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Abstract: In this paper, we construct the Z}—grassmannians by gluing of the Z}—domains and give an
explicit description of the action of the Z)—Lie group GL(m) on the Z,—grassmannian G, (m) in the
functor of points language. In particular, we give a concrete proof of the transitively of this action, and
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Keywords: ZJ-Lie group; Homogeneous superspace; Z;—manifold; Z7— grassmannian

1. Introduction

There is growing interest in studying generalized supergeometry, that is, geometry of graded mani-
folds where the grading group is not Z,, but Z7 = Z, X ... X Z,. The foundational aspects of the theory
of ZJ—manifolds were recently studied in [1-4]. This generalization is used in physics, see [5]. Also
in Mathematics, there exist many examples of Z7—graded ZJ—commutative algebras: quaternions and
Clifford algebras, the algebra of Deligne differential superforms, etc. Moreover, there exist interesting
examples of Z7—manifolds. In this paper, we study the Z)—grassmannians as Zj—manifolds and their
constructions.

In the context of manifolds, homogeneous superspaces have been defined and investigated exten-
sively using the functor of points approach in [6-8]. In this paper, we show that Z]—grassmannians
G}’(ﬁ) are homogeneous, c.f. section 3. To this end, we show that the Z7—-Lie group GL(ﬁ), c.f.

section 2, acts transitively on ZJ—grassmannian Gﬁ(ﬁ) , ¢.f. section 3.

In the first section, we recall briefly all necessary basic concepts such as Z7— grading spaces,
Z;—manifolds, Z7—Lie groups and an action of a ZJ-Lie group on a ZJ—manifold. We use these
concepts in the case of Z,—geometry in [6] and [8].

In section 2, we study the Z7—grassmannians extensively. The supergrassmannians are introduced
by Manin in [9], but here by developing an efficient formalism, we fill in the details of the proof of this
statement.


http://http://www.aimspress.com/journal/era
http://dx.doi.org/10.3934/era.2022012

222

In section 3, by a functor of points approach, an action of the ZJ-Lie group GL(m) on the
Z—grassmannian Gi(ﬁ) is defined by gluing local actions. Finally it is shown that this action is
transitive.

2. Preliminaries

Let Z) = Z, X ... X Z; be the n—fold Cartesian product of Z,. From now on, we set q := 2" — 1 and
by T{> we mean (ko, ki, . . ., kq) such that k; € N. Consider the bi-additive map

(L) TEXTE T,
(a,b) = Z aibi(mod?). 2.1)

i=1

The even subgroup (Z7), consists of elements y € ZJ such that (y,y) = 0, and the set (Z}), consists of
odd elements y € ZJ such that (y,y) = L.

One can fix an ordering on Z; based on this ordering, each even element is smaller than each odd
element. Given two even (odd) elements (a;,as,...,a,) and (b1, by, ...,b,), the first one is smaller
than the second one for the lexicographical order, if a; < b;, for the first i where a; and b; differ. For
example, the lexicographical ordering on Z; is

(0,0,0)<(0,1,1) < (1,0,1) < (1,1,0) < (0,0,1) < (0,1,0) < (1,0,0) < (1,1, 1).

Obviously, Z5 with lexicographical ordering is totally ordered set. Thus it may be diagrammed as an
ascending chain as follows

Yo <Y1 <...<Y%q-

In the supergeometry, the sign rules between generators of the algebra are completely determined by
their parity. One can define a grading by (2.1) such that e(a, b) = (—=1)‘**) will be a sign rule what will
lead to Z7—geometry. Also, it has been shown that any other sign rule for finite number of coordinates
is obtained from the above sign rule for sufficiently big n. See [1] for more details.

2.1. Z5—geometry

The Z)—graded objects like Z)—algebras, Z)—ringed spaces, Z7—domains and Z7—manifolds have
been studied in [1,3,4]. In the following, we recall the necessary definitions from these references.

By definition, a Z)—vector space is a direct sum V = EBy ez V, of vector spaces V, over a field K
(with characteristic 0). For each y € Z7, the elements of V,, is called homogeneous with degree y. If
x € V,, be a homogeneous element of V, then the degree of x is represented by X = .

A Zj—ring R = EBY < Ry 1s aring such that its multiplication satisfies
2

Ry]ﬂ” c R“/lﬂ’z'

A Z5—ring R is called ZJ—commutative, if for any homogeneous elements a, b € R
ab=(=1)pa.
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For any Z’—algebra R, let J be an ideal of R generated by all homogeneous elements of R having
nonzero degree. If f : R — § is a morphism of Z7—algebras, then f(Jz) C Js. Let M be an R-module.
The collection of sets {x + J*M}?, can be considered as a basis for a topology on M. This topology
is called J—adic topology. Note that x runs over all elements of M. The J—adic topology plays a
fundamental role in Z7—geometry.

A Z5-ring R with respect to J—adic topology is Hausdorfl complete if the natural ring morphism
R — lim R/J* is an isomorphism.

Example 2.1. Let Rbe aring and &, .. ., &, be indeterminates with degree vy, ..., yq € Z] respectively
such that

&€= (-D"EE;
Then R[[£1, ..., &y]] is the Z)—commutative associative unital R—algebra of formal power series in the

. with coefficients in R. If J be an ideal generated by all formal power series Y- a-£&% . .. * Wwhose
f g y p kK k21 q

first term ap is equal to zero, then One can see R[[£, ..., &q]] is J—adically Hausdorff complete.

By a Z)—ringed space, we mean a pair (X, Ox) where X is a topological space and Oy is a sheaf
of ZJ—commutative Z—graded rings on X. A morphism between two Z)-ringed spaces (X, Ox) and
(Y,Oy) is a pair ¢ := (¥,¥*) such that  : X — Y is a continuous map and ¢¥* : Oy — ¥,0x
is a homomorphism of weight zero between the sheaves of Z)—commutative Z5—graded rings. Let
q = 2" — 1, the ZJ-ringed space

R™ := (R, g (DIIE]L . & &L EL L),

is called Z3-domain such that Cg,, is the sheaf of smooth functions on R™. By evaluation of f = 3] fiEl

at x € U, denoted by ev,(f), we mean fy(x). Also for each open U C R™,

Oww(U) = Con (D&, ... €M &y 6 6y €40,

is the ZJ—commutative associative unital Z7—algebra of formal power series in formal variables fl.j ’s of
degrees y; which commuting as follows:

£& = (-1"gg]

Let J(U) be the ideal generated by all homogeneous formal power series of nonzero degree. Then it is
easily seen that O, (U) is Hausdorff complete with respect to J(U)-adic topology. Equivalently there
is a canonical ring isomorphism between O(U) and @k OU)/J*(U). Let V c U. Then the following
diagram is commutative

O(U) —lim O(U)/J*(U)

ruvl lRUV

O(V) —1lim O(V)/J*(V)

where ryy : O(U) — O(V) is the restriction map and Ry is induced morphism. This shows that the
notion of adic topology may be extended for sheaf O such that each stalk O,, p € R™, is Hausdorft
complete with respect to J,—adic topology.
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A Z5-manifold of dimension mis a Zj-ringed space (M, Oy,) that is locally isomorphic to R™. In
addition M is a second countable and Hausdorff topological space. A morphism between two Z3-
manifolds M = (M, 0y) and N = (N, Oy) is a local morphism between two local Z5-ringed spaces.

Let (M, Oy) be a ZJ—manifold, and let J be the ideal sheaf 7, defined by

JW)=(f€OuU) | degf#0).

The structure sheaf Oy is J—adically Hausdorff complete as a sheaf of Z)— commutative Z—rings.
See Proposition 6.9 in [3] for more details.

Analogous with supergeometry, one can obtain a Z7—manifold by gluing Z7— domains. We will use
this method to construct the Z7—grassmannian as a ZJ— manifold in section 3.

In order to introduce the concept of Jacobian, we need a few definitions and a proposition from [10].

Definition 2.2. Let M be a Z-manifold and m € M. The tangent space of M at m, denoted by T,,M,
is the real Z-vector space of R—derivations O,, — R.

Definition 2.3. Let ¢ : M — N be a morphism of Z)-manifolds. Assume W(m) = n € N for a point
m € M. The tangent map of ¥ at m is a morphism of Z7-vector spaces denoted by (dy),,, : T,M — T,N
and defined by

(@)n([f1n) = (¥ (LF1): Vv € T,M, V[fl, € Onp.

Lety: M —» Nand ¢ : N — Q be two morphisms of Z3-manifolds, one can use the above definition
to show that for any point m € M,

d( © Yl = A5 © . 2.2)

Here we state the chain rule for ZJ-manifolds and use it to relate the tangent map to the Z3-graded
Jacobian matrix. See Proposition 2.10 in [10].

Proposition 2.4. Let UP, U7 be Z3-domains, with coordinates u®, V¥ respectively. Let U? - U
be a morphism of Z-manifolds. Then,

W (f)  ~ o) . (df
ou® Z ou® v (W

), Vfeown).

Let us study the matrix representation of the equation (2.2). Assume ¢ = (vy(u)) and ¢ = (w“(v))

are local representations of ZJ-morphisms s : M — N and ¢ : N — § around m and W(m) respectively,
one has

auﬁwa = Z auﬁv’yavywa/
Y

= Z(_ ] )(dege)rdeg(r) deg(W)+deg g g
Y

Definition 2.5. Let ¢ be a Z)-morphism between Z}-domains U and V. If u (vi(u)) is a representa-
tion of ¢, then the Jacobian of  is a Zj-matrix of degree zero as follow

)
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At the end of this section, it is worth mentioning that some of the required concepts of category the-
ory are given in the Appendix. At there, among other things, we talked about Yoneda lemma (Lemma
A.1). According to this lemma two objects X, Y € Obj(C) are isomorphic if and only if the functor of
points associated to them are isomorphic. Indeed, the Yoneda embedding is an equivalence between C
and a subcategory of representable functors in [C, SET] since not all functors are representable. See
(Appendix A.1) for more details.

2.2. Z3—Lie groups

Let ZSM be the category of Z)—manifolds. This is a category whose objects are Z}—manifolds
whose morphisms are morphisms between two Z7—manifolds. ZSM is a locally small category and
has finite product property, see [11] for more details. In addition it has a terminal object R, that is the

constant sheaf R on a singleton {0}.

Let M = (M,0y) be a Zj—manifold and p € M. There is a map Jp = (}p, Jp*) where:

.]p:{()}_)M s jp*:OM_)R
g &(p) =:evy(g).

So, for each Zj—manifold T, one can define the morphism

Jp

p TRV D M, (2.3)

as a composition of j, and the unique morphism 7 — R°.

By Z}—Lie group, we mean a group-object in the category ZSM. This group is a Z]—graded group.
Graded Lie groups are extensively studied in [12]. The category ZSM has group-object because of
existence categorical products and terminal object. Also, one can show that any Z7—Lie group G
induced a group structure over its 7-points for any arbitrary Zj—manifold 7. This means that the
functor T — G(T) takes values in category of groups. Moreover, for any other Z7—manifold S and
morphism 7" — §, the corresponding map G(S) — G(T') is a homomorphism of groups. See Appendix
for more details. As another form, one can also define a Z)—Lie group as a representable functor
T — G(T) from category ZSM to category of groups.

Example 2.6. Consider the Z}—domain R™ and an arbitrary Zj—manifold 7. Let fij € OT),, 0 <
i <q,1 < j< mj be y—degree elements. By Theorem 6.8 in [1] (Fundamental theorem of Z’-

morphisms), One may define a unique morphism ¢ : T — R™, by setting f{ - fl.j where (§{ )isa
global coordinates system on R™. Thus ¥ may be represented by ( fl.j ).

One can see a degree zero square matrix with entries in the standard block format

BOO .. BOq

By | --- | Byg

is invertible if and only if B;; is an invertible matrix for all 0 < i < q, see Proposition 1.5 and Proposition
6.1 in [10].
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Let V be a finite dimensional Z7-vector space of dimension m= molmy|...|mgq. One can define the
Z5—Lie group GL(V) which is denoted by GLm) if V = R™. For more details, see (Appendix A.2). It
can be shown that T—points of GL(H)l) are the m X m invertible Z;—matrices of weight zero where the
elements of the m; X m, block By, have degree vy, + vy, and the multiplication is the matrix product.

Let x € G, one can define the left and right translation by x as

re:=po(lg X Xg)oAg, (2.4)
[y :=po(Zg X 1) oAg, (2.5)

where Ag is the diagonal map on G and i is as above. One can show that pullbacks of above mor-
phisms are as following

ry=(log ®evy) o, (2.6)
L= (e, ® 1)) o 1. 2.7)

~

One may also use the language of functor of points to describe two morphisms (2.4) and (2.5).
One can see the definition of vector fields on a graded Lie group G in [12]. According to the
standard superspace, we have the following definition:

Definition 2.7. Let G be a Z)—Lie group. A Vector field X on G is called right invariant vector field,
if we have

X))oy =pu"oX.
Similarly, one can use (1 ® X) o u* = u* o X, for a left invariant vector field X.
The bracket of two right invariant vector fields is right invariant. So we have

Definition 2.8. Let G be a ZJ— Lie group. The set of all right invariant vector fields is denoted by g
and is called the Z)—Lie algebra associated with the Z)—Lie group G, and we write g = Lie(G)

Similar to standard supergeometry, one can show that g = Lie(G) is a finite dimensional Z}—vector
space canonically identified with the tangent space at the identity of the Z7—Lie group G.

Definition 2.9. Let M be a Z)—manifold and let G be a Z}—Lie group with u, i and e as its multiplica-
tion, inverse and unit morphisms respectively. A morphism a : M X G — M is called a (right) action
of G on M, if the following diagrams commute

MXGXG M X

G
y m\ (lMxéMy X

G, M M,

\/ "

where ¢,,, Ay, are as above. In this case, we say G acts from right on M. One can define left action
analogously.

Electronic Research Archive Volume 30, Issue 1, 221-241.



227

According to the above diagrams, one has:

ao(lyxu =ao(axlg), (2.8)
Clo(lMXéM)OAMZIM. (29)

By Yoneda lemma (Lemma A.1), one may consider, equivalently, the action of G as a natural transfor-
mation:
a(.): M() xG(.) = M().

As in [13], for each p € M and g € G, one can define the morphisms a, and a® and use the functor
point language to show that the maps a,, and a® satisfy the relations

aoa® =idy VgeG (2.10)
atoa,=ayor, VegeG,peM. (2.11)

where r, is the right translation on Lie Z7-group G.
For proof of the following proposition, see (Appendix A.3).
Proposition 2.10. Leta : M X G — M be an action of a Lie Z5-group G on a Z;-manifold M. Then

(1) a® is a Z-diffeomorphism for all_g €G.
(2) a, has constant rank for all p € M.

Before next definition, we recall that a morphism between ZJ—manifolds, say ¢ : M — N is a
submersion at x € M, if (dy), 1s surjective and ¥ is called submersion, if it is surjective at each point.
(For more details, refer to [10]). Also ¢ is a surjective submersion, if in addition ¥ is surjective.

Definition 2.11. Let G acts on M with actiona : M X G — M. The action a is called transitive, if there
exist p € M such that a,, is a surjective submersion.

It is shown that, if a, is a submersion for one p € M, then it is a submersion for all point in M. Also
one can show that a is transitive if and only if @ is a transitive action in classical geometry and (da,), is
a surjective because of Proposition 2.10. The following proposition will be required in the last section.

Proposition 2.12. Let a : M X G — M be an action of a Lie Z-group G on a Z}-manifold M. Let
p € M and dim G =7 = (ro, 71, ..., 7g) and 7' = 0,7,...,1ry). If the map

(@p)gr : GR™) —» MR")
is surjective, then a is a transitive action.

Proof. According to above argument, it is enough to show that a is a transitive action in classical
geometry and (da,), is surjective.
Let (a, )+ be surjective. Looking at the reduced part of each morphism in

(ap)ze (GR™)) = MRT),
we have that

@)5=8,:G>M (2.12)
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is surjective. So a is a classical transitive action. Let now {1, &, ..., &y} be coordinates in a neighbour-
hood U of m € M. Consider the element ® € M(R_r)') defined by
O : O(U) —» OR" ) =S*(1, ..., 1q)
£ 1i(m)
Enl Vj, V1<s<q.
By surjectivity of (a, ).+, there exists ¢ € G(R_r)') such that (a,)z+ (¥) = ® and we have
U o an(t) = i(m)
yroayé)=nl. V1<j<q
This implies that (7, M), is in the image of (da,)z. Since, by our previous considerations, @, is a
submersion, (T,,M), is in the image a,,. Hence, due to Proposition 8.1.5 we are done. O

In the following, after introducing the concept of stabilizer, we state some related results without
any proofs, since the proofs are the same as the proofs of the similar results in supergeometry with
appropriate modifications without any extra difficulties regarding Z]—geometry. For more details see
[6] and [8].

Definition 2.13. Let G be a Z;—Lie group and let a be an action of G on Z)—manifold M. By stabilizer
of p € M, we mean a ZJ—manifold G, equalizing the diagram

Proposition 2.14. Let a : M X G — M be an action, then

1. The following diagram admits an equalizer G,

2. G, is a Zi—sub Lie group of G.
3. The functor T — (G(T))A is represented by G,, where (G(T))A is the stabilizer in p, of the
Py Pr

action of G(T) on M(T).

Proposition 2.15. Suppose G acts transitively on M. There exists a G-equivariant isomorphism

G

- .M
j2

3. Z)-grassmannian

Supergrassmannians Gy, (m|n) are introduced and studied by Manin in [9] and [14]. Also the authors
have studied them in more details in [13] and [15]. In this section, we introduce the Z-grassmannian
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which is denoted by GTg(ﬁ)l) shortly, or G,.., (Molmil . . . Imgq) . For convenience from now, we set

Bo = Zyi"'?’j:?’() ki(m; — kj),
ﬁl = Zy,-+yj:yl kl(mj - kj)’

Bq = Zw+w=7q ki(m; —k;),
and also decompose any Z)—matrix into 2" X 2" blocks

Bo() BOl BOq

By | Bqi | --- | Bag

such that the elements of block By, have degree y; + ,. By a Zj-grassmannian, Gi(ﬁ), we mean a
Z5-manifold which is constructed by gluing the following Z- domains

RF = (R%, €5 (IIEL ... &8 e E0))

Fori = 0,1,...,q, let I; C {1,...,m;} be a sorted subset in ascending order with k; elements. The
- -
elements_ of I; are called y;-degree indices. The multi-index I = (/y,...,Iq) is called k-index. Set
Uy = (U—>,O—I>), where
Uz =RY | Oz=CoOME,.... e, & e ...
Let each Zj-domain ‘Ll—f be labeled by a ZJ—matrix T() xm of weight zero, say A—I>, with 2" x 2" blocks

B;j each of which is a k; X m; matrix. In addition, except for columns with indices in [y U [; U ... U I,
which together form a Z)—submatrix denoted by M+ A, the matrix is filled from up to down and left

to right by xf, .fj, the free generators of O—I>(Rﬂ°) each of them sits in a block with same degree. This
process impose an ordering on the set of generators. In addition M~ Ay is supposed to be the identity
matrix. .

For example, consider G5 2|2|12[2. Then let Iy = {1},1; = {1,2},, = {1},1z = {2}, s0 I isa
1|2|1]1-index. In this case the set of generators of O—I>(R'B°) is

1 .2 3 gl g2 g3 g4 gl £2 3 g4 g1 £2 £3
{x s X, X 95]’é‘:l9§19€:‘]l’§29§29§2a§29§3’€3a§3’§§}’

andA—I>is:
1 x'|0 0|0 &]& o
0 511 1 00 §§ fg 0
0 g% 0 110 §§ 5‘2‘ 0
0 &0 0[1 /& 0
0 &fo oo &% 1
Note that, in this example,
(X EL6.6.6.86.8.6.%.6,86.86.6.6,1) (3.1)
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is corresponding total ordered set of generators.
By U—H we mean the set of all points of U , on which M—»A—> is invertible. Obviously U‘fj’ is an
open set. The transition map between the two Z”-domams Uy and Uz is denoted by

ter [37.0515,,) — (Fr.Olc)

1.7 1.J°

Note that 847 = (g%, g%) where g% is an isomorphism between sheaves determined by defining on

each entry of D—>(Ae) as a rational expressmn which appears as the corresponding entry provided by
the pasting equation

-1
Dy ((Myaq) " ag) = Dyca). (3.2)
where D4 (A) is a matrix which is remained after omitting M5 A. Clearly, the left hand side of (3.2)

is defined whenever M3 A5 is invertible. The morphism g* _ induces the continuous map g (in the
1,J I.J

casen = 1, see [16], lemma 3.1).
For example in Gpj1(2|2]2]2) suppose
IO = {1}711 = {172}712 = {1}’13 = {2}’
Jo =12}, 1 =1{1,2}, 1, = {2}, J5 = {1},

so_I>, J are 1]2|1|1-indices. We have:

1 x1|0 0|0 &|& 0 x' 110 0]& 0|0 &
0 &1 00 &8 0 L0/ o0/& 0(0 &
A—I>:O§f01O§"2‘0,A—J>:fOOlg’OO‘Z1
0 &0 0|1 X*[& 0 5, 0]0 0|x* 1|0 &
0 &0 00 &|x 1 2 0(0 08 01 X
x:OOg‘%‘
Lo 1188
M?A—f:%Ol:331
%00x3£
510 01& | x

The maps 8, are gluing morphisms. In fact, a straightforward computation shows the following
proposition holds.

Proposition 3.1. Let 8+ = (g..,g"_) be as above, then
, 1.J 1.J

1. g°_ =id.
1,1
2.8 og =id
I 1.7 )
3.8 og og =id
S, 1 J.S 1.J

Proof. For first equality, note that the map g* _ is obtained from the following equality:
1.1
-1 _
D—I>((M—I>A—I>) A7) = Dy A5,
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where the matrix M7 A is identity. So gffj is defined by the following equality:
DAy = DAy

This shows the first equality. For second equality, let J be an another k-index, so g*  is obtained by
J. 1
the following equality:

D—>((M—>A—I>)‘1A7) = D3A5.
One may see that g*_ o g* _ is obtained by following equality:
J, 1 1.J
-1
-1 -1 _
D?((M?(W?A?) A?)) (M3A7) A?) = DAy

For left side, we have

-1

-1 -1
Dy((5a b))

Di{(0tga0) Ot )

Dy((MgAp M3 A7) A7) = DytAg)

Accordingly the map g _ o g _ is obtained by DyA = Dy Ay and it shows that this map is identity.
J. 1 1)
For third equality, it is sufﬁcient to show that the map g* o g* o g*  is obtained from
S.1 J.S IJ

DyAy = Dy
This case obtains from case 2 analogously. |

So the sheaves (U-, O3 ) may be glued through the 877 to construct the Z)—grassmannian G (m).
Indeed, according to Lemma 3.1 in [10], the conditions of the above proposition are necessary and
sufficient for gluing.

4. Z)—grassmannian as homogeneous Z)—space

In this section, we study construction of the quotients of Z7—Lie groups. Although this study is
parallel its analogue in supergeometry, see [18] for Z, graded case, but generalizing related results in
Zj setting necessitates working with J —adic topology.

Let G = (G,Og) be a Z5—Lie group and H = (H, OH) be a closed Z3—Lie supgroup of G. One can
define a Zj—manifold structure on the topological space X =G/H as follows
Letg = Lie(G) and ) = Lie(H) be the Z}—Lie algebras corresponding with G and H. For each Z € g,
let Dy be the left invariant vector field on G associated with Z. For }), a Z7—subalgebra of g, set:

VUCG  OyU):={feOsU) | Dsf=0 on U VZeb).
On the other hand, for any open subset U C G set:

Oinv(U) = {f € OG(U) | VxO € ITI, r;Of = f}a
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where r,, 1s the right translation by xj in (2.5). If E_is C(Elnecied,_then Oin(U) = Oy(U). Let7 : G-oX
be the natural projection. For each open subset W ¢ X = G/H, the structure sheaf Oy is defined as
following

Ox(W) := O0;n (W) N Oy(W),

where W = ﬁ_l(W). One can show that Oy is a sheaf on X and the ringed space X = (X,0y) is a
Z5—domain locally. Indeed, according to the definition of distribution in [19], we have a distribution
spanned by the vector fields in f) which is denoted by ©y. This distribution is involutive, because b
is a Z7—Lie algebra. By using the local Frobenius theorem, Dy is integrable. For more details about
Frobenius theorem in the Z7—graded category, see [19]. So there is an open neighborhood U of identity
element 1 and coordinates (x, &, ..., &q) such that Dy is spanned on U by

0 o 0 0 0 0

ﬁ,...,%,a—g},...,@,...,agl...,8§(rlq.

q

Let © be spanned by

0 0 0 0 0 0
axr0+1’-.-,6xm078§?+1,---,afinl,...,agaq+l .--,6§Z,q

on U. One can use the local Frobenius theorem again, so D;) is involutive distribution. One can show
that Zj—manifold X is obtained by gluing the integral Z)—manifolds of the local distributions D;. So
X is a Z5—manifold and is called homogeneous Z]—space. The details of proof are similar to standard
supergeometry in [6].

In this section, we want to show that the Z7—grassmannian Gﬁ(ﬁ)l) is a homogeneous Zj—space.

According to the section 1, it is enough to find a Z7—Lie group which acts on G?(ﬁ)l) transitively. For
this, we need the following remark and the next lemma

Remark 4.1. Let X be an element of U5(T) where T is an arbitrary index. One can correspond to X

a Zj—matrix T(> x m called [X]—I> as follows: Except for columns with indices in [y U I; U ... U I, the
blocks are filled from up to down and left to right by f;, g;’s where

fi=Xx), gj:=X(E),

according to the ordering (3.1), where (x;;¢;) is the global coordinates of the ZJ—domain U7. The
columns with indices in Iy U I; U ... U I, form an identity matrix.

Lemmad4.2. Lety : T — R” bea T-point of R” and (z,,) be a global coordinates of R” with ordering
as the one introduced in (3.1). If B = (Y"(z,,)) is the Z—matrix corresponding to Y, then the ZJ—matrix
corresponding to (g_ﬁ)T(t//) is as follows:

D;((M5(Bl) ' (BL),
where [B]7 is introduced in Remark 4.1.
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Proof. Note that g*_l,7 may be represented by a ZJ—matrix as follows:
-1
Dy ((M747)7'45),

where A—J> is the label of U?' Let M—I>A7 = (my,) and (M?Ajﬁ‘1 = (m™). If z = (z;;) be a coordinates
system on U-, then one has

* _ § tk
g_I),—J) (Ztu) = m (Z)-Zku-
Then

Yo gp5 (@) = ¥ ( Dot @.au) = D mtW@) ¥ ().

For second equality one may note that ¢* is a homomorphism of Z}—algebras and m™(z) is a rational

function of z. Obviously, the last expression is the (7, u)-entry of the matrix D—I>((M—I> [B]Tf)‘l [B]?). This
completes the proof. O

Theorem 4.3. The Z—Lie group GL(F%) acts on Zy—grassmannian G7€> (71).

Proof. First, we have to define a morphism a : GTE (ﬁ%) X GL(H%) - GTE (ﬁi). For this, by Yoneda lemma,
it is sufficient to define a,:

a, : GeM)(T) x GL@)(T) - Gxm)(T).
for each Z)—manifold T or equivalently define
(a,)" : Go@)(T) - G (m)(T).

where P is a fixed arbitrary element in GLm)(T). For brevity, we denote (a,)” by A. One may
consider GL(ﬁ)(T), as the set of M x m invertible Z;—matrices with entries in O(T'), but there is not
such a description for GTQ(H%)(T), because it is not a ZJ—domain. We know each Z)—grassmanian

is constructed_by gluing Z5—domains (c.f. section 2), so one may define the actions of GL(ﬁ) on
Z5—domains (U, O—I>) and then shows that these actions glued to construct a, .
For defining A, it is needed to refine the covering { U—I>(T)}—I>. Set
U%(T) ={y e Uy(M) | My(lwly[P])  isinvertible},

where [#] is the matrix form of the fixed arbitrary element ¥ in GL(H%)(T), see [8] and [21]. One can
show that {U_;(T)}—fT is a covering for GTS(B)(T ) and A(U_; (T)) C UT(T)' Now consider all maps

U

-

- =]

(T) = U5(T)
-1
w o Dy((M30011PD) 1)

where, [y is as above. We have to show that these maps may be glued to construct a global map on
Gﬁ (ﬁi)(T). For this, it is sufficient to show that the following diagram commutes:
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UJ (T)N UL(T)

&?)T*

U=(T) 0 U (T) UT(T) N Ug(T)

m

Uff(T) N Uzp(T)

ol

where (g—I> T)r is the induced map from gyjon T-points. The following proposition is used to show
commutativity of the above diagram. O

Proposition 4.4. The last diagram commutes.

Proof. We have to show that
4.1

i)
~l
>~
o
-] '-'le
Il
N
o
oF
>~

. - . . - o 2 > - )
for arbitrary k-indices I,J,Q,L. Lety € U=(T)N U%(T) be an arbitrary element. One has ¢ €

U;I',(T), SO

Dy((M3(w1PD) k11 € Uy,

S Uf(T)

S—

(gm»(DT((MT([w]Y [PD)” Y1y [P1)
From left side of (4.1), we have:

(8p3)r © A—%)(lﬁ)

=

= (gp7 T(Dj((Mj(w]? [P)) " vl [P]))

=

1
= (M (M5([W1;[PD) [ww)) (Mﬁ([w]m)‘l[m?m)

r%

(M5 [PD) Mz (W [P1) <M7<[w]7[¢>]>)-l[w]7[¢>])

¥

(Mp (W [P Mz (YR PHM5 (W PD) vl [50])

¥

-1
(Mz (1wl P)) [w]?P).
For right side of equation (4.1), we have

o (ga—l))T (lﬁ)

S
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Il
S

Da((Maw]?)-l[w]Y))

7

(M (Mgl w21 glutp vy [P])

5

|g10k) M (i IPD] (Mgluk) Wk [P])

7

(Me (WhIPD) Mglvl)(Mgluly) ' vl [P])

¥

(qum??)))”whp).

This shows that the above diagram commutes. O
Therefore GL(B) acts on Gy (ﬁ)l) with action a. Now it is needed to show that this action is transitive.
Theorem 4.5. GL(ﬁz)) acts on Gz(ﬁ)) transitively.
Proof. By proposition 2.12, it is sufficient to show that the map

(ap)ge : GLADHRT) — Go@RT),

is surjective, where r = (ro,r1,...,r,) is dimension of GL(m) and one can consider r’ =
O,r,..., r,)- Let

P =(po.P1s- > Pg) € Uz C Giy(mg) X Gy, (my) X . ... X Giymy)

be an element and py, p,..., P, be the matrices corresponding to po, pi, ..., pq respectively as sub-
spaces. As an element of Gﬁ(ﬁ)(T), one may represent p,, as follows

Bo| 0]...] 0
om0
Pr=1"0 10 0

010 P,

where T is an arbitrary Z5—manifold. For surjectivity, let

Wo | Wor | ... W()q
Wio | Wi

Wia | ¢ U3 RT),

Waeo | Wai | ... | Weq
be an arbitrary element. We have to show that there exists an element V € GL(B)(R?) such that

p,V = W. Since the Lie group GL(m;) acts on manifold Gy,(m;) transitively, then there exists an
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invertible matrix H; € GL(m;) such that p;H; = W;. In addition, the equations p,Z = W;; have
solutions since rank(p;) = k;. Let H;; be solutions of these equations respectively. Clearly, One can see

HOO H()l “ee H()q
V — H]O H]] “ e H]q
HqO Hq] o qu H}lxﬁ

satisfy in the equation p,V = W. So (a,)g+ is surjective. By Proposition 2.12, GL(B) acts on Gi(ﬁ)l)
transitively. o

Thus according to Proposition 2.15, G (m) is a homogeneous Z3—space.
A. Basic Concepts

A.l. Category theory

By a locally small category, we mean a category such that the collection of all morphisms between
any two of its objects is a set. Let X, Y are objects in a category and @, : X — Y are morphisms
between these objects. An universal pair (E, €) is called equalizer if the following diagram commutes:

ESX3yY
B

i.e., @ o € = B o € and also for each object T and any morphism 7 : T — X which satisfy ot =fo 7,
there exists unique morphism o : T — E such that € o o = 7. If equalizer existed then it is unique up
to isomorphism. For example, in the category of sets, which is denoted by SET, the equalizer of two
morphisms @, : X — Yisthe set E = {x € X|a(x) = B(x)} together with the inclusionmap € : £ — X.

Let C be a locally small category, and X be an object in C. By T-points of X, we mean X(T) :=
Homg(T, X) for any T € Obj(C). The functor of points of X is a functor which is denoted by X(.) and
is defined as follows:

X():C— SET
S - X(S),

X(.) : Homg(S,T) —» Homggr(X(T), X(S))
@ — X(p),

where X(¢) : f — fop. Afunctor F : C — SET is called representable if there exists an object X
in C such that F and X(.) are isomorphic. Then one may say that F is represented by X. The category
of functors from C to SET is denoted by [C, SET]. It is shown that the category of all representable
functors from C to SET is a subcategory of [C, SET].

Corresponding to each morphism ¢ : X — Y, there exists a natural transformation (.) from X(.)
to Y(.). This transformation corresponds the mapping Y(T) : X(T) — Y(T) with € — ¢ o & for each
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T € Obj(C). Now set:
Y :C - [C,SET]
X X()
Y= Y().
Obviously, VY is a covariant functor and it is called Yoneda embedding. The following lemma, is
brought from [8] or the section /1/.2 in [20].

Lemma A.1. The Yoneda embedding is full and faithful functor, i.e. the map
Homc(X,Y) — Homycsen(X(.), Y (1)),

is a bijection for each X,Y € Obj(C).

Thus according to this lemma, X, Y € Obj(C) are isomorphic if and only if their functor of points are
isomorphic. The Yoneda embedding is an equivalence between C and a subcategory of representable
functors in [C, SET] since not all functors are representable.

A.2. The Z}—Lie group GL(V)

Let V be a finite dimensional ZJ-vector space of dimension m = molmy| . .. lmgq and let

{Rla R 7Rm()7Rm0+la e 7Rm0+m] EIL ’Rmo+...+mq}

be a basis of V for which the elements R+ _+m, ,+k 1 < k < m;, are of weight y; for 0 <i < q.
Consider the functor F from the category ZSM to GRP the category of groups which maps each
Z5—manifold T to Autoir(O(T) ® V) the group of zero weight automorphisms of O(T) ® V. Consider

the Z7—manifold End(V) = ( [1; End(V)), ﬂ) where (A is the following sheaf

COO

2
Rm 0

+___+m%[[§}’~--a T’é:;’-”’ t22"~-’f?1,,‘--’ f]tl]] (Al)

where 1, = 3, Ty =y, TN Let F;; be a linear transformation on V defined by R, — 6yR;, then {F;}
is a basis for End(V). If {f;;} is the corresponding dual basis, then it may be considered as a global
coordinates on End(V). Let X be the open submanifold of End(V) corresponding to the open set:

X = ]—[ GL(V)) C ]—[ End(V).

Thus, we have
X = (H GL(Vi),ﬂln,-GLw,-))-

It can be shown that the functor F may be represented by X. For this, one may show that Hom(T, X) =
Autoq(O(T) ® V). To this end, first, one can notice Theorem 9 in [17] to see

Hom(T, X) = Hom(ﬂ(X), O(T)).

It is known that each ¢ € Hom(ﬂ(X), O(T)) may be uniquely determined by {g;;} where g;; = ¥(f;)),
see Theorem 6.8 in [1]. Now set W(R)) := Xg;;R;. One may consider ¥ as an element of Autor)(O(T)®
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V). Obviously y + ¥ is a bijection from Hom(T, X) to Autor)(O(T) ® V). Thus the Z)—manifold X is

a Zj—Lie group and denoted it by GL(V) or GL(H)l) if V = R®. Therefore T- points of GL(H)I) are the
m X m invertible ZJ—matrices of weight zero

BOO B()] B()q

By | Bqi | --- | Bag

where the elements of the my X m, block By, have degree vy, + y, and the multiplication is the matrix
product.

A.3. Proof of (Proposition 2.10)

Proof. The proof of (1) is easy because of (2.10). For (2), let M be a ZJ-manifold of dimension m

and G be a Lie ZJ-group of dimension T() Let g be the Lie Zj-algebra of G and let J,, be the Jacobian
Z5-matrix of a, in a neighborhood of a point g € G. Since

Jo,(8) = (day), = (da®), o (day), o (dre1),,

and a® and r,-1 are diffeomorphisms, J_ap(g) has rank equal to dim g — dimker(da,), for each g € G.
Recall that if X € g we denote by Df := (X ® 1 opw)H the right-invariant vector field associated with
X. Using equation (2.8) we have, for each X € ker(da,),,

Dia, = 0. (A.2)
Because
a* = 0.

Dfa, = (X®1, (v, ®1, ,)a" = ((dap)e(X) ® 1%@)

If (¢, = x,&1,...,&) and (, = VoMiseees 1q) are coordinates in a neighborhood U of e € G, and in
a neighborhood V 2 @, (U) of p € M, respectively, then J,, may be represented as the following block
matrix:

day(n,)  da(n,) a,(1),)
+ A
85 0 a*gl agq
da,(m)  Oa,(m) da,(m)
+ + ... £
%€, 9, €y | € Mz (OG(U)). (A3)
iaa;(nq) iaa;(nq) N ié‘a;(ﬂq)
ago aé: 1 a‘fq
oa’*
where by P ) , we mean a matrix as follows

9&;

b

(6a;(ni))
6611 1<i<my, 1< j<k;
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and its sign in (A.3) is equal to
(-1 )(deg n+degdegé))

Now, we find a matrix A € GLy (Og(U)) such that Ja,A has a certain set of columns equal to zero. We
are going to use equation (A.2). Let

dimker(da,), = 1,

and {X,,}, ... and {X,, } be the bases of go, ... and gq such that for all n, if u, < n, then X,, € ker(da,)..
Consider a block matrix as follows:

ug,iop iaul,io o ialuq,io
1 1 1
+ - P .
A= _a’quI _aul,ll a,uqsll (A 4)
+al . +a¥ . ... +a¥ .
u,iq uy,iq Ug,iq

where, for each u;, 0 < j < q, @,,;,’s are the coefficients appear in the following equality:

0
Dl;}uj = Z ag-”ioafé" + Z @y, i) agl, T Z u, lqaég

1<ip<ko 1<ii1 <k

where y; + v, is the degree of “f,,,ix and the sign of (¢, [)-th block is

(_ 1 )(deg Yet+degyidegyr)

Since X,, and X,; are linearly independent at each point, the reduced matrix A is invertible and A €
GLT; (Og(U)). Now by equation (A.2), one may see that the matrix

Dy ay§) £Dy a,&) ... £Dy a,(&)
I oA iDRu ay(ér) iDg‘;u ay(é) ... iD§uqa;(§1)
ap - ’
_DRMOa (&q) +DRulap(gq) iD§Mqa;(§q)

—_— -
has |Tl)| = ng + ... + ng zero columns. Thus J,, has rank equal to k — T with entries in Og(U). In

addition the first |T(>| - |Tl)| columns are non-zero. Thus one may describe J,, by (fv 8) . Then it is not

restrictive to assume that z invertible. Thus one has

I 0
GJ_(O 0)’

where
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For more explanation, assume J,, is a matrix of the form as below

0 an 0 a1y 0 d1q
0 (0731 0 any 0 a2q
0 0 ... 0

0 agq 0 ag 0 aqq
0 Bn 0 B ... 0 Bigl’
0 B 0 P2 0 PBag
0O ... 0 ... 0 ...
0 ﬁql 0 ﬁqz 0 ﬁqq

. — H . . . .
Since J,,, has rank k — Tl), we can suppose that «; and §;; are invertible. By section 4 in [10], we can

-1
0), with z invertible and the matrix G = ( N O)

. : Z
rearrange the matrix so that it takes the form 1
w 0 -wz— 1

such that GJ = ((I) 8) . We can then conclude that Ja, has constant rank in U and, by translation, in all

of G. O
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