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Abstract: This paper is concerned the determination of trajectories for the three-dimensional Navier-
Stokes equations with nonlinear damping subject to periodic boundary condition. By using the energy
estimate of Galerkin approximated equation, the finite number of determining modes and asymptotic
determined functionals have been shown via the Grashof numbers for the non-autonomous and au-
tonomous damped Navier-Stokes fluid flow respectively.
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1. Introduction

The three-dimensional Navier-Stokes equations with damping describe the flow when there exists
resistance in the fluid motion. The damping is related to various physical phenomena, such as air drag,
friction effects or relative motion, caused by internal friction of fluid and the limitation of flow channel
interface leading to friction and collision between fluid particles and walls.

This paper is concerned with the asymptotic behavior of the 3D Navier-Stokes equations with non-
linear damping for a viscous incompressible fluid on the torus Q = f[(O, L) € R* and ¢t € R in the

i=1
space-periodic case:

Ou—vAu+ - Vu+auf'u+Vp=f in QxR",
V-u=0 in Q xR",

u(x + Lie;, 1) = u(x,t), i=1,2,3,

u(x, t = 0) = up(x),

(1.1)

where the kinematic viscosity v > 0 and the external force f = f(x, t) are given in appropriate Sobolev
space and the constant @ > 0 is a characteristic parameter of the elasticity for fluid flow, 8 > 1 is a fixed
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positive parameter which describes the increasing radio. The above system formed by the unknown
three-component velocity field u = (u;, u», u3) and the scalar pressure p represents the conservation
law of momentum and mass.

When the parameter « disappears, system (1.1) reduces to the 3D classic incompressible Navier-
Stokes equations, whose well-posedness (see [1-7]) and dynamic systems (see [8,9]) have been exten-
sively investigated based on non-uniqueness of weak solution and global existence of strong solution
in bounded or periodic domain. Now for the more general case @ > 0, Cai and Jiu have proved that
the Cauchy problem of the 3D Navier-Stokes equations with nonlinear damping term has global weak
solution for 8 > 1, global strong solution for 5 > % and the uniqueness for % < B < 51in [10]. Since
the nonlinear damping term «|ul’~'u leads to more regularity than the classical Navier-Stokes equa-
tions, the research on infinite dimensional dynamic systems for (1.1) are progressively improved, such
as [11-14].

Based on the development of 2D/3D Navier-Stokes equations, there have many related literatures
paying attention to the determination and reduction of incompressible flow flows, for instance in [15,
16], the authors give the upper bound of determining modes for the 2D Navier-Stokes equations in the
periodic case.

Inspired by [10,15-18], we consider the determination of trajectories for the damped Navier-Stokes
model (1.1). The main results and features can be summarized as follows.

(I) As shown in [10], the nonlinear damping term a|uf’~'u resulting in more regularity, the system
(1.1) possesses a global strong solution satisfying

u€ L¥0,T; V) N L0, T; H*(Q)) N L0, T; IP1(Q)%), (1.2)

which guarantees the research on asymptotic behavior can be achieved. However, more assumption on

u and f are needed as
fudx: ffdx:O, Y teR", (1.3)
Q Q

which implies Poincaré’s inequality holds.

(IT) For the non-autonomous case, by using Fhe estimg(/}:clf, on Galerkin’s approximated equation, the
Mazur inequality and continuous embedding V,,, C L™= (Q)*, the finite determining modes m has
been presented via the restriction on generalized Grashof number G, as m > CG? for % <B<S.

(IIT) For the autonomous case, the problem is called asymptotic determination if there exists finite
Fourier functionals ¥ = {F;} withi = 1,2,--- ,n, such that the trajectories inside global attractor can
be determined. Based on the existence of global attractor in [14], we can proved that the autonomous
system (1.1) is asymptotic determining if n > C (VLM)% is large enough, where L is defined in Section 3.4.

The structure of this paper is organized as follows. In Section 2, the preliminaries and functional
setting are stated. The main results are shown in Section 3, the further research and some comments

are also presented in this part.
2. Preliminaries and functional settings

2.1. Functional spaces

Following the notation in [4, 6,7, 16], denote
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o)
I

por = lue L2, fg udx = 0,V - u = 0)

z: ~ k.
— {M: l/lk€2mLx

N . ko .12
M—k:uk’z‘uk:()’ Z |fi|” < oo}

keZ3\{0} keZ3\{0}
2.1)
and
Voer = {ue Hllyer(Q)3| f udx =0,V -u =0}
Q
n omikox|a . ko .
= {u= Z ] =uk,z-uk=0, Z H liul* < oo},
keZ3\{0} keZ3\{0}
(2.2)
where #; denotes the k-th Fourier coefficient, k = (k;, k2, k3) € Z*\{0} and L = (L,, L, L3).
It is easy to check that H per and Vpe, are Hilbert spaces with the inner products
3
Ou; A,
(V) = f u() v@dx, W)y, = f 2 (2.3)
per per £ axax
Q i,j=1 Q J J
and the norms
1 k2 1
o A 12)2 o KI5~ 212
ol = (3 1wP)’s e, = () |7[10) (2.4)

keZ3\{0} keZ3\{0}

respectively.

2.2. The Helmholtz-Weyl decomposition

In this part, the Helmholtz-Leray projector P, on the Lebesgue space Lf,er(Q) is defined via the
Helmholtz-Weyl decomposition

L2,(Q) = H,., ® G(Q), (2.5)

per

where the curl field H,,, is defined as (2.1) whose element satisfies the weakly divergence free condi-
tion

<u,V¢ >=0 forevery u € H,,, ¢ € Cy(Q), (2.6)
and the gradient field G(€2) on the torus Q is defined by
GQ)={uecl? (Q)°u=Vg, geH Q). 2.7)

per

2(Q)? can be decomposed uniquely as

u=h+Vg, (2.8)

The decomposition (2.5) means, every function u € L

where the function & belongs to H »er and the scalar function g belongs to H 1(Q) (see [6]).
Now, the Helmholtz-Leray projector P, on the torus Q2 is defined as

PL : LZ (Q)3 — Hper’ (29)

per

where u € L2, (Q)* and h € H,,,, i.e., Pru = hforu € L,(Q)’.
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2.3. The Stokes operator

The Stokes operator A is defined as
Au = P;(—Au) = —P;Au, forany u € H*(Q)*, (2.10)

with noting that A = —A in the three-dimensional periodic case (see [4]). Since A is a positive operator,
we can deduce that the eigenvalues A; of the operator A are positive and satisfy

0<A1 €A <+ <A, <00 and lim A; = co. (2.11)

[—00

Hence, for u belongs to H ver» the Poincaré inequality
lul?, < —1 full? for all ueV (2.12)
Hper = 2, per’ per ’
holds.

2.4. The bilinear operator and trilinear operator

The bilinear and trilinear operators are defined as

B(u,v) = Pr(u-V)y and b(u,v,w) = (Pr(u-V)v, W)H,..» (2.13)
which satisfy
b(u,v,w) = =b(u,w,v) and b(u,v,v) =0, forany u,v,w € V. (2.14)
2.5. Some lemmas

Lemma 2.1. (The Ladyzhenskaya inequality) For u defined on the tours Q C R3, the following esti-
mates

g, e < Nl Nl (2.15)
ez, @p < Nl Al (2.16)
hold.
Proof. See, e.g., [6] for more detail.

Lemma 2.2. (The Mazur inequality) Let p > 0 is an arbitrary non-negative constant, one can deduce
the following inequality for any x, y € R

277|x =y < xlxl” = ylyI?) < (p + Dlx = yl(xl” + [y17). (2.17)
Proof. See, e.g., Kuang [19].
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Lemma 2.3. (The generalized Gronwall inequality) Let n = n(t) and ¢ = ¢(t) be locally integrable
real-valued functions on [0, 00) that satisfy the following conditions for some T > 0:

. . 1 t+T
ll?’_l) ionf T ft n(rydr > 0,
. t+T
limsup + 7 77 (1)dt < oo, (2.18)
—o0
) T
tim 4 [ ¢*()dr = 0,
where 7 (t) = max{-n(t),0} and ¢*(t) = max{¢(t),0}. Suppose that y = y(t) is an absolutely con-

tinuous nonnegative function on [0, co) that satisfies the following inequality almost everywhere on

[0, 00):

dy
-~ < ¢. 2.1
7 +ny<¢ (2.19)

Theny — 0,ast — 0.
Proof. See, the detailed proof in [4, 16].

3. Main results: determination for autonomous and non-autonomous problem (1.1)

3.1. The Fourier modes

Recalling the Galerkin decomposition u = }; ii;w; associated with the eigenfunctions w; of the
i=1
Stokes operator, we denote the first m Fourier modes P,,u and residual modes Q,,u as follows

Pmu(-x’ t) = Z aiwi’ Qmu(-x’ t) = Z aiwi’ (31)
i=1 i=m+1
which satisfy
(Ppu(x, 1), Quu(x, 1)y, =0, (3.2)
according to orthogonal properties of eigenfunctions w;(i = 1,2,---,00). Moreover, the Poincaré-

Wirtinger inequality with respect to the function Q,,u with zero space average under the periodic case

/1m+l

1Qnu(x, DI, < 7= 1QmuCe, DI, (3.3)
and the inverse Poincaré-Wirtinger inequality for P,,u
2 2
1Paa, DI < APt I, (3.4)

are true.

3.2. The Grashof number

The Grashof number G, is a dimensionless number for fluid dynamics whose approximate is the
ratio of the buoyant to viscous forces acting on a fluid. Following [4, 16], we define the Grashof
number with regard to the first eigenvalues of the Stokes operator A;, fluid viscosity v and external
force term f.
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Definition 3.1. (The Grashof number) In the three-dimensional space, we define the Grashof number
by

G, = —— 3.5)
where F? = lim sup % fIHT ||f(s)||f.{ dswith F > 0.
f—00 per

3.3. Determining modes for non-autonomous case

Considering two solenoidal vector fields u(x, 1), v(x, t) and two scalar functions p(x, t), g(x, t) re-
spectively satisfying 3D Navier-Stokes equations with the damping term sharing the same periodic
boundary condition

Ou—vAu+ @ -Vyu+auf'u+Vp=f in QxR*, (3.6)

V-u=0in QxR* '
and

0v—vAv+ @ -Viv+apf'v+Vg=g in QxR", 3.7)

V-v=0 in QxR '

where f = f(x,t) and g = g(x, 1) are the corresponding external force terms for the above two sys-
tems, then we can derive the appropriate evolution equations for u and v by using the Helmholtz-Weyl
decomposition P, as

4 yAu+ B(u,u) + aPyluf~'u = Pof in QxR (3.8)
and
L+ vAu + B(v,v) + aP W 'v = Prg in QXR* (3.9)

respectively.

Theorem 3.2. Suppose that B > 1, T > 0, the initial value uy € H,., and the external force term
f € H,,,. Then there exists a global weak solution of the initial boundary value problem (1.1) such
that

ue L¥(0,T; Hyr) N LX0,T; V,p,) 0 LPHO, T IP71(Q)). (3.10)

Moreover, suppose that % <B <5, up € Vyer NIPH(Q), there exists a unique global strong solution to
system (1.1) satisfying

u€ L¥0,T; V) N LX0, T; H(Q)*) N L0, T; IP1(Q)%). (3.11)

Proof. Here by using the Galerkin approximated approach and localized technique to achieve a priori
estimate, then by virtue of compact argument and limiting process, we can obtain the desired results,
we skip the detail in this part. The proof is similar as the existence of global weak and strong solution
in R” can be seen in Cai and Jiu [10], and the bounded domain in Song and Hou [14], except some
minor revision for our problem with periodic boundary.
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Theorem 3.3. Assume u is the strong solution in Theorem 3.2, then for any t,T > 0, u satisfies the
following estimate

t+T

T
[ Aul, dr <3 J7 A5 dr, (3.12)

when T is large enough.

Proof. Multiplying (3.8) by Au and integrate over 0, we obtain

2
Ld 2 2 B-11%7,/[2 aB-1) B3 2
L+ AU, o+ [P VuPdx + <SRV dx G5.13)
= (f,Au)HM — b(u, u, Au).
The Holder inequality, the Young and Gagliardo-Nirenberg inequalities result in
b, u, Aw)l - < C(f, lu- VuPdx)>||Aull,,
< §||Au||;w + £ [ lu- Vuldx
4 2 C 2 2
< §||Au||Hper + 7||u||lp+1(9)3”V’/‘”Lz%fjll) @
Wip 6D (3.14)
2 Cli 112 ¥ G
< SIAUIR, -+ Sl g Aul, Nl 7 g
il BT T
A S
2 C 2(8+1)
< J1Aul, + ST
and
. C 2 v 2
ICF. Awy, | < SIAIE,  + SlAul?, (3.15)
for % <B<S.
Substituting (3.14) and (3.15) into (3.13) for any 7, t, € R*, we derive
4 2 C (M £112 C (1 1y,112B+D 2
v AU, dr< S [UIAR dr+ S [T dr + ol (3.16)

Then, the uniform boundedness of ||u(z)||;

per

[au?, dr<$ ['IfI5, dr (3.17)

for sufficiently large constant C which is bigger then the one in (3.16), which leads to (3.12), the proof
is complete.

and [|u(?)| 5+ () results in the following estimate

Theorem 3.4. Assume that % < B <5, uis the global strong solution in Theorem 3.2. Then the first m
modes are determining of (1.1), i.e.,

(|t — PmVHHW -0, as t > oo, (3.18)
implies
[lu — VIIHW —0, as t > o (3.19)
provided that m € R* satisfies
m > CG?, (3.20)

where C is the constant only depending on Ay, and G, is the Grashof number (see Definition 3.1).
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Proof. Letw = u —v. Then w satisfies

dw
dt?’

= (f - & wi)Hp(,r

W) + VAW, w;) + b(w, u, ;) + b, w, w;) + a(uf~'u — Fv, w)y

in distribution sense.

(o)

Since Q,,u = ), ;(t)w;, P,u and Q,,u are orthogonal, it follows that
i=m+1

il Ol + AQuWIE,  + b(w, u, Q) + b(v, w, QW)

+a(uf~'u— P, Quw)p . = (f(x, 1) = g(x. 1), Ouw)y

per per”

Based on the monotonicity of the nonlinear term, we can get

a(luf~"u— 'y, Quw)y,,
= a(luf~"u— WP, w, = a(ulf~u— Py, Paw)y
> —a(uf~'u— Py, Paw)g

per

per

which leads to the following inequality

1d
LL10,mlE, +VIQuwIF;
< |bw, u, Quw)l + [b(v, w, Q)| + la(luf~'u — Py, Paw)y |

HFCn ) = g(x, 1), Qo |-

per

(3.21)

(3.22)

(3.23)

(3.24)

Next, the estimates for every term in (3.24) will be proceed for applying the generalized Gronwall

inequality (Lemma 2.3) with & = ||Q,,w|lg

per”

Noting that u = P,,u + Q,,u and the properties of trilinear operators (2.14), we write
1b(w, u, @uw)l < [b(Pyw, Quw, W)l + 1D(Qw, u, Quw)| = by + by
and
1b(v, w, Quw)| = |b(v, Puw, Quw)| = 1b(v, Quw, Puw)| =t b3.
The Holder and Young inequalities for b;(i = 1,2, 3), and Lemma 2.1 result in

b

IA

ClIPuwllzs, 3l Qmwllv,,, llulls,

per

1 3 1 3
i 7 X i s
ClIPuwly, IPawl 10wy, hall, Nl

IA

by

IA

ClQuwli, | Quwlly,, Nl

IA

v 2 C 2 2
SN0, + N0, NAul,

er

and

(3.25)

(3.26)

(3.27)
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bs

IA

C”V”Lf,e,(gp||QmW”VW||PmW||Lj§L,,(Q)3

1 3 1 3
CIVI, VI, 1wl Pl Pl (3.28)

er

IA

where C represents different variable-independent constants.
Noting that % < B <5, we have the following embedding

Vyer C L7 (Q)° (3.29)
by the Sobolev theorem. For the damping term in (3.24), applying (3.29), Mazur’s inequality (Lemma
2.2), Holder’s inequality, Young’s inequality and V., € L5(Q)?, we obtain

la(uf~'u — W'y, Puw)g, |
< aB [0 WI((uf™" + PP uwldx
< afiwllsp (il sy, +IMP oy JIPawlis@y -
L7 (@ LT @

~1 ~1
< Capwlly,, (llalfy ! + W JIPawll,,-

(3.30)

For the remaining external force term in (3.24), the Cauchy-Schwarz inequality results in

I(f(®) = g0, QuW)g,, | < If () = gDl | OnWllg,,- (3.31)

per

Combining (3.22), (3.27), (3.28), (3.30) and (3.31), we conclude

d 2 2 C 2 2
ZNQwwil, + IO, = 10l IAull

er

IA

1 3 1 3
1 1 ) 1 1
ClPwlly, WPl Qi el Nl
1 3 1 3
7 1 . 1 1
+CIVI, VL 1wl 1Pl 1Pl

+Caplwlly,, (It + VI JIPawlly,,
HIFWD = 8Ol 1wl (332)

per

which can be rewritten in the form

dy()
from (33) and (34) and the nOtationS

¥ = 10w,
1) = Ve = SlHAUIE,

1 3 1 3
_ 7 I ) I I
80 = CNP sl 1Pl Quwl, Nl Nl

3 1 3
+CNP g, (AIVI, VI 110wy,

per er

B—1 51
+aBAnlwlly,, (lully, ~ + VI )
ﬁ m” ||Vper(|| ||Vp” || ||Vper)

+HIf @) = gDl [1@nWllg,,, -

per

(3.34)
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The uniform boundedness of u, v, w in H pers Vper, [271(Q)? from Theorem 3.2 together with con-
vergences ||P,,w|| Hyor and [| (1) — gDl 2y yield

¢(t) >0 as t > o (3.35)

provided that (2.18) is true. Hence, (2.18) is verified by

t—00

1 t+T
lim inf T f n(t)dr
t

t+T C
=vA,41 — lim sup 7 f ;”Aunzperd?'
t

t—o00
CF?
> VAt = —
y
>0 (3.36)
via the estimate
) 1 t+T 5 CF2
llrtrliup T j; IIAMIIHWdT < e (3.37)

from Theorem 3.3.
According to 4, = C/llnﬁ, and the definition of Grashof number G, (see Definition 3.1), we con-
clude that

m > CG?>. (3.38)

The proof is complete.

Remark 3.1. In Theorem 3.4, we give the determining modes for weak solution of system (1.1) when
the strong solution exists. However, if there is only the existence of weak solution, the determining
modes for system (1.1) is still open.

3.4. Asymptotic determining functionals for autonomous case

In this part, we consider the 3D damped Navier-Stokes equations with autonomous force f(x) as

Ou—vAu+ (u-Vyu+ uf'u+Vp = f(x) in QxR*,
V-u=0in QxR",

u(x+ Lie;, t) = u(x, 1), i=1,2,3,

u(x,t =0) = uy.

(3.39)

Similar as the non-autonomous case above, the equivalent abstract form of (3.39) can be given by
%t vAu + B(u,u) + aPrluf™'u = P f(x) in QXR*, (3.40)

where P still denotes the Helmholtz-Leray projector. Based on the well-posedness of (3.40), Li et al.
study the existence of a finite dimensional global attractor as following.
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Theorem 3.5. Assume that f € H per and uy € Vpe,, Then the semigroup {L,},»o generated by problem
(3.39) possesses a V,,,-global attractor A.

Proof. See, e.g., Li et al. [12], which studied the damped Navier-Stokes equations in the non-slip
boundary condition. We can similarly get the dynamical system to the problem (3.39) on the periodic
boundary condition.

Consider the system ¥ = {Fy, F,,---,F,} of linear functionals generated by the corresponding
Fourier modes F,(u) =: (u, w,), where w, denotes the eigenfunctions of the Stokes operator. In what
follows, we will prove the asymptotic determination for (3.39) with autonomous external force f(x)
according to Theorem 3.5, namely, the system ¥ is determining if # is large enough.

Theorem 3.6. Let % < B < 5 and n satisfy the inequality
L
n>C(—)3, (3.41)
V/ll

where L = L(v,a, 3, ”u”L”(O,T;V,,W)’ ol 2200, 7:12(2%)s Nt L= c0.7:18+1 ()3)) TS @ dimensionless constant, A; de-
notes the primary eigenvalue. Then the system F of the first n Fourier modes is asymptotically deter-
mining for the dynamical system generated by (3.39).

Proof. Let u*(t) and v*(¢) be two trajectories inside the finite dimensional global attractor A in Theorem
3.5. Denote w*(t) = u*(t) — v*(¢), then it is easy to check that w*(¢) satisfies

d *
;; + vAW*
= BOW', V)= B, u) +aP VPV —aPuP 'y in QxR (3.42)

Next, multiplying (3.42) by Aw* and integrating over €2, noting that P; is symmetric and (2.14), we
obtain

1d
LR+ ViAW,

1 1 (3.43)
< bw*, u*, Aw)| + b(v*, w*, Aw)| + |(lu* P~ ur — P~ 1ve, Aw)).

The Holder inequality, Young’s inequality and Lemma 2.1 yield the estimates

D", AW < Cllw T oy, JAW s,

2 2
< Clw? IIVZerIIu v, llAW" IIHZW 4 (3.44)
< Y|Aw* | Bl
< gllawly, + CMIwE, Nl |

and

b AW < CIV Il 1AW T,

< CIVIG_ 14Vl Il 4wl
pe D
< ZllAw’ ||§,W + G0l AV

(3.45)
I

per

where C;(v) = 225 and C»(v) = 3¢ depend on the dimensionless constant v only.
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For the damping term in (3.43), by using Holder’s and Young’s inequalities, we obtain

a|(lu P tur — Py, Aw®)|

k — * 3k — >k l k
< C(J, ledu P~ — alv*P~'v Pdx)2 | Awll g, (3.46)
< gllAw*IliIW + Co(v) fo ledu P~ u — ey PP~'v P,
Hence, Mazur’s inequality, V,., C LS,,(Q) and Holder’s inequality result in
2
fQ |a/|u*|'8‘1u* - alv*lﬁ‘lv*| dx
< C [P ] + |l P! = P lv*)%dx
<C f(;(lu*lz(ﬁ‘l)lw*lzdx +C fQ(lu*lﬁ‘2 + V22 v P wt P x
#12(6-1) (2 #112(8-2) | 12(8-2)
S C”u ”LS(/j—l)(Q)S”W ”L()(Q)S + C(”M ||L6(ﬁ—2)(9)3 + ”V ||L6(ﬁ—2)(Q)3) (347)
V126 s W7 112
Lzﬁ((ﬂg)f) Loys 2(8-2) 2(8-2)
* - 112 * - * —
S C”u ||L3(ﬁ—1)(g)3llw ||Vper + C(”u ||L6([f—2)(g)3 + ||V ||L6(ﬁ—2)(Q)3)
#[]12 %112
vl 1w
Substituting (3.44)—(3.47) into (3.43), we conclude
d ¥ ES
LiwI + VAW,
* * * * #112(B—1
<2wl, (Gl + Calvlly,, 14V, + Calla’ 1%, 1 (3.48)
11 28-2) #[]2(8-2) *[112
Gl g + IV g7, ),
where C; = C3(v, @, 8) 1s a dimensionless constant.
. 7
Owing to 5 < 8 < 5, we have
28+1)2 8(8-2)
e 26-D x| BT x| BT Bp
J(; ||I/l ||L3(/3—I)(Q)3dT S C”u |L°°(O,t;[ﬁ+l(ﬂ)3)||u |L2(O,T;H2(Q)3)t B D) (3 49)
L ||1/l ”L()(ﬁ—z)(Q)BdT S C”u ||L°°(O,t;lﬁ+l(Q)3)||u ||L2(O,T;H2(Q)3)t AT
are all bounded for any 0 < t < oo.
Denote
— %14 %] . | . %(12(B=1)
L=2(Cillw’ll}, + Callv*lly, JAV I, + Callw %) .50

#12(8-2) #1[208-2) *
FC el g + IV g7, ),

which is a finite dimensionless constant because of (3.11). Then there exists an n large enough such
that v4,,.; > L holds, the estimate (3.48) can be reduced to

Gl I, + Oy = DIWIE, <0, (3.51)
which yields
W @I, < eI L s <t (3.52)

for some positive constant C”.
Since u* and v* belong to the global attractor A, we have ||w*(t)||me_ — 0 as t — oo. Hence, the
system ¥ is asymptotically determining for the dynamical system of (3.39) whenn > C (ﬁ)% because

of Ayp1 = C/lln%. Therefore, the proof is completed.
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3.5. Further research

In this section, we discuss some open interrelated issues that might be studied in the prospective
investigations and research.

(I) The determining modes in the periodic case is presented in this paper, which can be proved
similarly in the whole space case R*(where the boundary conditions can be considered as |u| — 0 as
|x| = oo) by utilizing the relevant conclusions in [10], but the situation turns out to be quite different
in the Dirichlet condition, due to the fact

A=-P A+ -A, (3.53)

which implies b(u, u, Au) # 0 in the Dirichlet boundary condition. So the main ideas and difficulties of
the subject is summarized as follows

O —vAu+ - Vyu+eluf'u+Vp = f in QxR*,
V-u=0 in QxR

u(x,f) =0 on 6Q,

u(x, t = 0) = up(x),

(3.54)

where Q denotes an open bounded region in three dimensions. The determination and reduction for
our problem defined on bounded domain is our objective in future.

(IT) For the generalized fluid flow, Ladyzhenskaya proposed a revised version of Ladyzhenskaya-
type Navier-Stokes model in the 1960s, where the surrounding flow problem was considered

{ =V - [(vo + vil|lDull;*)Dul + (u - Vyu + Vp = f,

Vou=0, (3.55)

where Du = %(Vu + Vu™), Guo and Zhu studied the partial regularity of the distribution solution of
the initial boundary value problem in the three-dimensional case of the model (see [20]). In order to
overcome the difficulties of the model, Lions proposed a new class of polished Navier-Stokes equations
(see [5]) with the establishment of the monotonicity method

{ Ot = vohu =y X, (V™ 8) + (- Vyu+ Vp = f, (3.56)

V-u=0.

Exploiting the technique of this work, it is actually possible to study the above models (3.55) and
(3.56) in the whole space R?, torus T?, and bounded smooth region Q respectively, the main difficulty
for dealing with their determining modes lies in the unknown spectral relationship of the corresponding
operator.

(III) A further meaningful research is concerned with finite dimensional reduction of the Navier-
Stokes equations with damping (1.1). If we can get the Lipschitz property

18(u) = ROl s,y < Lllu =g, Y, v € Hper, (3.57)

where h(u) denotes (u - V)u + o|ulf’~'u, and
L < Any1, (3.58)
then the first N Fourier modes is asymptotically determining for the dynamic system of (1.1) (see [21]),

which leads to the reduction of (1.1) and even the existence of inertial manifold.
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