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Abstract: We study the following fractional Schrodinger equation
e¥(=A)u+ V(x)u = f(u), xeR",

where s € (0, 1). Under some conditions on f(u), we show that the problem has a family of solutions
concentrating at any finite given local minima of V provided that V € C(RY, [0, +0)). All decay rates
of V are admissible. Especially, V can be compactly supported. Different from the local case s = 1
or the case of single-peak solutions, the nonlocal effect of the operator (—A)* makes the peaks of the
candidate solutions affect mutually, which causes more difficulties in finding solutions with multiple
bumps. The methods in this paper are penalized technique and variational method.

Keywords: variational method; fractional Schrodinger; multi-peak; compactly supported; penalized
technique

1. Introduction and main results

In this paper, we consider the fractional Schrodinger equation
S5 (=A)Y'u+V(xu= f(u), xe RY, (1.1)

where N > 2s, s € (0,1), V is a continuous function, & > 0 is a small parameter, f : R¥ — R is
a nonlinear function. Problem (1.1) is derived from the study of time-independent waves y/(x,t) =
e "E'u(x) of the following nonlinear fractional Schrédinger equation

ig?;—‘t” = &¥(-A)'y + U)Wy — f(Y) x e RV, (NLFS)
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For example, letting f(¢) = [f|’~%t, V(x) = U(x) — E and inserting ¥(x, t) = e""E'u(x) into (NLFS), one
can show that (NLFS) is
X (=A)u+ V(xXu = [u’u. (1.2)

In physics, Eq (1.1) can be used to describe some properties of Einstein’s theory of relativity and
also has been derived as models of many physical phenomena, such as phase transition, conservation
laws, especially in fractional quantum mechanics, etc., [1]. (NLFS) was introduced by Laskin [2,3] as
an extension of the classical nonlinear Schrodinger equations s = 1 in which the Brownian motion of
the quantum paths is replaced by a Levy flight. To see more physical backgrounds, we refer to [4].

In this paper, we are interesting in semiclassical analysis of (1.1). From a mathematical point of
view, the transition from quantum to classical mechanics can be formally performed by letting £ — O.
For small & > 0, solutions u, are usually referred to as semiclassical bound states.

In the local case s = 1, the study of the nonlinear Schrédinger equation

—&Au+ V(x)u = f(u) (NLS)

has been extensively investigated in the semiclassical regime and a considerable amount of work has
been done, showing that existence and concentration phenomena of single- and multi-bump solutions
occur at critical points of the electric potential V when € — 0, see [5-19] and the references therein
for example.

To our best knowledge, there are few results on the semiclassical bound states to problem (1.1) in
the nonlocal case s € (0, 1). Basing on the well-known non-degenerate results in [20,21] and the math-
ematical reduction method, it was proved in [22-24] that problem (1.2) has solutions concentrating at
the prescribed non-degenerate critical points of V when € — 0. When inf, gy V(x) > 0 and V has
local minimum which may be degenerate, Alves et al. in [25] used the penalized method developed
by del Pino et al. in [10] and the extension method developed by Caffarelli et al. in [26] to construct
solutions concentrating at a local minimum of V when & — 0. Successively, assuming more weakly
that liminf}, . V(x)|x|** > 0, in [27,28], solutions concentrating at a local minimum of V were also
obtained. We point out here that the solutions found in [25] and [27] have exactly one local maximum
and hence are single-peaked.

However, concerning (1.1), up to now there are no research on the multi-bump solutions in the case
that the potentials V(x) vanish at infinity and critical points of V(x) are degenerate. The main difficulty
lies in that for a suitable function # : RM — R, under the nonlocal effects of (—=A)*, one can not
compute (—A)*u as precisely as —Au. Moreover, the nonlocal operator (—A)* makes the peaks of the
candidate solutions affect mutually, which causes more difficulties in finding solutions with multiple
bumps (see the estimates of (2.23), (2.26) and (2.29) in Lemma A.2 for example).

This paper devotes to finding solutions with multiple bumps for more general potentials including
fast decaying potentials, i.e.,

lilm inf V(x)|x[* = 0,

x|— 00
in which, a typical case is that V is compactly supported.
In order to state our main result, we need to introduce some notations and assumptions. For s €
(0, 1), the fractional Sobolev space H*(R") is defined as

u(x) — u(y)

H'RY) = {ue ’®RY) : Xy © L®RY xRY)},
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endowed with the norm

D=

el = ( [ 1072l + )
R

_ 2
f |(=A)?ul*dx = f dedy.
RN RZN

|.X _ y|N+2s

where

Like the classical case, we define the space H*(R") as the completion of C2(R") under the norm

; ju(x) — uy)P
lad? = | 1(=A)"uPdx = f T dxdy.
RY rv o — yNees

Define the following fractional Sobolev space

|u(x) — u(y)|

WH(Q) = {u e LXQ) :
lx —y[z**

e X Qx Q).

It is easy to check that with the inner product

(u,v) = f f () ~ uG)) = V(Y))dxdy + f uvdx Yu,v € W (Q),
aJao o

|.X _ y|N+25

W*2(Q) is a Hilbert space (see [4] for details). According to [4], the fractional Laplacian is defined as

(=A)u(x) = C(N, s)P.V. f Mdy
RN |x _y|N+2‘s
u(x) — u(y)

C(N, s) lim
=0 RN\B,(x) |)C _ y|N+25

For the sake of simplicity, we define for every u € H*(R") the fractional (—A)*u as
s _ M()C) - M(Y)
(—A)'u(x) = LN Ty dy

Our solutions will be found in the following weighted fractional Sobolev space:
D}, ®RY) ={ue B'®RY): ue R, V(x)dx)},

endowed with the norm 1
el ey = ( f )-8 uf + Vi dx)’.
e o

For the nonlinear term f(u), we assume

N 25+ 2
(1) f(¥) is an odd function and f(¢) = o('**) as t — 0", where & = # >0

with ¥, k > 0 are small parameters.

@

(f2) limt—p =0forsomel < p <2, —1.
t—00

(f3) There exists 2 < 8 < p + 1 such that 0 < 8F (t) < f(¢t)t for all > 0, where

(1.3)
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F@) = f t f(a)da.
0

t
(fs) The map t — JQ is increasing on (0, +00).

A typical case of f(¢) is: f(t) =
For the potential term V, we assume that V € C (RN , [0, 00)) and
(V) There exist open bounded sets A; CcC §; cC U; with smooth boundaries, such that

O</l—1an<(}r\1/f\VUﬂU—(Z)1f1<z¢]<k (1.4)

Denote A = |, A;, S = UL, S, and U = %, U;. Without loss of generality, we assume that 0 € A.

Theorem 1.1. Let N > 2s, s € (0,1), V satisfy (V) and f satisfy the assumptions (f;) — (f1). Then
problem (1.1) has a positive solution u, € Z){,,g(RN ) if € > 0 is small enough. Moreover, there exists k
families of points {{x.} : 1 < i < k} and an a close to N — 2s, such that

(i) lim V(xl) =2
(i) liminflluglle(B (,,)) >0

(Z

(i) up(x) < Z

& + |x xilo’
where C and p are positive constants.

Now we introduce the main idea of the proof. For the local case s = 1, certain penalized functional

like
k

Ko = My Y (L' = (s + o)), ) (1.5)
=1

was usually employed to prove that the penalized solution u, has exactly one peak in each A;, see
[17,18,29] for example. But, the key step of this argument is to eliminate the effect of K.(u) to the
equation, which needs a type of isolated property of the least energy of —Au + u = g(u). However,
for our case 0 < s < 1, this type of isolated property is still unknown. To overcome this difficulty, we
use the method developed by Byeon and Jeanjean in [30], which proves the existence of multi-peak

solutions of following equation
— & Au+ V(x)u = g(u) (1.6)

by using only the compactness of the set consisting of the radial positive least energy solutions of the
following limiting problem of (1.6):
—Au + au = g(u),

where a > 0 is a constant and g is a nonlinear term satisfying some subcritical conditions. For more
application of this methods, see [31]. Roughly speaking, by the compact property, we use the defor-
mation ideas of Lemma 2.2 in [32] to construct a (PS ). sequence near the least energy solutions of the
following k problems:

(-A)Y'u+ du= fw),inR", i=1,--- k.
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It is worth mentioning that the compact property can be obtained by the decay estimates of positive
radial least energy solutions(see Proposition 2.4 below). However, the vanishing of V and the nonlocal
effect of (—A)® makes the construction of multi-peak solutions more difficult than the classical case
s = 1, the non-vanishing case [30] and the single peak case [28]. Firstly, an elementary(but tedious)
calculations show that when V(x) vanishes faster than |x|~2*, the natural functional I, : Z){,,g(RN )—> R
corresponding to (1.1) defined as

Ig(u):% f EX|(=A)*"u)? + VuP)dx — f F(u)dx,
RN RN

whose critical points are solutions of Eq (1.1), is not well-defined in Z);’,,S(RN ), where F(t) = fot f(s)ds.
Moreover, the fact that V(x) may be compactly supported makes it impossible that V can dominated
the nonlinear term |u|"~?u like [27]. Hence we have to introduce a different penalized idea from [30]
to cut-off the nonlinear term. More precisely, we will first use the nonlocal part (—=A)* to modify the
problem by the following fractional Hardy inequality

2
ux
f ||)(c|2)s| dx < CylI=4)"ul} (1.7)
RN

for all u € H*(R")(see [35]), and then construct a sup-solution and estimate the energy of multi-peak
solutions.

The celebrated paper [26] provides an easy way to understand the nonlocal problem (see [25] for
example), by which, one can convert the nonlocal problem (1.1) into a local problem. But we do not
use this method in our paper. Indeed, if problem (1.1) becomes a local problem, the vanishing of V and
the added variable “¢ > 0” (which comes from extending the problem into RY*!, see [25] for instance)
will make it difficult to construct precise penalized functions.

The paper is organized as follows: in Section 2, we establish the penalized scheme. By using the
compact property of the set consisting of positive radial least energy solutions and the deformation
idea in Lemma 2.2 of [32], we construct a (PS),. sequence with k-peaks in A, and then get a penalized
multi-peak solution. In Section 3, we construct a penalized function to prove that the penalized solution
is indeed a solution of the original equation (1.1). In the Appendix we will give some tedious energy
estimates caused by the nonlocal operator.

2. The penalized problem

In this section, we first establish a penalized problem by using the fractional Hardy inequality
(1.7) to cut off the nonlinear term f. A well-defined smooth penalized functional in Z){,ﬁ(RN ) will be
obtained. Secondly, we use the compact property of set consisting of least energy solutions and the
deformation lemma [32, Lemma 2.2] to construct a (PS). sequence near the least energy solutions.
A penalized solution with k peaks for the penalized problem will be obtained by passing limit on the
(PS). sequence.

2.1. The Penalized Functional

The following inequality exposes the relationship between H*(R") and the Banach space L4(R").

Electronic Research Archive Volume 30, Issue 2, 585-614.
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Proposition 2.1. (Fractional version of the Gagliardo—Nirenberg inequality) [37] For every u €
HS(RN)’
ldl, < CI=2)" b5l ™,

where q € [2,2;] and B satisfies 2% + @ = [11.
The above inequality implies that H*(R") is continuously embedded into LY(R") for ¢ € [2,2%].

Moreover, on bounded set, the embedding is compact (see [4]), i.e.,

H*@RY) cc L! (R") compactly, if g € [1,27).

loc

2.2. The penalized functional

Now we are going to modify the original problem (1.1). According to the fractional Hardy inequal-
ity (1.7), we choose a family of penalized potentials P, € L*(R", [0, o)) for & > 0 small in such a way
that

lim supg, Po(1)e™ 3P = 0, 2.1)

{ P.(x) =0, x €A,

where « > 0 is the same parameter in (f;). Noting that by (1.7), when & > 0 is small enough, it holds
that for any A c RY,

25+ 3%
f Pl < Cyy e f |(=A)?ul* forallu € D}, (2.2)
A RN

inf e rvyayna | X[F

where Cy, is the constant in (1.7). This type of estimate plays a key role in the paper(see (2.10) below
for example).
Now we give the penalized problem according to the choice of P,:

(=D 'u+ Vi = xnf(s:) + xroa min{ f(s,), Po(X)s. ). (2.3)
It is easy to check that if a solution u, of (2.3) satisfies
f(uy) < Pou, on RV\A,

then u, is a solution of (1.1).
Given a penalized potential P, that satisfies (2.1), we define the penalized nonlinearity g, : RVXR —
R as

8e(x, 8) 1= XA f(s4) + xava min{f(s.), Po(x)s.}.

We denote G(x, 1) = [ g(x, s)ds.
Accordingly, the penalized superposition operators g. and ®, are given by

8:()(x) = g=(x, u(x)) and G (u)(x) = Go(x, u(x)).

Following, we define the penalized functional J, : Z){,’S(RN ) > Ras
1 ,
Je(u) = 5 f EI(=A)"ul’ + V(o)lul) - f G (n).
2 RN RN
The strong assumption (2.1) can help to check that J, is C' and satisfies (P.S.) condition.
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Lemma 2.2. (1) If2 < p < 2} and (2.1) hold, then J, € CI(Z)%(RN),R) and for u € Z);,S(RN),
¢ € D} (RY),

<Amx@:jﬂémﬂw%em“¢+w@—j‘%ww.
RN RN

Here (-,-) denotes the duality product between the dual space Z)i’,’g(RN )" and the space Z)QS(RN ).

In particular, u € Z){,’E(RN ) is a critical point of J. if and only if u is a weak solution of the penalized
equation

”(=A)'u+ Vu = g.(u). (2.4)

(2) ((P.S.) condition) If 2 < p < 2} and (2.1) holds, then J, owns the mountain pass geometry and
satisfies the Palais-Smale condition.

Proof. We omit the proof since it is quite similar to that in [28, Lemma 2.4]. O

2.3. Construction of solutions with k peaks

Definition 2.3. For a > 0, we define the value ¢, as

¢, = inf max L,(y(1)),
o = Inf max o(Y(1))

where L, : H*(RY) — R and I', are given by

1 |u(x) — u(y)l* 1 2
L= [ [ Mg [ k- [ Fw
2 RN JRN |x — y|N+2S Y 2 RN RN

[y = {y € (CI0, 1], H'RY)) : (0) = 0, Ly(y(1)) < 0},

and

where F(t) = fot f(s)ds. From [1,36], we know that ¢, is continuous, increasing on a and can be
achieved by a positive radial solution U, which satisfies the following limiting problem

(=A)'u + au = f(u), x € R,

Moreover, there exist two positive constants ¢,, 50 such that

¢ C
—__<U, <—2 _ xeRM 2.5
1 + |X|N+2s - (|x|) 1 + |x|N+2s x ( )

Then, letting S, = {U, : U, is positive radial and achieves c,}, by the decay estimate (2.5), we have
Proposition 2.4. The set S, is compact in H'(RN).

Proof. 1f S, contains finitely many elements, then it is compact. Otherwise, taking a sequence {U,} C
S 4, since {U,} is bounded in H*(RY), there exists a U € H*(R") such that

U, — Uweakly in H*(R"),
U, —» Uae.inRY,
U, — U strongly in L (RY), 1 <¢q<2;-1.
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Then, by (2.5), we have U, — U strongly in L”(R"). Obviously, U is nonnegative and satisfies
(=AU +aU = f(U).

Furthermore, by standard regularity argument(see Appendix D in [21] for example), we have U > 0.
Then, by Definition 2.3, we have liminf, ., L,(U,) > L «(U) = ¢,. Then L,(U) = ¢,, U € S, and

IGAW%5F+MMF—+j;KﬂMWUF+mUF
R

RN
as n — oo. This completes the proof. O

From now on we define

k
Mi={xeA;:V(x)=2A}and M = UM"'

i=1

Let n(x) = n(jxl) € C*(RY) satisfy 0 < < 1,57 = 1 on Bg(0) and 7 = 0 on R\ By(0), where 8 > 0
is a small parameter satisfying M c A. For each p; € M; and U,, € S ;. given by Definition 2.3, we
define

UPl ,,,,, Pk(x) = Z T](X p,)Uﬁ< pl), X € RN.

We will find a solution to (2.4), for sufficiently small € > 0, near the set
Xs:{U‘{:)l """" PE U,liGS/L., piEM,‘, 1§l§k}

For each 1 < i <k, we also define

Wi = n0x = paU (=)
£
We have:

Proposition 2.5. Foreachie€ {l1,...,k}, it holds
k

J(> W <0
=1

ift; > T for some T € (0, +00).

Proof. By the choice of W, there exists a positive constant C such that

: Sl it (Wix) — Wi (Wi (x) — W
I ZAI"W[ Z % fR n J(We(x) ONW:(x) S dy

|X _ y|N+2x

i= 1

k 2
+; mw-mem)
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2 in2 _ W
SZ@WWLLJ%%D

k
i=1

R

1

k
& (cﬁmgmU¢um?—j;FVm4mU¢u»)
=1

By decomposition, we have

I7:() U, (0
2(x) = DU (x) = U (p))?
=HU¢um2+j“ (R0 = DLW ~ U,
RVXRVN lx —

o (Ui (%) = UpG)01:(%) = 10U , (2.6)
+thi o xdy

|X _ y|N+2s

& — Ife 2U2,
.\ f f (1:(x) = 7:(y)) ”"(y)dxdy.
RN JRWV

|X _ y|N+2s

But, arguing as done in the proof of the following (2.23), (2.26) and (2.29) in Lemma A.2, we know

that 2
f f (1:(x) = 1:(»)) ﬁi(y)dxdy _ o).
RN JRN

|)C _ y|N+25

Hence

k

k
MZm@s&Z@ﬂmmwiflmwm»
i=1

i=1 B1(0)

Then, by the assumption on f and max (c t[.2||U ,L.(x)llz - fBl © F(t;U,(x))) < 400, we get the conclusion.

1<i<k

O

As a result of Proposition 2.5, we know that the following definition is reasonable: for v =
(ti,.... 1) € [0, TT, let y (1) = 3%, t;W! and define
D, = max J.(y.(1)).
7e[0,T ¢

We have the following estimate for D,.

Proposition 2.6. (i) E—r}(} % = Zf;l C;-

A max i Je\ve(T) .

(ii) lim sup —<421! o) < Y% ¢y — mincy,
gN i=1 /ll L Al
=0 1<i<k

(iii) For each 6 > 0, there exists a > 0 such that for sufficiently small € > 0,

() _ D,
T T Y

5eN/2

implies that y,(t) € X, * .
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Proof. By the decay rates of U,, and the analysis of (2.6), we have

k
Jotye(m))/&" = Z L (6U3) + 0s(1)

Lt;
f Y e WU - 00
RN xRN

1<i#j<k

(U(SX +pi—pHUy(x +
k

Z é f (m()V(ex + p;) — 4)U3 (x)dx
RV

k

f F(LU, () = F(im(0U,,()),

RN

where 77:(x) = n(ex). Choosing & > 0 be small enough such that suppn, N suppn( - +=—
have

[ = 00U, - 100U 0)
RVXRN

——) —n(ey + pi = pYUy, (y+ 2t . E))dxa

ng(xmg(y + I U, (U (y + 222)
=2 f dx f dy
2;3 (O] ﬁ pl p'

p
(m(ex + pi = pp)Un (x +

|X _ y|N+25

min(|p; — pjl - 4ﬁ)
< C( 1<i,j<k

= 0.(1).

)—N—ZS

&

Then by the fact that p; e M; andt; < T, 1 <i < k, we have

) ZLA(tUmog(l)

Hence we get (i) and obviously (ii) is true.

Finally, (2.7) implies that if 7, € [0, T]* satisfies lin& = (0, then it must hold

limz, =(L,.... 1),
which implies (iii).
Consequently, we complete the proof.

Next, we define
C. = inf max J.(y(1)),

weY: [0, Tk

pi—pj pi—p
])—n(8y+p, PAULY + — ——))dxdy

Pi—Pj) —

0, we

2.7)
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where
¥, := {y. € C((10, TT, D}, RY) N XY o(7) = (1) for 7 € 8]0, TT*), (2.8)

where v > 0 is large positive constant. Obviously, ¥, is nonempty since y, € ¥.. We now prove the
following property of C..

Lemma 2.7.

The proof will rely on the following lemma, whose proof, for the sake of continuity, is postponed
to the appendix. We define for every i € {1, ..., k}, the functional J: : W**(S;) — R as

i |M(X)—Lt(y)|2
=5 [ [ e g [ vour- [ ow

Lemma 2.8. The mountain pass value

We have

¢ = inf max J.(y.(1), i€ {1,... k)
Vi el"’ te[0,1]

can be achieved, where
I = {y. € (C[0, 1], W*(S))) : ¥4(0) = 0, Ji(yL(1)) < O}

Moreover, _
lim <% = c,. 2.9)

-0 gN
Now we prove Lemma 2.7:
Proof of Lemma 2.7. By Proposition (2.6), we have the upper bounds

lim sup — S

e—0

Cﬂ,

k
J=1
It remains to prove the lower estimate, i.e.,

C k
liminf = > >y,

J=1

We first observe that given any ¢, € ¥, and any continuous curve ¢ : [0,1] — [0, T]* with c(0) €
{0} x [0, T]*"" and (1) € {T} x [0, T]*"!, we have y! = ¢, o c[s, € T'.. In fact, by the definition of ¥,
we have

k
Y0) = 0, YLD < JTW+0- > WD) <0,

i=2

Electronic Research Archive Volume 30, Issue 2, 585-614.
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Lemma 2.8 implies that

sup JL(yh(0) = £V(cq, + 0:(1)).
t€[0,1]

Similarly, for every yf; = vy o cls; belongs to I/, where ¢ is arbitrary continuous path which joint
[0, T)~! x {0} x [0, TT*/ with [0, T)"! x {T} x [0, T]*~/, it holds

sup JI(yl(1) = €"(cy, + 0.(1)).
r€[0,1]

Thus we can repeat the argument of Coti-Zetali and Rabinowitz in [34] to prove, for every path ¢, € I,
the existence of a point # € [0, 1]* satisfying

JiWe(®) 2 &¥(cy, +0.(1) for j = 1,...., k.

Consequently, by (2.1), (2.2) and the fact that ¥.(7) € Xfw, we get

1
11m1nf— sup J(Y.(7))
-0 gl 7€[0,1]¢

o1 .
> hgi)lonf 8—NJS(%(T))

I . i A s vr e (2.10)
> lim inf g_N(Z;JsWT” -& fR 18Py )
k
2 Z Ch;»
i=1
which is exactly the required lower estimate. O

Next, we are going to construct a penalized solution for the penalized problem (2.3). We first prove
that the limit of a (PS). sequence near the set X, must own k-peaks.
deN?

Proposition 2.9. Let {&;}; with lim &; = 0 and {u.;} C X % satisfy

j—oo
Jgj(ug, ST LA
Z i N2
— j—>oo )
J i=1 ]

Then for sufficiently small d > 0, there exist, up to subsequence, {xi.} JCRLi=1,...k x; € M,
U, €S, such that

lim x = X; (2.11)
j—oo
and
k A
tim [l () = > = UL(—)|, . 7 =0. (2.12)
Jj—oo = Ej Z)V,sj

Electronic Research Archive Volume 30, Issue 2, 585-614.
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Proof. For the sake of convenience, we write € for g;. Since S, i = 1,...,k are compact in H S(RM),
there exist U, € S, and p’. € M; such that

() - Zhu;ww(_%)ﬂ

Letting Ry > 1 be a fixed positive constant and eRy < 8, foreachi = 1,...,k, we have

< 2d&M>.
V,

i

; 44>
f lus(ex + pL) = Up (0P < —.
- A
As a result, we can let d > 0 be small enough so that

lim inf f jus(ex + p)P > 0 and Hminf [l s,y iy > O, (2.13)

&e—0 Br
0

foralll1 <i<k.
Denote u.'(x) = n(x — ps)ug(x) ul(x) = Z (x) and uz(x) = uy(x) — ul(x). Denote v x) =
ubi(ex + pl) and vg i(x) = v (x) — vhi(x), where Vi (x) = u.(ex + p'). Fix arbitrarily an i € {1,...,k}.

Obviously, by assumption, for each ¢ € C®(R") and & small enough, testing J/(u,) with cp(x e ) we
find

08(1)‘f (=A)vE)e + Vi(xvlip — g8(8x+p£,v“)g0+f (=A)*v)e. (2.14)

Since {u,} C XZSN , by fractional Hardy inequality (1.7), we have

Lf((Af“M‘
POV (y
dy
‘Lppnp \[B:C 0 |X y|N+2Y ‘
1
< (p(x))*dx f —
»[uppt,a BE/S(O) |X - y|N+2S
f dx f (=0 ——=—dy
suppy B‘ -0 |x )’|N+25

2 2s
o [ af OEON b
suppyp B‘ 0 |)’| g |.X —)’| o8

= 0.(1). (2.15)

Then, since {vé’i } is bounded in H*(RY), by the Liouville type Theorem 3.3 of [27], we have
(=8)v," + V(pow,' = f(v)) inRY, (2.16)

where v." is the weak limit of some subsequence of v;’ in H*(R") and p’. € M,; is limit of p.. Conse-
quently, according to the argument of Proposition 3.4 in [28], we have for every R > 0 that

im inf Ze%)
e—0 &
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—OR(1)+11m1anf ( §(|( A Pug + V(o)) - g(ua))/SN
Ber(pL)

k
> > Ly + (1) > Z e + og(1). 2.17)
i=1 i=1

Consequently, by Lemma 2.8, we have 1; = V(pl), p. € M; and v'(- + z;) € S, for some z; € RY.
Denote
v+ 2) = Uy,

In the following we show that
vH() = Uy (- = z) strongly in HY(RY). (2.18)

By the same argument of Lemma 3.4 in [28], we can conclude that

1333 ||”8”L°°(U\ U, Bre(pl) 0 (2.19)
and for any r > 0, y, € RY with lim,_, Ipk=el —~ = 400, it holds
lim sup f 2 = (2.20)
-0 (Ve)

Then according to Proposition 2.1 and the Concentration-Compactness Lemma 1.21 of [32], we have
vl — vl strongly in LY(RY), 2 < g < 2% - 1. (2.21)

By decomposition, one find

2s
Jo(up) = Jo(u! )+% f (—A) 2P
f f (400 = DL = o)

|x y|N+23

+1 f V(Olu?* + f V(xulu + f G.(ul) - f G.(uy).
2 Jrw RN RN RV

But, with (2.19) at hand, we can use the same method in the proof of (2.24)(which needs only (2.25))
to show that

2s 1
G f (A Pi2P + 2 f V2P = e¥0,(1), (2.22)
2 RN 2 RN
which and (2.2) imply that

Je(us) = Jo(ul) + f Ful) - f F(u.) + &¥o.(1).
RN A

From (2.19), we have

jf F(u)—fF(ug)
RN
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Hence, by the analysis above, we have
Jo(us) = Jo(uy) + e¥o.(1).

Decomposing again, we find

J. (us) Z J (Vl l) +e N1t (7]8) +0.(1),

where

T!(G,) = & El‘f (') ~ ' D)) ')

—_ v|N+2
1<izj<k VR e =y

But, it has been proved in Appendix that
T () := Vo, (1). (2.23)

Hence, it holds

a(us)

Z] W) + 0g(1).

So
k k
lim Z J(vhi) = Z s
-0 £ 1 -
= =

which combining with the analysis of (2.17) yields
lim J v =cu, i=1,... k.
Consequently, by (2.21), we have

(=AU LG = 2P + 4|ULC = 20))

RN
: s/2 1,i i 1,
>limsup | |(=A)*vE P+ Vil
RN

&e—0

Zlimsupf [(=A) 2V 4+ k2
]RN

&e—0
(=AU (- = )l + AU — 2P,
RN
which gives (2.18).
Now from (2.18), we have

(x—pé—sz,-) 2

& Oy,

k
- Z n(x — Pi —ez)Uy,
i=1
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s
Dy,

k I _ gp.
<26 30— i o~ 0 (=)

+2&N

k 2
- Ynts= - o

Ve

< 2ke™N i Hn(x - p.—ez)(u~U 4(%))‘ 2
i=1

DY
k
S ez,
i=1

Ve

+2e7N

2
Dy,

=o0.(1)+ L.

It remains to show that
I. = o.(1). (2.24)

By the same blow-up analysis of lemmas 3.3 and 3.4 in [28], it holds

lim [[u|| (2.25)

R—co

L=(U\ UL, Bre(plitez)) —

Consequently, denoting 77, = 1 — Zle n(2(x — p. — &z;)) and testing J'(u,) against with .u,, we have,
for &£ > 0 small enough,

2s _ 2
L= 2 f R f ) = 4O | f Vol (Ol
RN RN

|x y|N+2Y
< f gg(ug)ngug+_ f f (ue(x) = u()(Ae(y) = 7(X))ue(y) dy
RN |x y|N+2X
+ 08(1)8 ||778Ms||1)‘5,£

- f et + T + 0, (Dot
[ ,

< V(). ()| >dx + P lu.
SIIE peoien) fR VOO0l fR el

+ T2(71e) + 0.(De | fetel o, »

which implies
Is < C(f Psluslz + Tsz(ﬁs)) + Os(l)sNﬂ”ﬁsus”Z)“‘/F-
RM\A -

However, we have proved in the Appendix that

T2(7,
lim sup # <0 (2.26)

&e—0 &
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and
1Fsttsllp;, < CeM'2. (2.27)
Hence, by the choice of £, and fractional Hardy inequality (1.7), it holds
lim = = 0 (2.28)
81—1;13 SN e )

Noting the following estimate proved in the Appendix

o v 2
T3 = & f 17:(Ous(x) — 7.(0)us(y)l dxdy = £¥o,(1). (2.29)
RN JRN |x — y|N+2s

where 7,(x) = 1 = Y% n(x - pl. — £z,), we find

T3(7 I
S g(ns) + IS

IE 8N S_N = 08(1)’

which is exactly (2.24). Letting x. = p! + &z;, we get

k i

= = U ()

i=1

2
N

lime™

e—0

Hence we complete the proof.

Proposition 2.10. For d > O sufficiently small, there exist constants o > 0 and &y > 0, such that
Il vy > €120 for T2 0 (X4 \X2"12) and & € (0, &),

where J* = {u € D}, (RV) : J (u) < D,}.

(o)

Proof. To the contrary, suppose that for small d; > d, > 0, there exist {¢;}%2, with lime; = 0 and

j=1 j—)oo

die? e ) T (ug)) ..
ug; € Xg; i \Xaj ’ satisfying lim Jgj(ugj)/gy < Zf-‘zl c,, and lim ;Nﬂf = 0. By Proposition 2.9, there
J—ooo J—oo b

exists {xi.}j.‘;1 cRM, i=1,...,k, x; € M;, such that

k i
e ()= Y~y (), e =o.
i=1 e

lim |x’/. — x| =0and lim
E j—oo

j—oo

J

Hence, by the definition of X., we see that lim dist(ugj,z\’gj)/gy /2 = 0. This is a contradiction to
Jj—oo

&V )2

us, ¢ X, ' O

Now, we use Proposition 2.10 and the Deformation Lemma 2.2 in [32] to construct a (PS ). sequence
near the set X..
Define

wi=¢eNinf{|lull.s,.i=1,...,k.
ueX;

Fix d, € (0, 5) such that Propositions 2.9 and 2.10 hold for d € (0, dy].
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N/2

Proposition 2.11. For sufficiently small fixed & > O, there exists a sequence {u,}" | C JP: N X% such

that J.(u,) = 0 asn — oo.

Proof. By Proposition 2.10, there exists a constant o € (0, 1), such that

N/2/2

@)l vy > €Y% for u € J2* 0 (X \X%"/2) and ¢ € (0, &).

From Proposition 2.6(iii), there exist constants @« > 0, &(a) > 0 such that for £ € (0,&] and
d € (0,dy], that

Jye()/e" 2 D/ — a = yu(r) € XEP, (2.30)
Now, set
.al 5, p
= ~N' o d s ~ S
Qo mln{2 80' o 2}
where p = }mrll( cy,- We choose 0 < & < min{ey, €} such that for € € (0, ]

k k
1D./8" = > cal < a0, 1Cs/e" = )" ea] < g and |D, /8" — Co/"| < aq.

i=1 i=1
We assume to the contrary that for some € € (0, €], d € (0, d)), there exist 8 = 5(¢) € (0, 1) such that

N/2

I2@ll/eN? > B> 0 foru € JP N X%

By Lemma 2.2 in [32], we can choose g. be a pseudo-gradient vector field for J, on a neighbourhood
N, of J2= 1 X%"”  which satisfies

llg=(ll < 2 min{e""2, l7 @I},
(JL(w), go(u)) = min{e", I7 @IHITL @)l

Let £, be a Lipschitz continuous function on D3, (R") such that 0 < Z, < 1, £ = 1 on X" g2

and £, = O on Z){,’S(RN )\N.. Let & be a Lipschitz continuous function on R such that 0 < &, < 1,
E(D)=1if|l-De™| < sand &() = 0if [/ - DV > a. Set

_é{s(u)fa(g_NJs(u))ga(u)v ifuce Ns

heu) = { 0, if u € D, \N.. 2.31)

Then there exists a unique solution @, : Dy, X [0, +c0) — Dy to the following initial value problem

d _
{ LD, (1, 0) = he(Dy(u, 0)), (2.32)

O, (u,0) = u.
(See the proof of Lemma 2.3 in [32]). It can be easily check that @, has the following properties:
(1) @o(u,0) = uif 6 = 0 or u € Dy R\N, or |Js(u) — Dyl > a”.

d
@)=, ) < 2eN2, (2.33)
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3) digjg(cpg(u, 0)) = (J(®D,(1, 0)), he(®,(u, ) < O,

Claim 1 For any 7 € [0, T, there exists 6, € [0, +o0) such that
Bp(7,(7), ) € O
Proof of Claim 1. Assume by contradiction that there exists 7, € [0, T]* such that
Jo(D(vs(10), 0)) > Dy — ape” (2.34)
for all 6 > 0. Then, by the property (3) in (2.33), we have
D, = ao&" < Jo(Qe(ye(10),6)) < Jo(Pe(ye(0), 0)) = Jo(ye(70)) < D < D, + ”, (2.35)

which and the choice of @ imply that £,(e™N J.(D(y.(10), 6))) = 1.
If O, (y.(10),0) € X% for all 6 > 0, then by (2.35), we have @, (y,(1),6) € X%
0 > 0. Then £ (D (ye(19),0)) = 1 and |f—9J€((D€(yg(To), 0))| > 52" for all > 0. Hence

N/2

N J?‘E for all

%
Jo(@c(ye(10), ’%) <D, +ape” — &N f " B2d6 < D, — ape”,
0

a contradiction to (2.35).
Assume that ®,(y,(to),6p) & X" for some 6, > 0. Note that (2.34), (2.35) and (2.30) imply

d N2 ) d NP2
that y,.(79) € X2~ . Then there exist 0 < 6 < 65 such that ®.(y.(70),6y) € 0X2  , Op(y:(10),6]) €

d N/2
X% and ®,(y.(19),6) € XZ‘SN/Z\X;EN for all & € (6,6;). Then by Proposition 2.10, we have
| T (@ (7:(10), )] > o2& for all @ € (6),62). By property (2) of (2.33) and mean value theorem, we
have

N/2

N/2

< Do (ye(10), 6y) — Polye(70), B)Il < 28V%|6y — 6],

which implies
d

6y — 651 = —.

10 — Ol 2 7

Hence

9(2) d
Js(q)s(ys(TO)’ 9(2))) = Js(q)s()/s(TO)’ 9(1))) + f d_0J8(®8(78(T0)7 6))d0
%

<D, + ape - 8N0'2|9(1) - 9§|

d

<D, +ape" - ENO'ZZ

N N de

<D +ape’ -0 y
< D, — aps”, (2.36)

which is a contradiction to (2.35). This completes the proof of Claim 1.
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By Claim 1, we can define (7) := inf{f > 0 : J(D.(y:(7),0) < D, — ape"} and let y,(1) :=
@ (y(1),0(7)). We have

Claim 2 y.(1) € ..

Proof of Claim 2. Firstly, for any 7 € 8[0, T]*, by Proposition 2.6, we have (1) €
Hence 6(1) = 0 anc}V 2775(7') = vy (1)if T € 9[0, TIF. If Jo(ys(y:(1)) < D, — ape”, then K1) = 0 and so
Yo(1) = y6(t) € X2 for large v > 0. If J,(y,(1)) > D, — ape”, then by (2.30), y.(r) € X4""*/2 and by
property (3) in (2.33)

JDema0e"

D, — ape" < Jo(Pu(y:(1),0)) < D, < D, + ape”, forall d € [0,0(7)).

This implies &.(e™VJo(Du(ys(10),0))) = 1 for all & € [0,6(r)). Consequently, if y.(r) =
DO (y.(1), (1)) ¢ ijsN, then by the same argument of (2.36), there exists a 6 € (0, 6(7)) such that

Ja(q)s(’yg(’r)’ 9)) < -Z)g - Cl’()SN.

This contradicts the definition of 6(t). Hence 7,(7) € X% c X»"".

Secondly, we prove that ¥,(7) is continuous. We fix any 7 € [0, 1], If J.(v.(?)) < D, — ape",
then 8(7) = 0. Then by the continuity of vy, we conclude that y.(7) is continuous at 7. If J.(y.(7)) =
D, — aye”, then from the proof of (2.36), we know that y.(7) € ijgN /2, and so

Iyl = B > 0.

Thus, from the property (3) in (2.33), we have J (O, (y.(T), () + w) < D, — ape”. By the continuity
of ., we choose r > 0 as the constants such that J.(®.(y:(1), (7)) < D, — ape” for all T € B.(7).
Then by the definition of 6(t), we have 6(r) < 6(7) for all T € B.(¥) N [0, T]*, and then

0 < limsup 6(7) < 6(7).
If 6(t) = 0, we immediately have
lim6(7) = 6(7).

If 6(t) > 0, then for any 0 < w < 6(7), similarly we have J,(®.(y.(7), dT) — w)) > D, — aye". By the
continuity of y, again, we see that
liminf 6(7) > 6(T).

So 6(-) is continuous at 7. This completes the proof of Claim 2.
Now we have proved that ¥,(7) € ¥, and max ;o < D, — aoe", which contradicts the definition
of C.. This completes the proof.
O

Lemma 2.12. Let {u,}. | be the sequence given by Proposition 2.11. Then {u,} has a subsequence

which converges to u, in Dy, (R"). Moreover, there hold u, > 0, u, € D;, (R) N C'P(RY) for some
B €(0,1) and u, is a solution to the penalized problem (2.3)(or (2.4)).
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Proof. The convergence is from Lemma 2.2. The regularity result follows from Appendix D in [21].
Testing the penalized equation (2.4) with (u.)_ and integrating, we can see that u, > 0. Suppose to the
contrary that there exists xo € R" such that u.(xo) = 0, then we have

0 = (=AY us(x0) + V(x0)ute(x0) < 0,

which is a contradiction. Therefore, u, > 0.

To end this section, we prove that u, owns k-peaks.
Lemma 2.13. Let p > 0 and u. be the solution of (2.3) given by Lemma 2.12. Then there exists k
families of points {x'}, i = 1,...,k, such that
(D lngl)lonfllusllL“(ng(xg)) >0,
(2) lim dist(x., M;) = 0,

(3) %LIE ”u“"||L°°(U\UlsiskBaR(xf;)) = 0.

&—0

Proof. The proof is trivial by the fact that the (PS) sequence given by Proposition 2.11 satisfies the
assumptions of Proposition 2.9. O

3. Back to the original problem

In this section we show that u, solves the original problem (1.1). For this purpose, basing on the
penalized equation (2.4), all we need to do is to prove that

fu) < Po(Xus, x € RV\A. (3.1)

We use comparison principle to prove (3.1), for which we should first linearize the penalized equation
(2.4) outside small balls.

Proposition 3.1. Let {x.},i = 1,...,k be the k families of points given by Lemma 2.13. Then for € > 0

small enough and 6 € (0, 1), there exist Co, > 0 and R > 0 such that
¥ (=N ug + (1 = 8)Vug < Pautg, in RN\ UL, Bre(xh), 52)
U, < Cq in A. .

Proof. That u, < C, 1n A is from Lemma 2.13 and the L™ estimate in [21, Appendix D]. By the
assumption on f, infy V(x) > 0 and Lemma 2.13, there exists R > 0 such that

k
Fug) < 8Vug in U\ | Bro().
i=1

Obviously
9:(tts) < Pou, in RV\U.

Hence we conclude our result by inserting the previous pointwise bounds into the penalized equation
(2.4).
]
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Next, we construct a suitable sup-solution to Eq (3.2). Some of the the details are similar to that in
Proposition 4.2 of [28]. Let #j(s), s > 0 be a smooth non-increasing function with #jz = 1 on [0, 1] and
iljs = 0 on (1+p, +00), where § is a small parameter. Define 1z z(|x]) = 7jg(|x|/R). Setting 0 < @ < N—2s

and denoting

1
f;:R(x) = nﬁ,R(x)_ +(1- nﬁR(x))l 3

fﬂRgu)—f (= "),
ECEDWANC

We have
Proposition 3.2. Let £ > 0 be small enough. Then for every x € RV\ U, Bgs(xL), it holds

() [ + (= OV g = PelD g, 2 0.

Proof. Fixing any i € {1,...,k}, a computation shows that
(- A)S]%R8+V(x)fﬂRs Pe() [
= 0 () VOO () - 2o ()
= (- A)J;Rg<y>+v1(y)mg<y> PLOMire)| ot

(3.3)

(3.4)

where Vi(-) = V(ex - +x.) and @S(-) = P.(¢ - +x.). But, using the non-increasing property of 7, and
the computation of Proposition 4.2 of [28], for any y € RV\Bg(0), when & > 0 is small enough, we can

conclude that _
(=AY f5re ) + Vi) Sfgr ) = PeO)S5r () 2 0.
Then for all x € RV\ Bg(x)), it holds
(=D fipe + VO fipe = P fsi, 2

As a result, we have

(=) fips + VO fire = Pel) firs

k
= Z (2 (=AY fin, + V@O 5, — P fsn,) 2 0
i=1

for all x € RN\ (U, Bgs(x%). This completes the proof.

At last, we give the proof of Theorem 1.1.
Proof of Theorem 1.1. Let

2 S+2K

Ps(x) ‘x|2Y+KXRN\A(x)

U(x) = CROf2 ().

(3.5)

(3.6)
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It is easy to check that P, satisfies the assumption (2.1).
By Proposition 3.2, choosing the constant C > 0 large enough and letting v.(x) = u.(x) — U(x), we

have
2 (=AY v(x) + (1 = )V (X)e(x) — Pe(x)ve(x) < 0, in RN\ UL, Bra(xh),

ve(x) <0 in UL, Bre(x).

Since v; € Dy, (when « is closed to N — 2s), testing the equation above against with v;(x), by the
fractional Hardy inequality in (1.7), we find v} (x) = 0, x € R". Hence v.(x) < 0, x € R, Especially,

we have
k

k
. . Cs®
(X)) < Ugy(x) = o <y ———— xeRM
Moreover, letting a be closed to N — 2s, for all x € RM\A, it holds
Sue) < (W) <

Ue |x|a®

ak 62s+2K

|x|2S+K

Ce

= P(x).

This gives (3.1). As a result, u, solves the original problem.

Remark 3.3. In the local case s = 1, we can prove the same result more easily by introducing the same
penalized function £, in this paper. We point out here that we also answer positively to the conjecture
proposed by Ambrosetti and Malchiodi in [33] in the nonlocal case.

A. Appendix

In this section we are going to verify Lemma 2.8, (2.23), (2.26), (2.27) and (2.29).

Proposition A.1. Foreveryi=1,...,k, it holds

Proof. The achievement of ¢!, is easily from the fact that the embedding
WA(Q) — LF
is compact for 1 < p < 27(see [4] for more details). Thus we only need to prove (2.9).

For every nonnegative v € CX(RV)\{0} and xy € A, let vo(x) = v(=). Obviously, supp v, C A;
and y(r) = tTv, € T for & small enough and T large enough. Therefore,

i < i
¢, < max J(y()

1? v(x) —v(y)?
< N —_ - ~ v

2

+ £ f V(ex + xo)v|*dx — f F(tv)dx)
2 RN RN
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and then

i 2 _ 2
lim sup C— < lim sup max ( f f dedy
2 RN JRN

en0 EV es0 10 |x — y[N+2s
2
+ = f V(ex + xo)v|*dx — f F(tv)dx)
2 RN RN
= max Ly, ().
>0

Hence, by the arbitrariness of v and x(, we have

lim sup C— <cy,. (A.1)
eN

-0

On the other hand, let w, be a critical point corresponding to ¢’ i.e., J.(w,) = ¢\ and
82Sf wdy + V(x)we(x) = g.(w,), x€S,. (A.2)

|X _ y|N+2s

It follows that

f f Wle(x) ;j;gy)wg(x)dydﬁ f V)lws(0l* = f Ae(We)Ws.
x =Yy S; Si

Then by (2.2), it holds

ffWE(X) Wa(y) s(_x)dydx+f V()C)le(-x)l
s |x y|N+25

< C(Iwellimty, + welfen,)( f f el l;ﬁz(sy) wo(x)dydx + f VWL 0P),
i Si

from which we conclude that there exists xfg € K such that for p > 0,

lil;n_}onf Wellpos,,)) > O (A.3)
Going if necessary to a subsequence, we assume that
11r%x - x' e A, (A.4)
Now, let W.(x) = we(x + £x), then W, satisfies
f e = e by 4V, (0,(1) = 6.7,) x € S, (A5)
si = yveEs

where V.(x) = V(x. + &x), S = {x e RY : ex + x. € S} and §.(W,) = g(ex + x’, W,.). Moreover, by
(A.1), we have
Sup ||W8||WS’2(BR) < 00

>0
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for every R € (0, +o0). Thus, by diagonal argument, we conclude that w, — W weakly in W*2(By) for
every R > 0. Moreover, it is easy to check by Fatou’s Lemma that w € H°(R"). Then, by (A.4), using
Corollary 7.2 in [4] and taking limit in (A.5), we conclude that

[ TRy 4 v = S ) e R,
RN |X _ y|N+2s *

where A is the limit of the set AL = {x € RV : ex + x, € A;}. But by (A.3) and using the standard
bootstrap argument in Appendix D in [21], we have

Wl =B, 0y = E,% Wellz=s,0) = lilgl_jonf IWellz=,0) > 0,

which combined with the Liouville-type results (see Lemma 3.3 in [27]) implies that A’ = R". Hence
we have
(=AW + V(X)W = f(w) inRY.

Proceeding as one proves Lemma 3.3 of [28], we have

i

liminf < > Ly() + og(1)
E

&—0
I/l ~8 - ~8 2
+ lim inf —(—f dx [9:() = We Q) dy
e=0 g2 Jsip si o=y

i f V()W (x)dx — f ©,5(,(x))dx)
2 Si\Bg

SE\Bg
> Cy(xi) + OR(l)
Therefore, .
.. . Ch
III;ILI()Ilfg—N > Ch»
which and (A.1) complete the proof. O

Lemma A.2. The estimates (2.23), (2.26), (2.27) and (2.29) hold.

Proof. Hereafter, we define 7),(x) = n(2ex) = n.(2x) for all x € RY. We first give the proof of (2.26).
By the definition of 7, we have

k

212l = e [ dx [ = no(nCo - pl - o)

i=1
=020 - P, = 82)) Jus(lx — y ™ dy

k i i ~ A i
_ Z f I (Ve (x) = v (A:(x) = H(M)IVe(y) dy
RN

RN |X _ y|N+2s

Electronic Research Archive Volume 30, Issue 2, 585-614.



Foreachi=1

k, dividing R" into several regions, we have
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W@—fdx
/3

(VLX) = Vi) (Rs(x) — A0V (y)

,lg |X y|N+2v

(%) = Ve @e(x) = 7))V (y)

m\m

r~

g |X y|N+25
f VE(X) = Vi) (@(x) = (VL ()’)
71 By |X y|N+25
X s
= ) T2 ).

=1
For T2 (1)), by Cauchy inequality, we have

, i 7:(0) = )P
W“WWSQ[W&WWJ‘U LS
Bé B |x_y|

1
|V (z)|2dyf de
2£

RIie

m\‘m

= Ce™.
For T2"*(n), by the definition of 1, we have

ng,i,z(n) < f dx Vi(x)ﬁs(x)vé(Y)
B

B |X _y|N+23

But, using the similar estimate of 72! () and fractional Hardy inequality (1.7), we have

f f VEQOR(X)VE(Y)
ﬁ

™
ol ®

C

dy‘
N+2s
5, lx =yl

VLIV
N+2 dy
Bgs Bgﬁ |x — yV+=s
+f dxf
B B3s\Bg

B
&

B

Ve OlIe(x) = IV )

&
|X — y|N+25 dy'
VE(X)| A ()
Sf dxf Ve (0l (N)+|;(y)ldy
B By |x — [N+

LIiey

+ Cé*

1 !
(ﬁmwquML;E:WE@)

3B

_ ( (VZ;(y))Z

2

v f Iy~
By IR
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Hence, it holds
lim sup T>"*(n7) < 0.

&—0
Similarly, one has
lim sup T>%(5p) < 0.

-0
So
lim sup Tsz’i m<0
-0
and )
. T:(m)
l1r£1 j(:lp — <0

Secondly, we prove (2.23). By the definition of 77, we have

1
T (m)/2F < 84S(f _ (us(x))zdxf _ Wd)’)
Bg(pi+ezi) Bp(p£+szj) |X - )’|
1
(e (y))dy f ——————dx
( fBﬁ(p£+gz,) Bs(plvez;) 1X — yN+2s )
| l. 1
— 84N+43(f (vg(x))2dxf . - dy)
Bg By lex + pl + &z, — gy — pl — ez, [N
. 1
Y f (vi(y)’dy f : ; dx)
B By lex + pL + ez, — &y — pi — &g,V

=& | (i) dx f !
Bg B

pitezi—pltez; [N+2s
. 1
([ otovay [ dx)

™

dy)
£lx—y+

&

; j
B B _ Pet+ELi—Pe—ET; N+2s
g flx—y+=——I
< C82N+4S.
Then we have )
T (n)
2 N’? < Ce’,
£

which gives (2.23).
Thirdly, we give the proof of (2.29). Denoting A, = RV\ Uf.‘zl Bs( pf9 + &z;), one can check that

253 0N |ﬁg(X)Mg(X) _ﬁs(y)us(y)lz
T = LN RV |x — yN+2s dxdy
_ 2 v 2
_ f dx Iugl(X) lzigy)l dxdy + f dx Iug(xl) ngl(ﬁits(y)l dxdy
As A, XY As A¢ X =y
o _ 2 . - 2
N f dx Ing(X)us(X)N Zua(y)l dxdy + f dx 776 (0)u(x) Zs(ZY)us(v)l dxdy
A¢ A lx — y[¥*+=s A¢ Ac lx — y[¥+=s
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- 2 _ 2
< f ax [ e = w0 dy+C f g [ e = wOF dy
Ay Ag AS

|X _ y|N+2s |X _ y|N+2s

Ae . : ¢
(1 = 7()u) [i7:(X)ue(x) = g (Vu)
+ Cf dxf. — i3 dxdy + .dx —— i, dxdy
A AS lx =yl AS AS lx =yl
(0 = 7())u)
SC8N+Cf dxf — N, dxdy
Ae AS lx =yl
|ﬁa(x)u£(x) - ﬁs(y)us(y)lz
+ Lc dx p X =y dxdy
< C&.

As aresult, we get (2.29).
The proof of (2.27) is similar and we omit it. O
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