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Abstract: Based on the possible singularity of stationary state, we revisit the initial boundary value
problem of the classical Klein-Gordon-Schrodinger (KGS) system in one space dimension. The well-
posedness is established in a class of Sobolev NLS solutions together with exponentially growing KG
solutions.
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1. Introduction and results

In this paper we consider the global existence and uniqueness of solutions in the energy class for
the one dimensional Klein-Gordon-Schrodinger(KGS) equations with partial initial data nonvanishing
at x = +o0:

Fo—Po+e=? teR xeR, (1.1)
0 + 0% = -y, teR, xeR, (1.2)
@(0,x) = @o(x), 9,9(0,x) = @1(x), Y(0, x) = (), (1.3)
o(t,x) > €, y(t,x) > 0, (Jx] — oo), (1.4)

where 9, = 8/0t,9, = d/0xand i = V—1. § denotes the complex conjugate of y. This system describes
the interaction between nucleons and mesons. Here ¢ is a complex scalar nucleon field while ¢ is a
real scalar meson one. In order to obtain more physical details, one can refer to [1,2]. Formally, the
solution (¢, ) of (1.1)—(1.3) satisfies the following conservation laws:

L?-norm = Q@ (1) =IOl = ol (1.5)
1
energy :  E(¢(1), y(1)) =§(|I¢|Ii2 + 118117 + 110,9117.) + 10,4117,
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- f¢(X)lt/'(X)|2dx = E(¢o, ¥o). (1.6)
R

There is a lot of literature concerning the wellposedness for the classical KGS system. I. Fukuda
and M. Tsutsumi [3] established the global wellposedness in energy space for the cauchy problem by
the projection method of the Galerkin’s type and the compactness argument. They also investigated the
existence and uniqueness of the solutions for the initial-boundary value problem in [4,5]. The authors
of [6,7] proved the existence of global strong solutions to the initial value problem. B. Wang [8] studied
the classical solutions for this equations with nonlinear terms and proved the global existence of small
solutions. Moreover, some low regularity wellposedness results were reported. J. Colliander, J. Holmer
and N. Tzirakis [9] pointed out the 3d KGS system is global wellposed in L* x H~'/?. H. Pecher [10]
developed this result in H>~'/4x H>~!/2_ In addition, some works associated with asymptotic limit were
invoked in [11,12].

However, we note that most works are devoted to the high dimensional case, and they may not have
so much interest in one dimensional case. In one space dimension, it does not seem to be extremely
necessary outcome that the following boundary condition at x = +oco is imposed on the solution ¢ of
(1.1): @(t, x) = O(]x| — o0). Indeed, without the loss of generality, we assume x > 0 and consider the
stationary state

~F2p(x) + ¢(x) = WP
Integrating (1.1) from O to x yields

X X X 1
- f Po(0dx + f o(x)dx = f WCOPdx < 50Wo),
0 0 0

which implies ¢(x) may increase at the level of e* with respect to the spatial variable. The regime x < 0
can be treated analogously.

This fact inspired us to consider KGS system (1.1)—(1.3) with restriction (1.4). To our knowledge,
this issue has never been investigated in previous literature.

In order to study the existence of this kind of solutions satisfying (1.4), we introduce a function
M(x), which is a real-valued function in C*(R) and satisfies for some R > O:

M) = e |x| > R, A
W=11 <R (A)

Moreover, we put ¢(t, x) = ¢(t, x) — M(x) , ¢po(x) = po(x) — M(x) and ¢;(x) = ¢1(x) . Then (1.1)—(1.4)
can be rewritten as follows:

FPp—0*p+¢p=W+0*M—-M, teRx€eR, (1.7)
0+ 0% = -y —yM, teR,xeR, (1.8)
$(0,x) = o(x), 00, x) = ¢1(x),  Y(0,x) = Yo(x), (1.9)
ot x), Y(t,x) =0, (Jx|] = o0). (1.10)

The solution (¢, ) of (1.7)—(1.10) formally conserves the L?-norm Q and the energy & along the flow
as well:

QW) = y®llz2 = Iollr2, 7 € R,
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E(p(1), (1) = E(do, Yo), T €R,

where
SCN") =%(I|¢|Ii2 +110:117. + 18:8117.) + 1104117
- fR GO0 dx — fR M)l ()l dx
+ fR () [M(x) — 0>M(x)]dx. (1.11)

Generally, we call (¢, ) the energy solution, if it is the solution of (1.7)—(1.10) and belongs to the
class H'(R) x L*(R) x H'(R). However, when we try to prove the global existence and the uniqueness
of the solutions (1.7)—(1.10), due to the boundlessness of M(x), (¢,y) can not be bounded uniformly
in this class, which leads that the compactness argument can not be applied to the system (1.7)—(1.10).
For this, we consider a new weak topology H!(R) x L>(R) x (H'(R) N L*(R; e™dx)) as energy class,
indeed, it is the weakest function space in which the energy identity (1.11) makes sense, in which by
utilizing the method in [3], we also can establish the local wellposedness. In addition, with the help of
Gronwall type estimates, the nonlinear term fR M(x)|(x)*dx can be bounded by a function depending
on time, which leads to the possibility of global existence.

Before stating results, we first introduce several basic notations used throughout this paper. For
m € N, we denote the standard L? Sobolev space by H™(R) and its dual space by H™(R), where we
put H'(R) = L*(R). For s € R, we denote the function space L*(R; e*™dx) by II(s). Let H' denote the
space H'(R) N H(%), and H~! denote its dual space. Form € N, 1 < p < o0, I C R denote an interval
and X denote a Banach space, we define the Banach space W"?(I; X) by

WP X) = {f (1) € LP(1; X); %f(t) e LM X), 1<j<m}

with the norm

5 d » 1
L Wlwmrr,x) = (Z ”Ef” 7(1;X))", 1 <p<oo,
=0

d’
m,oo(J. = max |[|— (I X)s = 00,
I1f 1w I:X) OSjSm”d[/f”L rx) P

Now we state our main results in this paper.

Theorem 1.1.  Assume that (¢o, ¢;) € H' (R) x L*(R), where ¢ and ¢, are real-valued, yry € H' and
M is real-valued smoothing function satisfying (A). Let I be a bounded open interval in R with O € I.
Then, (1.7)—(1.10) is uniquely solvable in the following class:

1
¢ €\ WU H'I(®R)), (1.12)
Jj=0
e L HY). (1.13)
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Remark 1. If the function (¢, ¢) satisfies (1.12), (1.13) and (1.7), (1.8) in the distribution sense, then

we have
1
¢\ CLUHI®R), (1.14)
Jj=0
¢ € L™(I; H'(R)), (1.15)
¥ e C,(I;HY, (1.16)
O € L(I; H™). (1.17)

Here, C}}(I; X) denotes the set of all m-time weakly continuously differentiable functions from / to
X.

Moreover, we can actually construct the energy solution globally in time. We have the following
stronger wellposedness result in the weak energy class H'(R) x L*(R) x H'(R).

Theorem 1.2.  Under the assumptions of Theorem 1.1. There exists a unique solution (¢,¥) of
(1.7)—(1.10) such that

2
b e ﬂ CIR; H'(R)), (1.18)
=0
1
ye |CIR;H' ), (1.19)
=0

Remark 2. From L? conservation and stationary equation, it only can yield ¢ in systems (1.1)—(1.4)
admits the singularity, i.e., the exponential spatial growth form, this property cannot be extended to ¢
in Schrodinger equation. It turns out that y decays exponentially, while ¢ increases exponentially.

The rest of this paper is organized as follows. In Section 2, we prepare some basic lemmas which
are used to prove our main theorems. Section 3 is devoted to proving the existence and the uniqueness
for the weak solutions.

2. Preliminaries

In this section, we state two lemmas for the proof of Theorems 1.1 and 1.2. We begin with the
estimates for the linear perturbed Schrodinger equation.

Lemma 2.1. We put H(¢) = (9, + it(6,M))*. Let M satisfy (A). Then, the operator iH(t) generates the
evolution operator U(t, s), —o00 < s < t < 400 associated with the linear Schrodinger equation:

iow+HtY =0, teR, xekR.

The evolution operator U(t, s) satisfies the following Strichartz estimates for any 7" > 0.
(i) Let I = (=T, T). Assume that f € L'(I;L?), g and r are positive constants such that 2 < g < oo

and (% - é)r = 2. Then,

!
||f u(, S)f(s)ds”Lf(l;L‘l) < C”fHLl(I;LZ),
0
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where C depends only on g and 7.
(i) Let = (=T, T), g and r be two positive constants such that 1 < ¢ <2and ; + 2 = 5 . Assume
that f € L"(I; L9) . Then,

!
I f Uct, s) f(s)dsll .2y < Cllf ;e
0

where C depends only on g and 7'.
Proof. The Lemma 2.1 is variant of the Strichartz estimates. For the proof, one can see [13—16].

Next, let us recall the Gagliardo-Nirenberg inequality [17] in R, which will be used to treat the
nonlinear terms.

Lemma 2.2. Let 1 < p,q,r < oo and let j, m be two integers, 0 < j < m. If

1 . (1 m) (1-a)
—=j4al--—|+
p r M q

for some a € [i, IJ@a<lifr>1landm-—j— % = 0), then there exists C(m, j,a, g, r) such that

ID7ullr < CIID™ ull% |lull )
for every u € D(R).

3. Proof of the main results

In this part, we will prove Theorems 1.1 and 1.2. We start with the uniqueness of the weak energy
solutions.

Proof of Theorem 1.1. We assume that (¢, ¢) is the solution of (1.7)—(1.10) satisfying (1.12)—(1.13),
and put

u(t, x) = Y(t, x) exp(—itM(x)), 3.1
uo(x) = Yo(x). (3.2)

By (1.19) and (A), for a.e., t € I, we note that u € L*(I; H") and 6,u € L™(I; H™"). Then, the function
u satisfies

i0u + (0, + 2it(0.M))*u = —pu + it(O*M)u — 32 (0. M)y*u in H". (3.3)

Since all the terms except id,u belong to H~! in (3.3), we can conclude that 8,u € H~! and (3.3) holds
true in H~'. Let U(t, s) be the evolution operator generated by (8, + 2it(8,M))* (see Lemma 2.1). By
the Duhamel principle, (3.2) and (3.3), we have

u(t) = U(t,0)ug — i f U(t, s)[—¢u + is(0>M)u — 35*(0.M)*ulds, te€l. (3.4)
0
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Let (¢, %) and (¢, ¥) be the two different solutions to (1.7)—(1.10) with the same initial data such that ¢
and ¢ are real-valued, and (¢, ) and (¢, ) satisfy (1.12)—(1.13). And let v be defined as in (3.1) for .
Then, u and v satisfy (3.4). Set

w=u-v, a=a¢-o.
Then, by (3.4), we have
t
w(t) = —i f U(t, $)[—¢w — av + is(0*M)w — 35*(0.M)*wlds, tel. (3.5)
0

Let T be a positive constant with [0, 7] C [ to be determined later. Denote I7 = [0, T], and take the
L>(I7; L?) norm of (3.5), by Lemma 2.1, (1.12) and (1.13), we can obtain

L) S L)Wz (ips12)
lIwll <CTTli¢ll lIwll

+ ||CU||L°O(IT;L2)||V||LN(1T><R)]
!
+ Cfo [s(1 + Wl y22)1ds
<CTlllloryr2y + Wl Lo crpar)], (3.6)
where C is a positive constant. Moreover, from the definition of a, it follows that a(¢) satisfies

Ola-a+a=W?-WP tel, (3.7)
(0, x) = 8,0, x) = 0. (3.8)

If we put w = (1 — 82)2, by (3.7), we then have
!
a(t) = f w 'sin[( — $)w](W* - [@*)ds, tely. (3.9)
0
Using Sobolev embedding L! — H™!, we can deduce,
t ~
lla(®)llz2 Sf llw™ (> = 1017)ll2ds
0
t
< [ i - 1fas
0
t ~ ~ ~
< f (Wil = iz + W2l — Pllz2)ds
0
t
SCf 1112l — Pl 2ds. (3.10)
0

And, among them

l(2) = F@Dll2 < Cliw(@)ll 2. (3.11)
Accordingly, we conclude with the estimates (3.6) and (3.10)—(3.11)

Wz (zp.22) + Nl z7.22)
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<C(T) (”W”L""(IT;LZ) + ”a'(t)”L“’(IT;LZ)) , (3.12)

where C(T) is a positive constant depending increasingly on 7. If we choose T > 0 so small that
C(T) < 1, then (3.12) implies that
o) =d®), YO =¢@, te[0,TI. (3.13)
We repeat the above procedure to obtain (3.13) for all # € I. This shows Theorem 1.1.
Next we prove Theorem 1.2 by using the results stated in Theorem 1.1.

Proof of Theorem 1.2. Let {(¢on, $1,)}, {¥0,} and {v,} be the sequences in C°(R) such that ¢o, — ¢ in
H', ¢1, — ¢ in L? and v, — o in H'. Actually, we can choose these sequences as follows. Let
x be a function in C’(R) with compact support on [0, 2] such that y(x) = 1 for |x| < 1, and let p be
a function in C§’(R) such that p > 0 and fR p(x)dx = 1. For n,e > 0, we define y,(x) = y(nx) and
pe(x) = € 'p(x/€). Moreover, we define

Pine =pe * (Xn$)),  Jj=0,1

Wone =Pe * (o),

My =pe * [xy(02M = M)] = lpe * (bl + pe * (ryltrol®)
+ e * Dxno + (02 )nbo + 21(0xx),0:40)],

where * denotes the convolution with respect to the spatial variable x. With the suitable choice of
n,& > 0, we may obtain the desired sequences.

We consider the Cauchy problem of (1.7)—(1.10) with aiM — M replaced by m,, in (1.8). Then, for
each pair of the initial data (¢, ¢1,, ¥o.), Wwe have the unique local solutions (¢,, ¢,,) of the initial value
problem of (1.7)—(1.10) belonging to

[Nl CI-T, T1; H)} x C(I-T, T1; H* N 11(1/2))

with ¢, real-valued, where the existence time 7" > 0 depends only on [|@o,l g3, |¢1xllm2 and [Youll 3 ana 2)-
For the local existence of smooth solutions, one can also refer to Theorem 2.1 in [18].

We multiply (1.7) by 8¢, and multiply (1.8) by 8.4, respectively, take the real part to obtain the
energy identity:

E(n, ) = E(Pons You), 1€ [-T,T], (3.14)

where the energy functional & is defined as in (1.11). Moreover, multiplying (1.8) by ¢, integrating
the resulting equation in x over R and taking the imaginary part, we can obtain

WnOllz = Wonlli2, 1€ [=T,T]. (3.15)

Next we estimate j;% [y (x)|*¢(x)dx. Applying Cauchy inequality, Holder inequality and Lemma 2.2, we
get

(P SaOllr < g2l (DI
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1
< Sl DIl72 + OIS, + leaxtﬁnlliz, te[-T,T], (3.16)
which implies
1 1 1 3
ZII(/’)IIiz + §||3z¢lliz + §||8x¢lliz + leaxaﬁlliz
<E(¢ons You) + WD} — f C(R)¢pdx + f M)l (x)Pdx
B(O,R) R
<C + f IC(R)¢ldx + f M)y (x)lPdx
B(O,R) R
1
<C(R) + gllaﬁlliz + fM(X)IW(X)Ide, (3.17)
R
where C(R) is a constant which is only depending on R given in (A). Therefore,

1 1 1 3
§||¢|Iiz + Ellat¢||iz + zllaxcblliz + Z”axl/’”iz <C+ fM(X)Iw(X)Ide- (3.18)

R

Inequality (3.18) implies that

10,017, < C + fM(X)Iw(X)Ide- (3.19)

R

Then, we estimate fR M(x)|yr(x)|*dx. We multiply (1.8) by M, integrate the resulting equation in x
over R and take the imaginary part to get

A
M2y, (D12, <IMZYollr, + C f 10,02 1 ($)ll 2 s
0

!
<My, + Clil + C f 10,80, ()ll 2l s
0

<Mzl + Clil + C fo t fR M)y (x)|*dxds. (3.20)
Using Gronwall inequality and (3.20), we get
1M, (DI <M oul 2 + Clel)e ™. (3.21)
Therefore,
104, (DI, < Ce M, te[-T,T], (3.22)

where C does not depend on n and T'. (3.18), (3.21), (3.22) and the linear hyperbolic theory show that

60Dl + 18,80 (Dllz2 + 1080 (Dll;2 < Ce™M, 1€ [T, T, (3.23)
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where C does not depend on n and 7.

Similarly, it is not difficult to obtain the a priori estimates (dependent on n) for the higher order
derivatives of (¢,,y,), by which we can extend the above local solutions (¢,, ¥,,) globally in time for
each n > 1. Accordingly, (3.15)—(3.23) hold true for any time ¢ € R. Thereafter, applying the standard
compactness analysis, one can derive that there exists at least one global energy solution (¢(7), /(7)) of
(1.7)—(1.10) satisfying (1.18)—(1.19) and

IMAYOIE, < (Mgl + Clehe™, 1€ R, (3.24)
%(ll¢|li2+llf9t¢|liz + 110812 + 1011
- fR PO (D)Pdx + fR GO [M(x) - XM (x)]dx
s%(n%niz + 119:0ll2: + 19:0l12.) + 100012
+ Mol = 1) + Clrle
- fR Bo(O|o(x)dx + fR Go(X)[M(x) — *M(x)ldx, te€R. (3.25)

Moreover, the equation (1.7) and the theory of linear hyperbolic equations, together with (1.13), imply
that

xS ﬁ C/(R;H'™). (3.26)
0
With that, we claim
Lim sup [yl < 1Mol (327)
lim sup 9.4/ < 19:30ll72- (3.28)
Since
fR SO = goNo(D)Pdx| < 160 = gl I (2, (3.29)
fR ($(x) = Go(X)(OM = M)dx| < CR)Ig(x) = Gz (3.30)
it follows
lim fR POl dx = fR (Do (*dx, (3.31)
lim fR P(xX)(O*M — M)dx = fR Po(x)(0*M — M)dx. (3.32)

Notice that y() € C(R;L*) N C,(R; H") N C,(R;T1(1/2))(see Remark 1), by (3.24) and (3.25), we
conclude the claim. Moreover, Let ¢y be an arbitrary real constant with #y # 0. In view of the uniqueness
in Theorem 1.1, we then have

(1), 0,6(1) — (p(1), ,(ty)) in H'XL* (t > to),
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w(t) > Y(ty) in H' (1> 1)

A replacement of the initial time and the initial data by #, and (¢(t), 9,¢(y), ¥(ty)) will follows the
strong continuity of solution in energy class H' x L* x H' at any time. This closes the proof.

Remark 3. Due to the chaotic structure inside the atom, the generation of this singular solution is not
difficult to understand. It should be pointed out that we can also consider the existence of the solutions
of this system in the higher-dimensional space R"*!(n > 2) by compactness argument. However, it
does not guarantee that the solution increases exponentially in all spatial directions. In addition, due to
the breakdown of the Sobolev embedding H! < L™, we can not obtain the uniqueness of this kind of
solutions.
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