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Abstract: In this paper, we study the existence of entire positive solutions for the k-Hessian type
equation
SiD*u + al) = p(|lx)) f“u), x€R"

and system
Si(D?u +al) = p(I)f*(v), xeR",
Si(D*v + al) = q(lx)g"(w), xeR”",

where D?u is the Hessian of u and I denotes unit matrix. The arguments are based upon a new monotone
iteration scheme.
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1. Introduction

Consider the existence of entire positive k-convex solutions to the following k-Hessian type equation

SD*u + al) = p(Ix)) f ), x€R", (E)
and system
Sk(D*u+al) = p(x)f*(v), xR, )
S«(D*v +al) = q(x)g"(u), xeR",
where k € {1,2,...,n}, @ > 01is a constant, / is the identity function and p, g are continuous functions

on [0, +o0). Letting D*u = (af_za”;_) denote the Hessian of u € C2(R") and A; (i € {1,2, ..., n}) denote the
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eigenvalues of D*u, then

1 i l l
SiDu+al)= O i+ O, + @) (4, + @),

1<i)<..<ik<n
1<j1<..<jiksn

where 62" is the generalized Kronecker symbol, is the k-Hessian type operator. When a = 0,

J15J2seJk
S «(D%u) is the standard k-Hessian operator.
Denote

I:={1eR":S5;(1)>0,1<j<k}.

We call a function u € C*(R") k-convex in R” if A(D*u(x) + al) € T for all x € R™.
In particular,

S (D*u + al) = Z A = Au
i=1

S (D*u + al) = ]—[ A, = det(D*u + al).

i=1

The k-Hessian equation is fully nonlinear PDEs for k # 1 (see Urbas [1] and Wang [2]), and there
are many important applications in fluid mechanics, geometric problems and other applied subjects.
Many authors have demonstrated increasing interest in k-Hessian equations by different methods, for
instance, see ( [3-9]) and the references cited therein( [10—15]). In particular, problem (E) reduces to
the problems studied by Keller [16] and Osserman [17] when k = 1, p(Jx]) = 1 on R" and f : [0, c0) —
[0, o0) is continuous and increasing. The authors studied a necessary and sufficient condition

1 \/W F(t) = ff(S)dS

for the existence of entire large positive radial solutions to (E). When k = 1, f(u) = u” (y € (0, 1]) and
p : [0,00) — [0, o) is continuous, Lair and Wood [18] showed that (E) admits infinitely many entire
large positive radial solutions if and only if

foo rp(r)dr = co
0

For the case k = 1, system (S) reduces to the following problem

{Au = p(x)f(v), x eR", (1.1)

Av = q(|x))g(u), x € R".

Lair and Wood [19] analyzed the existence and nonexistence of entire positive radial solutions to Eq
(1.1) when f(v) = V*, g(u) = u* (0 < B < ). For the further results, we can see [20-23] and the
reference therein.

When a = 0, Zhang and Zhou [24] considered the existence of entire positive k-convex solutions to
problem (E) and system (S).
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For the case k = n, Zhang and Liu [25] studied the existence of entire radial large solutions for a
Monge-Ampere type equation
det(D*u) — aAu = a(|x|) f(u), x € R" (1.2)
and system
det(D*u) — aAu = a(|x)) f(v), x € R", (1.3)
det(D?v) — BAv = b(|x|)g(u), x € R". '

Their results have been improved by Covei [26].
Recently, when p(]x|) = 1 on R”, Dai [27] showed that there exists a subsolution u € C*(R") of (E)
if and only if

1

fw(fo f(r)dt)_k”dr -
holds.

Motivated by these works mentioned above, in this paper we will obtain some new results on the
existence of entire positive k-convex radial solutions for equation (E) and system ($). The arguments
are based upon a new monotone iteration scheme.

Let a denote a positive constant. In the following, we always suppose that

k-1
> %(%)}ca = %(c’;)%a. (1.4)
We give the following conditions:

(f1) f, g :[0,00)—= (@, ) are continuous and nondecreasing;
(f2) p, g :[0,00)— (0, c0) are continuous and nondecreasing.

Define
r tk—n ! %
P(c0) := lim P(r), P(r):= f (C f s”_]p(s)ds) dt, r > 0; (1.5
r—00 0 0 0
r tk—n t %
O(c0) := lim O(r), Q) := f (c f s"—lq(s)ds) dt, r >0, (1.6)
r—00 0 0 0
where
ct!
Cy = ”k .

For an arbitrary a > 0, we also define

Hia(o0) = lim B0, Hiu() = [ £ 72 0 (1.7
" d
Ha(o) 1= lim o, Ha()i= [ 75 rza (18)
and we see that : |
Hi,(r) = G >0, Hy(r)= 0+ 20) >0, Vr > a,

and H,,, H,, admit the inverse functions Hl‘a1 and Hz_al on [0, H,(c0)) and [0, H;,(c0)) respectively.
The main results of this paper can be stated as follows.
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Theorem 1.1. Suppose that (f1) and (f2) hold. If a = 0, then Eq (E) admits an entire positive k-convex
radial solution u € C*(R") satisfying

a+ayP(r)<u<Hj (P(r)) Yr > 0.

Moreover, if P(c0) = oo and Hy,(00) = oo, then lim u(r) = oo; if P(0) < Hy,(o0) < oo, then u is
bounded. o
If @« > 0 and p(|x|) > 1, then Eq (E) admits an entire positive k-convex radial solution u € C*(R")
satisfying

a+ agP(r) — %r <u<H| (P(r)) Yr>0.
If further suppose H,,(c0) = oo, then rh_>n3<> u(r) = oo

Theorem 1.2. Suppose that (f1) and (f2) hold. If @ = 0, then system (S) admits an entire positive
k-convex radial solution (u,v) € C*(R") x C*(R") satisfying

‘5’ + aoP(r) < u < Hy (P(r) + Q(r), ¥r > O;

g +@oQ(r) < v < Hy (P(r) + Q(r)), ¥r > 0.

Moreover, if P(c0) = 0o = Q(o0) and Hy,(00) = oo, then lim u(r) = lim v(r) = oo; if P(c0) + Q(00) <
H,,(00) < o0, then u and v are bounded.

If @ > 0 and p(|x|) = 1, q(|x]) = 1, then system (S) admits an entire positive k-convex radial solution
(u,v) € CHR") x C*(R") satisfying

g + aP(r) — %rz < u< Hy'(P(r) + O(r), Vr > 0;

g + 20(r) — %rz <v < H;M(P(r) + Q(r)), Vr > 0.

If further suppose Hy,(c0) = oo, lim u(r) = lim v(r) = oo
2. Preliminary lemmas

For convenience, we give some lemmas for the radial functions before proving the main results.

Letr = |x| = \/x?+ ...+ x2and Bg := {x € R" : |x| < R} for R € (0, o0].

Lemma 2.1. (Lemma 2.1, [25]) Suppose that ¢ € C?[0,R) with ¢’(0) = 0. Then, for u(x) = ¢(r), we
have u(x) € C*(Bg), and the eigenvalues of D*u + al are

(¢ e AU <”> +a), re(0,R),

(©”"(0) + a, go”(O) +a, ..., go”(O) +a), r=

AD*u + al) = {

and so -
((,0”(1”) + a)@ﬁ (r)+ar) + Ck (¢ (r)+l”) , re (O, R),

S«(D*u+al) = n-1
k( ) {C,l;((pﬂ(o) + Cl’)k, r =
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By Lemma 2.1, we can conclude that u(x) = ¢(r) is a C? radial solution of (E) if and only if ¢(r)
satisfies

k—1 ’ k
cilig o+ ook Oy e, re@R. @)

Lemma 2.2. Suppose that (f1) and (f2) hold. For any positive number a, let ¢ € C[0,R) N C'(0,R)
be a solution of the Cauchy problem

¢ = (5 [ s ends) —ar, >0,

(2.2)
@) =a>0.

Then ¢ € C*[0,R), and it satisfies (2.1) with ¢’ (0) = 0.

Proof. Firstly, we have

o pin 9() — @(0)
¢ =g
= lim¢'(r)

= lim(ré_on fr S"_IP(S)fk(QO(S))ds)k —ar=0.

0

Since
k—n 1

lim¢/(r) = lim fo P @()ds) - ar=0=0)

0
This shows that ¢(r) € C'[0, R).
Secondly,

S0//(0) — 11_1}1 (,0,(}") : g,(o)

( (Afon f " lp(s)fk(‘,a(s))ds) —ar

= lirrol .
Rt [T () fHp(s)ds + T p(r) f o)\ |
= lim o ) -a

- (%COP(O));f(w(O)) —a.

It is easy to know that ¢(r) € C*(0, R) for r € (0, R). By calculating,

AR 1

rE( f —p(s) £ (p(5))s" ds)

“H%Erk( f — () (@(s))s" ds) P p(r) fH(o(r) -
r— 0
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_k—n
Tk

= (nicopm))'l‘f(som)) ~a.

(%Q)p(o))if(so(o)) ¥ %(n%op(()))if(so(O)) —a

Hence, ¢(r) € C?[0, R). And by direct calculation, we can prove that ¢(r) satisfies (2.1).
Remark 2.3. When p(r) = 1, Lemma 2.2 is consistent with Lemma 2.3 in [25].

Lemma 2.4. (Lemma 2.2, [25]) Suppose that (f1),(f2) hold and ¢(r) € C?[0,R) satifies (2.1) with
¢’ (0)=0. Then ¢'(r) > 0 and ¢" (r) + a > 0.

Proof. From (2.1), we have
C ("M () + ar)) = k™™ p(r) f4(p(r)).
Noticing that ¢’(0) = 0 and intergrating from O to r, combining with (1.7), we have

-n

c fo r S"‘IP(S)f"(so(S))dS)Z —ar.

If @ = 0, then we can easily prove that ¢’(r) > 0; if @ > 0 and p(|x[) > 1, then we have

¢'(r) = (rk

o
(p’(r)Za/o( fs” ds) —ar
Co Jo

> (nCo)_% g(nCo)%ar —ar

- a(% —1)r>0.

On the other hand, by calculating, for 0 < s < r, we have

k_ n " l 1
¢+ o= [ Zpo s st
0 0
1 ken ri k n-174 N1-1 n-1 k
+ Co ( f(; COP(S)f ((s))s" " ds)*r"™" p(r) f*(e(r)

1 [k - "1
=r_’f(f0 EOP(S)fk(QO(S))S"_ldS)k_I[ knfo C—OP(S)fk(SD(S))S"_]dS

1 k
el (90(1’))]

_% " 1 k n—1 %—1 k_n 1 k r_”

> fo & POF @) ds) [—k GG (2.3)
1 k

* P (so(r))]

(71 a1,
= ri( f — p(s) f (p()s" ds)F 1[—r p(NfA(p(r))
o Co nCy
> 0.
This gives the proof of Lemma 2.4.
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Remark 2.5. When p(r) = 1, Lemma 2.4 is consistent with Lemma 2.2 in [25].
3. Proof of the main results

In this section, we prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Firstly, we consider the equations

W' (r) + ar)F! W' (r) + ar)

Cklw”(r) + Q)T + c’;_lT = p(") fXu(r)), r > 0, (3.1)
u'(r) = ( C_On fr s”_lp(s)fk(u(s))ds)% —ar, r>0, u(0) =a, (3.2)
0
and
u(r) = a+ f , (’k_" f t s"—1p<s>f"<u<s>)ds)idr ~22 0. (33)
o \Co Jo 2

Apparently, solutions in C[0, ) to (3.3) are solutions in C[0, c0) N C'(0, o) to (3.2).
Let {u,,}mn>1 be the sequences of positive continuous functions defined on [0, o) by

_ _ A A k ; a ,
uo(r)y=a, u,(r)=a +j(; (Co I) s p(s)f (um_l(s))ds) dt — Er , r>0.

Obviously, for all r > 0 and m € N, we have

r ck—n t %
un(r) = a+ fo (tco fo s"‘lp(s>f"(um_1<s>)ds) di - 37

Ttk ! i a
>a+«a ( f s”_lp(s)ds) dt — —r*
° j(; Co Jo 2

>a+ ayP(r) — %rz.

Therefore, u,,(r) > a, and uy(r) < u;(r). Since (f1) holds, we have u,(r) < u,(r) for r > 0. According
to the above reasons, we obtain that the sequences {u,,} is increasing on [0, c0). Also, we obtain by (f1)
and (f2) that for each r > 0

rk—n r %
u,(r) = ( C j(; s”_lp(s)fk(um_l(s))ds) —ar
pk=n T - :
< m " ds| -
< flu (”))( C fo s" p(s) s) ar
< fun(r))P'(r).
Therefore,
fum(r) ! dr < P(r), r>0
—_— r), r .
. @
This shows that
H,,(u,(r) < P(r), Yr >0, (3.4)
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and
Uun(r) < Hy, (P(r)), ¥r > 0. (3.5)

It follows that the sequences {u,,}, {u,,} are bounded on [0, Ry] for an arbitrary Ry > 0. By Arzela-
Ascoli theorem, {u,,} has subsequences converging uniformly to « on [0, Ry]. Since {u,,} is increasing
on [0, c0), we see that {u,,} itself converges uniformly to u on [0, Ry]. By arbitrariness of Ry and Lemma
2.2, we get that u is an entire positive k-convex radial solution to (E), and u satisfies

a+ agP(r) - %r <u(r) < H\(P(r)), ¥r> 0. (3.6)

If @ = 0, by (3.6), it is easy to obtain that if P(c0) = oo and Hy,(c0) = oo, then lim u(r) = oo; if

P(c0) < Hy,(o0) < oo, then u is bounded. If @ > 0, combining the fact that p(|x]) > 1, @y > %(Cﬁ)%a
and Hy,(c0) = oo, it is obvious that lim u(r) = oco. This finishes the proof of Theorem 1.1.

r—oo

Remark 3.1. Theorem 1.1 generalizes Theorem 1.1 with @ > 0 in [24]. In the case @ > 0, since

P(c0) = oo for the positivity of u, it is difficult to ensure if there is bounded positive entire solution of
(E).
Proof of Theorem 1.2. Consider the following systems

ur (Zrk u (r)+ar
Ck }(u//(r) + a,)( ( )+ ) Ck W'( )+ Ok p(r)fk(v(r)) r>0,
CEl " (r) + @) e cheopt ct —“ e — g(rgku(r), r> 0,

and

ur) =4+ [ (5 o (s)f"(V(s))ds) di=32, >0,

v(r) =%+ r( fo " lc](s)g"(u(s))ds) dr—4r*, r>0.

Let {u,,}m>1 and {v,,},,>1 be the sequences of positive continuous functions defined on [0, c0) by

tkn

Vo =

)

() =4+ [ (% [ P65 1(s)>ds) di= 2P, r>0,

NI

vu(r) = &+ ’(f’”’ [ lq(s)gk(um(s))ds) dt— 27, r >0,

Similarly, for all » > 0 and m € N, when m > 1, we have

Uy (r) > g + agP(r) — %rz;
V(1) > g + aoQ(r) — %rz.

Therefore, u,,(r) > 5, vu(r) = § and vo(r) < vi(r). Since f, g are continuous and nondecreasing, we
have u(r) < uy(r), Yr > 0, and v(r) < v,(r), Yr > 0. According to the above reasons, we obtain that
the sequences {u,,} and {v,,} are increasing on [0, c0).

Moreover, for r > 0, by (f1) and (f2), one can prove that

U, (r) < (FOm(r) + um(r)) + Wu(r) + uu(r)) P’ (r);
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Vi (1) S (fn(r) + (1)) + gin(r) + u (1) Q' (1),
and
u, (1) + v, (1) < [fOn(r) + up(r)) + gn(r) + u, (MNP (r) + Q' (1)).
Therefore,
Uy (1) 4V, (1) 1
fa f(TTg(T)dTSP(I‘)-I-Q(I’), I">O,
which shows that
Hoo(t(r) + viu(r)) < P(r) + Q(r), Yr2=0,

and
Un(r) + v, (r) < Hy (P(r) + Q(r)), VYr=0.

It so follows that the sequences {u,}, {u,,} and {v,}, {v;,} are bounded on [0, Ry] for an arbitrary
Ry > 0. By Arzela-Ascoli theorem, {u,,} and {v,,} have subsequences converging uniformly to «# and
v respectively on [0, Ry]. Since {u,}, {v,,} are increasing on [0, c0), we see that {u,,} itself converges
uniformly to u on [0, Ry], so is {v,,}. By arbitrariness of R, and Lemma 2.2, we get that (u, v) is an
entire positive k-convex radial solution to (S).

The rest proof is similar to that of Theorem 1.1. So we omit it here.

4. Conclusions

In this paper, we use a new monotone iteration scheme to obtain some new existence results of
entire positive solutions for a k-Hessian type equation and system.
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