to Lemma 3, so it is omitted.

3.1. Local and global asymptotic stability

Theorem 6. For the local stability about (T, W, Q) € [A4, TL1 X [As, Ts] X [Ag, 6], ie., the equilibrium
point of system (1.8), the next declarations are valid:
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(i) (T, Y, 5) is locally asymptotically stable if L, < 1,
(ii) (Y, ¥, Q) is unstable if U > 1,
where
1
L2 = —(®2A4 (@g + 2A6) + ®3A5 (@1 + 2A4) + ®1A6 (@2 + 2A5)
0,0,0;,
+A4A5A6 + 515253), (32)
I14 (O, + I15) I15 (©3 + I¢)
U, = (O + 2I1¢) + (O +2I1y)
2T O+ (O, +T05) (@3 +TTg) -~ T (O, +11) (@, +I15) (@3 +1Tg)
H6 (@1 + H4) 1
+ (©, + 2115) + (HHH 3.3
@, + ) (0, +T05) (0, + Ty 2 T 219 % (@ T (@, + Ty (@, + Tig L+ ste - G5-9)

+ 515253e—“4—“5-”6).
Proof. (i) From system (1.8), we have

T +61ef — Th+6e2 — T3+63¢"

LT o 2T 9o 370 (3.4)
0, +7T 0, +¥ B;+Q

In order to construct the corresponding linearized form of system (1.8), we consider the following

transformation:

T =

(Tn+17Tn7 Tn+17\Pn’ Qn+]7Qn) - (faﬁ7g7gl’h7 h])’ (35)
where
I+ 5167\{1"’1
= fi=T
f @1 + Tn ’ fl
F2 + 526_9”’1
_2 T 3.6
0, + 7, 81 (3.6)
r _Tn—l
_hroe .
05 +Q,

By using the transformation given by Eq (3.5), we have

ss 0 0 1 0 O

1 0 0 0 0 O

T A 0 0 ss 0 0 £
F,(‘Y‘,‘I’,Q)_ 00100 ol (3.7)

0 s¢ 0 0 1t O

0O 0 0 01 0

where
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I +(51€_§ 516_@
S4 = — —\2° t4 = - —>
(@1 + T) ®1 +T
F2 + 526_5 (()‘26_ﬁ
§5 = — —5 5=~ =
(0,+7) 0, +¥
636'_? I';+ 636_?
S = — —, g = — —\2"
®3 +Q (@3 + Q)

The characteristic equation of F; (Y, @, ﬁ) 1s below:

/16 + ﬁ]/lS + 51\2/14 + ﬁg/ﬁ + ﬁ’l\4 = O,

where

my = —(s4+ 55+ 1),
ﬁz = 8485 + Sale + Sslg,
m3 = —845sle,

ﬁ\”l4 = —S¢lyls.

Now, we can compute Y7, |ﬁ,| as follows:

4
1

(F] + 616_@) (rz + 626_5) (F3 + 53€_¥)
+

N O A P P
. (T1 +61e77) (T2 + 62¢79) . (T1 +61e77) (Ts + 63¢77)
(@ +7) (0, +¥) (@ +7) (05 + Q)
(Fz + 5,0 Q) (F3 + 63e‘?) (I“l +6,e” )(1‘2 + 62e‘5) (F3 + 63ej)
©+7) (040 (0+7) (024 9) (0:+0)
516,05 172
(G)l + T) (G)z + @) (®3 + ﬁ)
T ¥ 9 Ty
(0 +T) (©:,+7) (0:+Q) (0,+7T)(0:+F) (0 +T
. 7O TP
(@z + ‘P) (6)3 + ) (@1 +Y) (@z +@) ((93 +ﬁ)
. §16,63¢ 12

(0, +7) (0, +7)(0; + Q)
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ERv7iraY T-9-0

(@1 +?) (@2 +@) (@3 +ﬁ) (T\PQ + 010205 )
T - ¥ - O _ 1

o0, 5.0, (@1 + 2‘1’) + 5,01 (@2 + 2\1') * 5.0.0,

(@ﬁ (®3 + 25) + 0¥ (@l + 2?) + @15((92 + 2@) FTPQ+ 515253)

(T@ﬁ + 616263)

~ 9,0,0;

< (®2A4 (@3 + 2A6) + ®3A5 (@1 + 2A4) + ®1A6 (@2 + 2A5) + A4A5A6
0,0,0;

+ 515253) <1.

By supposing that L, < 1, from Eq (3.11), we have that 3, |ﬁ,| < 1. According to the Rouche
theorem, (T, ¥, ﬁ) is locally asymptotically stable.

(ii) We have
241 i = (r1 + 51i-‘21’) X (r2 + 52_e-j) . (r3 + 53j—:)
p (@l + 'r) (@2 + ‘P) (@)3 +0

(Fl + 61€_¢) I, + 626_6) (F1 + 616_@) I;+ 636_?)

)
( . (

(@1 + T)Z (@z + @)2 (@1 + T)Z (®3 + 5)2
| 5

(Fg + 526_5) I'; + (538_?) (F1 + (516_@) I, + 526_5) (F3 + 536_?)
+ +

(@2 + @)2 (®3 + 5)2 (@1 + T) (@2 + ?)2 (®3 + 5)2
510205 T7F0

" (©,+T) (6, + ¥) (0 + 0)

= ((~)3 + 25) +

(®1 + T) (@2 +¥
1
(@1 + T) (@2 + @) (@3 + ﬁ
I, (©, + I15) 5 (O + Ilg)
@) 0, 1) @+ g T @) @, 1) @, v g A
H6 (@1 + H4) 1

’ (O +114) (O, + 1I5) (O3 + Ie) (2 +2015) + (O +11y) (O, +I15) (O3 + H6)(H4H5H6

+ 616263€_H4_H5_H6) > 1.

)((91 +27T) (3.12)

0, + 2@) +

) (T@ﬁ + 6162(536_?_¢_ﬁ)
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By supposing that U, > 1, from Eq (3.12), we have that Z?Zl |ﬁ,| > 1. According to the Rouche theorem,
(T, @, ﬁ) is unstable. O

Theorem 7. Consider system (1.8). Assume that the next relation is true:
010203 < ©,0,05. (3.13)

Moreover, system (1.8) has a unique positive equilibrium (T, v, 5), and every positive solution of
system (1.8) tends to the unique positive equilibrium of system (1.8) as n — oo.

Proof. We consider the functions

I+ 516_\}1 I + 526_9 I's + 53€_T
T,¥)= ——, Y, Q)= ———, I (T,Q) = ——, 3.14
L (1Y) O T & (¥, Q) 0,1 7 2 (1, Q) 0,1 0 (3.14)
where
Yel,, Yels, Qel, (315)

and 14, Is, I are defined in Eq (3.1). From Eqgs (3.14) and (3.15), we see that, for ' € I, ¥ € Is and
Qe Ig,
L) ely, (P, Q) €ls, hy (1,Q) € Ig;

thus,
f2:I4XI5—)I4, g2115><16—>15, hy : Iy X Ig — Ig.

Let p, P, [, L, w and W be positive numbers such that

_Ty+6ie!  Ti+6e"
0O +p P = O, +P°
:F2+526‘W :F2+626‘W (3.16)
0, +1 "’ 0, +L ° '
W_F3+53€_p _F3+63€_P
O;+w ’ O;+W

From Eq (3.16), we get

4 _PO+p-Ty _, pO +P)-T,
el = , el = ,
61 61

W

L(®2+l)—F2 W l(®2+L)—F2
= —, e = —,
52 62

WOs+w)-T5 _, w@O;+W)-T;
= , € = ’
63 63

e P

which imply that
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P_p:g( o —L):%e—l—L(eL_el)’

1 1

L_l:g(—w_ —W):%e—w—W(eW_ew)’
2 2

W-w= g—i(e_p— _P)— g—Ze_”_P(eP—e")

Moreover, we get

el — el = (P —p), min{P, p} < d; < max{P, p},
et —e =e®(L-1), min{L,1} < dy < max{L,l},

eV —e" =B (W —=w), min{W,w} < dy < max{W,w}.

Then Eqgs (3.17) and (3.18) imply that

g dr—1-L
P—p=—¢e" L-1),
P @16 (L-1D
o)
L-1 :®—22€d3_w_w (W —-w),

03 d\—p—-P
oy =—2 ,di-p P— ‘
W-w @36 ( p)

thus,
g
P-pl<—I|L-1,
|P — pl ®1| |
02
L-l<—|W-w|,
| | ®2| w|

03
[W—-w| < —|P-p|.
o, P

In addition, observe that Eqs (3.13) and (3.20) imply that

010203
1- P-pl <0,
( ®1®2®3)| pl <
010203
1-———|IL-1 <0,
( @1®2®3)| <
010203
1- W—-w| <0,
( @1@)2@3)' i

(3.17)

(3.18)

(3.19)

(3.20)

from which we have that P = p, L = [ and W = w. Thus from Eq (3.1), system (1.8) has a unique
positive equilibrium (‘Y‘, Y, Q), and every positive solution of system (1.8) tends to the unique positive

equilibrium as n — co.
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3.2. Rate of convergence

Theorem 8. If {(Y,, ¥,, Qu, )}, is a positive solution of system (1.8) such that

limY, =7, lim¥, =%, limQ, = Q, (3.21)
where _ _ B
Te [A47 H4] > Ye [A57 HS] > Qe [A67 H6] s (322)

T
then the error vector ©, = (CDi, CDi_l, @3, (Dfl_l, ®°, (I)g_l) of every solution of system (1.8) supplies
both of the following asymptotic relations:

tim (19,1)* = [1122456F (T. 7.0)

)

lim |||‘|D(Ir;:|1l|| = ‘/11,2,3,4,5,6FJ (T, ¥, 5) , (3.23)
where ‘/11,2,3’4’5,6F 7 (T, y, ﬁ)‘ denotes the characteristic root of F (T, vy, 5).
Proof. To find the error terms, from system (1.8), we apply
¥ 1 —T :F1 + (516_\11"_1 B Fl + 61€_¢
" 0, + T, O, +7T
__ Dot (1, - T) + e -] (¥ - ¥)
@ +7,) (0 +T) " @ +71,) (P -¥) "
— _rz + (526_9"’1 I + ('526_5
Wi =¥ === % 0,17 (3.24)
o Datde® (%, - F)+ (= =) (@1 - Q)
(@ +%,)(@:+F) " " @+ %) (Q1-0Q) " ’
Q. - 5 :F3 + 63€_T”_1 B I;+ 636__Y
@3 + Qn ®3 +Q
__ I3+ 53€_¥ (Q 3 5) N 03 (e_Tn_l B e_T) (T - T)
©;+9Q,)(0;+Q) " @ +Q,)(Tuy = 7) ’
that is,
sl (e - ) _
Ypot — T = — —— (1, -T)+ — (¥, - 7).
@ +71,) (0, +7T) @ +1,) (W1 - P)
) Q1 _ O
N S b LU (¥, - )+ (e e )_ (@1 -9), (3.25)
(@, +¥,) (0, + F) (@, +¥,) (Qu-1 - Q)
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03 (e‘TVH — e‘?)

Q- Lroe” o) (- ).

(©:+Q,)(0;+Q (©3+Q,) (T, — T)

Set _ _ o
Q! =7,-T, ) =¥,-¥, d°=0Q,-Q.

By using Eq (3.26), Eq (3.25) can be written in the following form:

@, :‘qu)i +e,D)_,,
(wal :]’c;q)fl +§n®2—1’
(D2+1 :an)g +/];(Di_],
where
_ I, +6eY _ 01 (e_T"_l - ej)

C@ (0 +T) @+ (Y - )

_ Ltse® & -
ﬁ’t = - —\ gn = u—)

(@, +¥,) (0, + ) @ +¥,) (21 - Q)
’]; _ F3 + 536_? — 53 (e_Tnil - 6_?)

T @+0)(0:,+0) " @+ (1, -T)

By taking the limits of d,, €, f,, 2, /1, and j,, we respectively obtain

~ T, +6e? _ SieY
limd, = - - lim@, = ———
e (@ +7) " © +7
T+ 602 _ 5re
lim f, = - 22 limg, = 2,
n—oo (®2 + \P) n—oo @2 + \IJ
—~ [+ 63e" —~ 53¢~ T
lim 7, = - =2 lim j, = ————
e (@ +0) " 0; +Q
that is,
—~ Ty +6e" _ 5re”?
n =" 1 1i2 §4n’ €y = — 1€ — §5n—1,
(@1 + ‘I’) 0, +7
— I, +62e_§ — 0 -
,f;’l - — ‘fsm & = — p §6n—1,
(@z +‘P) 2+
—~ [+ 65e " —~ -T
n — > 3i2 +é‘:6na jn__ s —+§4n—1’
(@3 +Q) 0; +

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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where €4, — 0,64,., — 0,85, — 0,&5,.1 — 0, £6, — 0 and £6,,_; — 0 as n — oo. Then, we obtain
Poincare difference system (1.10) of [51], where

_1—‘]+(51€_W

_e?
(©,+T)’ 0 0 0+T 0 0
1 0 0 0 0 0
4P 5@
A= 0 0 (02+F) 0 0 O+ | (3.31)
0 0 1 0 0o 0
0 -2 9 0 el
0;+Q (0:+9)
0 0 0 0 1 0
and
&, 0 0 &,, 0 0
1 0 0 0 0 0
— o 0o &, 0 0 &,
B, = 0 0 1 0 0 (O (3.32)
0 §4n—1 O O §6ﬂ 0
0 0 0 0 1 0
and ‘ B,|| = 0 as n — oo. Moreover, the limiting system of error terms turns into
_ I'1+6; 8_? _ M
! (©,+7) 0 0+T 0 0 o
o 1 0 0 0 0 0 ot
5" _Dptope® Y | e
®n+l — 0 0 (®2+@)2 0 0 ®2+@ ®I’l (333)
(DS CI)S ’
. 0 0 1 0 0 0 el
(Dn+1 _ 5" _ L3483 " (Dn
o8 0 03+0 0 0 (©:+0)° 0 0
0 0 0 0 1 0
which is similar to the linearized system (1.8) about the equilibrium (T, v, 5). O

4. Conclusions

In this paper, the global dynamics of two exponential-type systems of difference equations are
investigated. The main results are as follows:
(i) All positive solutions of systems (1.7) and (1.8) have been shown to persist and to be bounded.

(ii) It has been shown that the equilibrium points of systems (1.7) and (1.8) are locally asymptotically
stable or unstable based on the parameters L, L,, U; and U,.

(iii) It has been explained, by using both increasing and decreasing functions and a well-known mean-
value theorem, that the equilibrium points of systems (1.7) and (1.8) are globally asymptotically
stable when the conditions given by Eqs (2.19) and (3.13) are valid.

(iv) Information has been given regarding the rates of convergence of systems (1.7) and (1.8).
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