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1. Introduction

1.1. Main results

Throughout the paper, we work over an algebraically closed field K of characteristic zero. Let
G, = (K, +) be the additive group of the field and G = G, X G, X ... X G,(n times) be the vector group.
In this article we study additive actions on projective varieties defined as follows.

Definition 1.1. Let X be a closed subvariety of dimension n in P". An additive action on X is an
effective algebraic group action G, x P" — P" such that X is G-invariant and the induced action
G2 x X — X has an open orbit O. Two additive actions on X are said to be equivalent if one is obtained
from another via an automorphism of P preserving X.

In the following we represent an additive action on X by a pair (G, X) or a triple (G, X, L), where L
is the underlying projective space. We define X\O to be the boundary of the action and define /(G X)
to be the maximal dimension of orbits in the boundary. For a group action of G on a set S, we define
the set of fixed points under the action to be Fix(S) = {x € S | g x = x, for any g € G}. We say a subset
in the projective space is non-degenerate if it is not contained in any hyperplane.
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Recall that a G/}-action on P is induced by a linear representation of G/, namely write P” = PV for
an (m + 1)-dimensional vector space V, then the action is given by:

G xPV - PV
(& [vD) = [p(®)(V)]

where p : G — GL(V) is arational representation of the vector group G’. In [1] Hassett and Tschinkel
showed that if the action is faithful and has a non-degenerate orbit O in P, then the vector space V can
be realized as a finite dimensional local algebra. They identified additive actions on projective spaces
with certain finite dimensional local algebras. The simplest additive action on a projective space is the
one with fixed boundary, it is unique and can be given explicitly as follows.

G X P" P
(815 eer &m) X [X0 1 X1 0 oee 2 X)) [X0 1 X1+ 81X0 ¢ oo ¢ Xy + EmXo]

In [2] Arzhantsev and Popovskiy identified additive actions on hypersurfaces in P"*! with invariant
d-linear symmetric forms on (n + 2)-dimensional local algebras. As an application they obtained clas-
sifications of additive actions on hyperquadrics of corank 0 and 1, where the corank of a hyperquadric
Q is the corank of the quadratic form defining Q. Given an additive action on a hyperquadric Q, if
corank(Q) = 0 (i.e., Q is smooth), then the action is unique up to equivalences (also cf. [6]) and
(G}, Q) = 1. If corank(Q) = 1, then the action is determined by a symmetric matrix up to an orthogo-
nal transformation, adding a scalar matrix and a scalar multiplication (cf. [2, Proof of Proposition 7]),
namely for two symmetric matrices A and A’, they determine the same action if and only if there exist
anonzero a € K, h € K and an orthogonal matrix A (i.e., ATA = I) such that A’ = AT(aA + hl)A. In
this case, the action has fixed singular locus and (G, Q) = 2.

In this paper, we study additive actions on hyperquadrics of corank 2. In this case the action is
determined by two symmetric bilinear forms on a certain finite dimesnional local algebra. The singular
locus, which is a projective line, is either fixed by the action or is the union of a orbit and a fixed point.

When the singular locus is fixed by the G”-action, it is a natural generalization of the case when
corank(Q) = 1. In this case, using a similar method as in [2, Proposition 7] one can see that the
action is determined by a pair of symmetric matrices up to a simultaneous orthogonal similarity and
an affine transformation of pais of matrices, namely for two pairs of symmetric matrices (A, A,) and
(A}, A}), they determine the same action if and only if there exist ayi, a2, az1,a2,hi,hy; € K with
apax — appay; # 0 and an orthogonal matrix A such that:

AI] = AT(allAl + ap, + hll)A

Alz = AT(6121A1 + 6122[\2 + th)A
Remark 1.2. For K = C, the problem of classifying pairs of matrices under simultaneous similarity is
solved explicitly by Friedland [4]. As an application, for almost all pairs of symmetric matrices (A, B),

the characteristic polynomial |Al — (A + xB)| determines a finite number of similtaneous orthogonal
similarities classes.

In this paper we focus on the case when the action has unfixed singularities, our main observation is
that under the identification, one of the bilinear forms vanishes on a certain hyperplane of the maximal
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ideal. As a result, the action can be recovered from two kinds of simpler actions which has been
classified before. One is an action on a projective space with fixed boundary, the other one is an action
on a hyperquadric of corank r > 2, which can be simply recovered from an action on a hyperquadric
of corank one as follows.

Definition 1.3. Let Q be a hyperquadric of corank one in P = PV with an additive action induced by
p : G — GL(V). Choose an element « in the open orbit O. For any r > 1, viewing P as a subspace
of P = P of codimension r and write the coordinate of P and P’ to be [v] = [xp, x1 : ... : x,] and
v,z] = [v:zy:...: z] respectively, where « = [1 : 0 : ... : 0]. Let L = {v = 0} C P’ and ébe the
projective cone over Q with vertex being L. Then we extend the action on Q to é as follows.

Write G = G X G.. = {(g,h) : g € G", h € G}, then the action (G'*", Q) is defined to be:

Gz+r X é'_)é
(&M X[v:z]l =[p()(v) : 2+ X0 - h]

If we extend the action using another element &’ € O, then the induced action on O is equivalent to the
previous action through an linear isomorphism ¢ of P’ such that ¢(P) = P,¢(a) = o' and ¢, = id;.
Hence the definition of the extended action on 0 is unique up to equivalences. We call the extended
action is simply recovered from the given action (G, Q).

Remark 1.4. Geometrically the action on é is extended by the action on Q through an action on a
projective space with fixed boundary. Note that é is contained in the linear span < L,, D >, where L,
is the cone over L with the vertex being a, D is the boundary Q\O. Hence the action of GI*" = G x G/,
on Q is determined by its action on L, and D, which is rather simple: the action of G}, on L, and the
action of GI, on D are both trival while the action of G!, on L, is an additive action on the projective
space with fixed boundary.

Now to recover a given action by a simpler action, we introduce an operation for any given additive
action on a hyperquadric with unfixed singularities or an action on a projective space with unfixed
boundary. We start with the following definition.

Definition 1.5. Let X in P™ be a hyperquadric or a projective space with an additive action, O being
the open orbit.

K(X) = {S ing(X) z.fX z.s a hyp.erqb‘tadrlc

X\O if X is a projective space

Theorem 1.6. For an additive action on X in P", where X is either a hyperquadric or a projective
space with open orbit O such that K(X) ¢ Fix(X). Choose xy € O. Let GV = Nyekx)Gx and let LY pe
the linear span of GV - xo, then:
(i) L'V ¢ p.
(ii) LV is GV-invariant and the action of GV on L'V induces an additive action on Q' = GV - x, C
LY with the open orbit OV = GV - xy, where QU is either a non-degenerate hyperquadric or the

whole projective space L'V.

We furtherly define when such an operation is effective for our classification.
Definition 1.7. Let Q be a hyperquadric with an additive action such that Sing(X) € Fix(X), we say
the operation obtained in Theorem 1.6: (G, Q,P"*") i (GV, 9V, L) is effective if K(Q) & K(Q™).
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Starting from a given additive action on the hyperquadric Q with unfixed singularities, the operation
defined in Theorem 1.6 and the effective condition in Definition 1.7 give a procedure of reducing the
present action to a lower dimensional one, which has to terminate as the dimension of the underlying
projective space decreases strictly by Theorem 1.6 (i). The procedure ends in three different ways,
which we call Type A, Type B and Type C. We use the following flow chart to represent the procedure.

GO = GZ’ Q(O) =0

k=0

yes
K(Q®) C Fix(Q®) output (A, k)

no

K(O®) ¢ K(Q*+1) 1o output (B, k + 1)

yes

no yes
k=k+1 K(Q®) = K(Q*+D) output (C,k + 1)

where for each k, if K(Q®) ¢ Fix(Q®), let (G®, Q®)  (G**D, Q**D) be the operation obtained in
Theorem 1.6.

We use (x, 7, G, ) to represent the final output of the flow chart, where (x, ) is the output of the
flow chart and (G, Q') is the corresponding action.

In the case of corank two, the following theorem shows that the flow chart conversely gives the
explicit process of recovering and together with [(G], Q) the final output determines the action up to
equivalences.

Theorem 1.8. Let Q be an hyperquadric of corank two with an additive action, assume the action has
unfixed singularities and dim(Q) > 5, let (x,t,G?, Q") be the final output of the flow chart above.
Then:

(i) (G?, QW) is either an action on a projective space with fixed boundary or an action on a hyper-
quadric given in Definition 1.3.

(ii) (G, X) < 3 and codim(Q**V, Q¥ = 1, forany k <t - 1.

(iii) if (G, ) is another additive action on the hyperquadric of corank two Q with unfixed sin-
gularities and dim(Q) > 5, let (x',1,G"), Q")) be the final output of the flow chart, then (G, Q) is
equivalent to (G?, Q) if and only if (G, Q) = I(G!, ), x = x',t = ' and (G®, QV) is equivalent to
(5(!’)’ Q(t’)).

Combining Remark 1.4 with classification of actions on hyperquadrics of corank one, we can de-
termine the output action (G, Q™) explicitly. Then by Theorem 1.8, we can give classification of

additive actions on hyperquadrics of corank two with unfixed singularities in terms of the final output
of the flow chart.

Theorem 1.9. Let Q be a hyperquadric of corank two, then additive action on Q with unfixed singu-
larities has equivalence type as follows:
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(a) dim(Q) > 5. Let the final output in the flow chart be (x,t,G?, Q") then we separate it into 8
different types with respect to the value of x,t and whether Q¥ is a projective space or a hyperquadric:

(a.l) Type xy: if x € {B,C} and t = 1.

(a.2) Type x;: if x € {A, B,C}, t > 2 when x € {B, C} and Q© is a projective space.

(a.3) Type x»: if x € {A, B,C}, t > 2 when x € {B, C} and Q% is a hyperquadric.

(b) dim(Q) < 4: there are 14 different types.

Remark 1.10. Explicit classification result of each type will be given in Proposition 4.3,4.5,4.7 and
Section 4.2 in terms of the algebraic structure of finite dimensional local algebras.

The simplest types are Type By and Type Cy, i.e., Type x, for x € {B,C}. They can be directly
recovered from an additive action on a hyperquadric of corank one. Here we describe actions of Type
By as an example.

Example 1.11. Let Q be a hyperquadric of corank two in P**' = PV with an additive action, assume
dim(Q) > 5 and Sing(Q) ¢ Fix(Q), consider (G, 0V, LV) obtained in Theorem 1.6. If it is of Type
By then:

(i) QW is a hyperquadric of corank one in L'V.

(ii) choose any « in the open orbit O and any o’ € Sing(Q)\Fix(Q) there exist suitable coordinate
{X0s X15 X2y ooy Xne1, Yo, Y1} Of PPV wirit the basis of V, ag, iy, .., @1, o, B1, such that = [B1], @ = [a1],
LY ={x, =0}, 0V =LY N Qand

0= {x§+...+xﬁ_1 +yo-y1 =0}.
Moreover for V' = {ay, @, .., ¥u_1,Bo, B1) such that L'V = PV’, let the action (G, QD) be given by:

G(l) XL(l) — L(l)
(a, V'] + [p(@)(V)]

where p : GV — GL(V’) is a rational representation of GV .

Then there is a decomposition of G = GV @ G, such that if we write
a = (ag,as,..,a,-1) € GV, s € G,, v = (X0, X1, 0» Xu_1, Y0, V1) € V and V' = (x0,0, .., Xp_1, Y0, ¥1) € V'
then the action (G}, Q) is given by:

GZ % Pn+l }—)Pn+l
((a, s) x [v]) =V’

where V' = p(a)(V') + (52% + 5x1) - @ + (sy1 + x1) - a;.

1.2. Notation and conventions

Throughout the article, in a given finite dimensional local algebra R, we use « - 8 to represent
multiplication between two elements in R, where @ can also be taken as a scalar in K. Furthermore we
define the following:

(@)ifaeR, VCR thena-V={a -B:5cV}

b)if V,V'CR thenV-V' ={}" a;-a, :neN,q; € V,a €V}
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1.3. Outline of the classification

Given an additive action on a hyperquadric Q in P"*!, there is an (n + 2)-dimensional local algebra
R with a hyperplane W of the maximal ideal m and a bilinear form F on R such that

P! = P(R), Q = P({r € R: F(r,r) = O)),
and if we choose a basis of W, wy, ..., w,, then the action is given by (up to equivalences):

G XR—R

((ay,ay,...,a,),r) = r-explaw; + ... + a,wy).

Hence to classify additive actions is equivalent to classify algebraic structures of the triple (R, W, F).
Note that Sing(Q) = P(Ker(F)), furthermore we show that Ker(F) C W and if we choose a basis of
Ker(F), uy, .., 1, and choose any by, € m>\W then we can represent the multiplications of elements in
m as follows:

a-a = F(a,d)by+ Vi(a,a )y, + Va(a,a s + ... + Vi(a,a )y, (1.1)

for any a,a’ € m, where {V; : 1 < i < [} is a set of symmetric bilinear forms on R. When the corank
equals one we have / = 1 and y; -m = 0, also one can choose by s.t. by-m = 0. Hence if we extend y; to
a basis of W namely i, ey, .., e,_1, s.t. F(e;, ej) = 0; j then the multiplication in m depends on the matrix
A = (Vi(e;, ej)). Also note that an orthogonal tranformation of the basis e;’s with respect to F' leads
to an orthogonal transformation of the matrix A, hence the classification of the action of corank one is
reduced to normalize a symmetric bilinear forms under orthogonal transforamtions (cf. [2, Proposition
7] and [5, Chapter XI, §3]).

When the corank equals two, we can still choose by s.t. by - m = 0. We note that in this case the
condition Sing(Q) € Fix(Q) enables us to use the idea of the case of corank one.

Firstly we show that Sing(Q) € Fix(Q) is equivalent to Ker(F)- W # 0. And if Ker(F) - W # 0,
then we can furtherly define a hyperplane V" in W:

VO ={a e W:a- Ker(F) =0}
V(]) = Ker(F|v(l>)

By using the correspondence between additive actions and finite dimensional local algebras we show
that if Vi;) = VU then the action (GV, OV, L") obtained in Theorem 1.6 is an action on a projective
space and it corresponds to (R, VIV), where RV = VD @ (1z). If V(D # V;) we show that the action
(GD, 0D, L") corresponds to the triple (R, V(, FV) where RV = VD @ (b, 1), FV = F , and
0" is a hyperquadric.

Then our first key step is to show that after choosing suitable u; € Ker(F), we have

VW C (uy, bo),

which shows that the bilinear form V, defined in (1.1) vanishes on V). For the obtained subspaces
Viy € V' € W, our second key step is that if Ker(F) ¢ VW (resp. V(1 = Ker(F)), which geometri-
cally means K(Q) ¢ K(QW) (resp. K(Q) = K(QV)), then we can directly normalize the multiplications
in m. As a result, we recover action (G?, Q) from the action (G'V, Q'V), which is an action given in
Definition 1.3. This corresponds to an output of Type B or Cy in the flow chart.
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Otherwise we show that codim(Ker(F),V)) = 1 and we furtherly consider the new action
(GD, o1, LM), for which we separate into two more subcases.
(1) If V() - V&Y = 0 then we are in a situation similar to the case of corank one: V, = ... = V; = 0,

Viy - VW =0, by - VIV = 0. Hence we can normalize the multiplications in m™) = V(U @ (hy). As a
result, we recover action (G, Q) from the action (G'V, QV), which is an action given in Definition 1.3.
This corresponds to an output (A, 1) in the flow chart.

(2) If Viyy - VA # 0 then we are in a situation similar to Ker(F) - W # 0, except that in this case the
action is on a hyperquadric of corank three. On the other hand, we have Ker(F) - VIV = by - VIV = 0
and V, = V3 = 0, hence the uncertainity of multiplications in m'" is still one dimensional. For this
reason we furtherly define

V(z) = {(l’ S V(]) L V(l) = 0}
V(z) = Ker(F|V(l))

This corresponds to a new action (G», 9®, L®) in the flow chart, with L® ¢ L. Similarly we show
that if Vi) & V(o) or V(1) = Vig) or Vi) G Vo) with Vp) - V@ = 0, then we can already normalize the
multiplications in m". Otherwise we find V(5)-V® # 0 then as before we can furtherly define (V®, Vi3)
with V& ¢ V@ and check whether it satisfies the conditions to be normalized. The discussion will
be continued as above until we find that the present action satisfies the condition to be normalized i.e.,
to obtain an output in the flow chart, the procedure has to terminate as the dimension of V) decreases
strictly. As a result we show that the output action is either an action on a projective space with
fixed boundary or an action given in Definition 1.3. Moreover we obtain a chain of subspaces in W
corresponding to the flow chart:

Ker(F)C Vg € .Vyc VW c..cvhcw,

where s =tifx=A,s=t—-1ifx=Borx=C.

Then it remains to normalize the multiplications between elements outside V. This is completed
through more technical operations shown in Lemmas 4.2, 4.4 and 4.6. After the normalization of the
structure of R, we show the uniqueness of the normalized structure up to equivalences, which proves
Theorem 1.8 (iii). And the normalized structure of (R, W, F) gives the explicit result of our classification
of actions when dim(Q) > 5. Finally when dim(Q) < 4 we give the classification case by case.

The article is organized as follows: in Section 2, we recall the correspondence between additive
actions and finite dimensional local algebras; in Section 3 we first prove Theorem 1.6 to obtain the
action (G, Q). Then we show that the existence of unfixed singularities will lead to V&V - W C
(u1, by) and we normalize the algebraic structure of (R, W, F') when the type is By or Cy; in Section 4, we
first normalize the structure of R, then we show the uniqueness of the normalized structure, which gives
proof of Theorem 1.8 and also gives explicit result of our classification result shown in Theorem 1.9.

2. Additive actions and finite dimensional local algebras

As mentioned before an additive action (G, X, P") is induced by a faithful rational linear representa-
tionp : G — GL,,.(K). Furtherly if X is non-degenerate in P” then p becomes a cyclic representation
ie., {(p(g)-v:ge G =K"! for some nonzero v € K™*!. Hassett and Tschinkel in [1] gave a complete

characterization of such representations.
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Theorem 2.1 ( [1],Theorem 2.14). There is 1-1 correspondence between the following two classes:
(1) equivalence classes of faithful rational cyclic representation p : G, = GL,,.1(K); (2) isomorphism
classes of (R, W), where R is a local (m+1)-dimensional algebra with maximal ideal m and W is an
n-dimensional subspace of m that generates R as an alegbra with unit.

Remark 2.2. Under this correspondence a representation of G on K™*! can always be viewed as an
action on a local algebra R = K™, Moreover if we choose a K-basis of W: W = (wy, ...,w,,) then we
can write down the action explicitly:

G'XR—R

(81,825 -+, 8n) X T > 1+ XP(81W1 + o + 84Wy).
And the induced action of the Lie algebra §(G) = G}, on R is:

gXR—R
(81,82, s ) X T > 7 - (g1W1 + ... + gWy),
we identify g = W as vector spaces.

Moreover Hassett and Tschinkel proved in [1] and later Arzhantsev and Popovskiy proved in [2]
the following 1-1 correspondences.

Theorem 2.3 ( [1], Proposition 2.15). There’s a bijection between the following two classes:
(1) equivalence classes of additive actions on P";
(2) equivalence classes of (n+1)-dimensional local commutative algebras.

Under the correspondence the action is given as in Remark 2.2, where the subspace W is the maxi-
mal ideal of the local algebra.

Theorem 2.4 ( [2], Proposition 3). There’s a bijection between the following two classes:

(1) equivalence classes of additive actions on hypersurfaces H in P"*! of degree at least two;

(2) equivalence classes of (R, W), where R is a local (n+2)-dimensional algebra with maximal ideal m
and W is a hyperplane of m that generates the algebra R with unit.

Then in [2] they furtherly introduced the notion of invariant multilinear form for a pair (R, W).

Definition 2.5 ( [2], Definition 3). Let R be a local algebra with maximal ideal m. An invariant d-linear
form on R is a d-linear symmetric map

F:RXRX..XxXR— K

such that F(1,1,...,1) = 0, the restriction of F to m X ... X m is nonzero, and there exist a hyperplane
W in m which generates the algebra R and such that:

F(abl, by, ..., bd) + F(b], ab,, ..., bd) + ...+ F(b], by, ..., abd) =0 YaeWby,..., bd € R.
We say F is irreducible if it can not be represented as product of two lower dimensional forms.
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Now given an additive action on a hypersurface H = {f(xo, .., X,41) = 0} € P"*!, then under the
correspondence in Theorem 2.4 the polarization F of f is an invariant multilinear form on (R, W),
which induces the following more explicit correspondence.

Theorem 2.6 ( [2], Theorem 2). There is a bijection between the following two classes:

(1) equivalence classes of additive actions on hypersurface H C P"*! of degree at least two;

(2) equivalence classes of (R,F), where R is a local algebra of dimension n + 2 and F is an irreducible
invariant d-linear form on R up to a scalar.

Under the correspondence P**! = P(R), H = P({r € R : F(r,r,...,r) = 0}), and the action on P"*!
corresponds to the action on R as shown in Remark 2.2, with the open orbit O = P(G’, - 1g). Moreover
F is determined by (R, W) as follows.

Lemma 2.7 ( [2], Lemma 1). Fix a K-linear automorphism m/W = K with the projection 7 : m —
m/W = K then the corresponding invariant linear form is (up to a scalar):

Fy(by, ....by) = (=1)*k!(d — k — D!n(b,...by),

where k is the number of units among by, ...,b,; and for k = d let Fy(1,1,...,1) = 0.

In the following we focus on additive actions on hyperquadrics, i.e., d = 2 and we use a triple
(R, W, F) to represent an additive action on a hyperquadric Q where F is the bilinear form given in
Theorem 2.6. By Lemma 2.7 we have the following.

Lemma 2.8. Fix by € m\W and the projection yy : R — K s.t. yo(1g) = yo(W) = 0 and yo(by) = 1.
Then for a,a’ € m and for r € W we have:

F(a,a") = yy(aa’).
F(,1)=F(,r)=0, F(1,by) = —1.

As F is the polarization of the homogenous polynomial defining Q we have Sing(Q) = P(Ker(F)).
Moreover we have the following.

Lemma 2.9. Ker(F) C W and Ker(Flwy) = Ker(F).

Proof. By [3, Theorem 5.1], the degree of the hypersurface is the maximal exponent d such that m? ¢
W, for d = 2 we have m*> ¢ W and m®> C W. Hence we can take a by € m?>\W and the projection y,
defined in Lemma 2.8.
For any [ € Ker(F), write [ = a + thy + ly for some a,t € Kand Iy € W, thent = —F(1,]) = 0 by
Lemma 2.8. And
0= F(b(), l) =—a-+ F(b(), ly) = —a+ yo(b()lw) =—-a

as boly € m* C W, concluding that [ = [y, € W.
For any [ € Ker(F|y), then F(1,]) = 0 as [ € W and F(I, by) = yo(lby) = 0 as byl € m®> € W and
yo(W) = 0, concluding that [ € Ker(F). O

Lemma 2.10. For any by € m>\W, m? C Ker(F) @ {by).
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Proof. Firstly choose a by € m*\W. Given any a,a’ € m we have
ad’ = yo(aa') - by + (aa')w,
where y is the projection defined in Lemma 2.8. Now for any r € m then
r-(ad)w =r-(ad —yolad') - by) € > C W,
as by € m%. Hence by Lemma 2.8
F((aa)w,r) = yo((aa')w - r) = 0,

as r - (aa’)w € W. Note that F(1,(aa’)w) = 0 since F(1, W) = 0. It follows that (aa’)w € Ker(F),
concluding the proof.
O

From above lemmas we can thus choose a b, € m?\W such that F(1,by) = —1 and m> C Ker(F) &
(bp). Moreover if we fix a basis of Ker(F) = {uj, ..., ;) then we can represent the multiplications of
elements in m as follows.

aa’ = F(a,a’ )by + Vi(a,ad" )y, + Va(a,d s + ... + Vi(a, a" ). 2.1
3. Unfixed singularities and vanishing of bilinear forms

In this section, we first prove Theorem 1.6. Then we show that in the case of corank two the
existence of unfixed singularities leads to V(" - W C (b, u;). Finally we show that if K(Q) ¢ K(Q")
or K(Q) = K(Q") then we can already normalize the algebraic structure of (R, W, F).

3.1. Operation for actions with unfixed singularities

We first give an algebraic characterization of related concepts. Given an additive action on
hyperquadric Q represented by (R, W, F), recall that Sing(Q) = P(Ker(F)), GV = NxxG, ,
VO ={r € W|r' - Ker(F) = 0} and V) = Ker(F, ). We furtherly define S’ = {r € R|r- W = 0}.
Then we have the following.

Proposition 3.1. (i) Fix(Q) = P(S").

(ii) GV = exp(g'"V), where gV C o(G?) is a Lie subalgebra and ¢V = V'V under the identification
a(G}) = W given in Remark 2.2.

(iii) Ker(F) - m # 0 if and only if V¥ # W if and only if Sing(Q) € Fix(Q).

Proof. (1) By Remark 2.2, the action of g = g(G}) on R is given by multiplying elements of W to R.
Hence we have:

S"={reR:r - W=0}={reR:g-r=0}
Also by Remark 2.2, the action of G/, on P! is identified with the action on R. Hence we have:

Fix(Q)=P({reR:g-r=r,VgeG)=P{reR:x-r=0, Yxeg}) =P(S").
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(i) Similarly for the isotropy group GV of Sing(Q) we have:

G(l):{gEGZ:g~x:x, VxeSing(Q))={geG):g-r=r VreKer(F)}
=exp({xeg:x-r=0, Vr e Ker(F)}).

Then by Remark 2.2, under the identification of ¢ = W, we have {x e g : x-r = 0, Vr € Ker(F)} =
rew:r -r=0,VreKer(F)) =V,

(iii) The first equivalence follows from the definition of V! and the fact that m can be generated
by W. For the second equivalence, we have Sing(Q) C Fix(Q) if and only if G’ = G if and only if
g = g if and only if V(Y = W, where the last equivalence follows from (ii).

O

Next we introduce a lemma to describe multiplications between elements in m and elements in
Ker(F).

Lemma 3.2. (i) Ker(F) - m C Ker(F) and there exist a K-basis of Ker(F), uy, M2, ..., 5, such that

Wi - M C (g, e, iny). (i) VD £ 0.

Proof. (1) First note that Sing(Q) is GJ-stable. Then by Theorem 2.6 and P(Ker(F)) = Sing(Q),
Ker(F) is a GJ-invariant subspace, hence by Remark 2.2 and the fact that m is generated by W we
conclude that Ker(F) - m C Ker(F)

Now we choose a K-basis of m to be S, then for any ¢ € S we can define a linear map induced by
multiplications:

¢. : Ker(F) — Ker(F)

r—=c-r

Note that R is a commutative Artinian local ring, hence {¢. : ¢ € Sy} is a set of commutative
nilpotent linear maps on Ker(F). Therefore we can choose a basis of Ker(F) = {(ui,...,p;) s.t.
d(u;) € Uy, ..., ti—1), forany c € §y. As S is a basis of m, (i) is proved.

(i) If Ker(F) = 0 then V¥ = W # 0 from the definition of V(. If Ker(F) # 0 then by (i) there
exist a u; # 0s.t. ;- m = 0 and hence u; € VI, concluding that V) # 0. o

Now we use the correspondences given in Theorem 2.3 and Theorem 2.4 to obtain the operation
described in Theorem 1.6.

Proof of Theorem 1.6. Firstly note that Q' is a non-degenerate variety in L"), hence it suffices to
prove that there exist a linear space Lo satisfying Theorem 1.6 (i) and (ii). In the following we assume
dim(VY) = m for some m < n — 1.

(a) If X is a hyperquadric, then we represent the action by (R, W, F) with xy € O s.t. xo = [1g] and
define (V(, V(;y) as in Proposition 3.1. Also by Lemma 3.2 we have 0 # V() ¢ W.
Case 1. V&V . V() ¢ v then the induced action is an additive action on a projective space. From
Lemma 2.8 we conclude that VD = V.

In this case RV = V() @ (1) is a well-defined subring of R. Furthermore it can be easily seen that
R is a finite dimensional K-local algebra with maximal ideal m') = V&, Then by HT-correspondence
(Theorem 2.3), the pair (RV, V() gives an additive action of G on the projective space P(R"") with
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open orbit G - [1g]. On the other hand, by Remark 2.2, the action is given through identifying g(G')
with V& hence from Proposition 3.1.(ii) we conclude that up to equivalences the corresponding action
is exactly induced by the action of GV on R™". Thus the action of GV on P(R"") is an additive action
on the projective space with open orbit G - [1¢], and P(R1V) ¢ P(R) as V(' ¢ W. Above all we have
found the subspace LV = P(RV) = QW of P"*! satisfying Theorem 1.6 (i) and (ii):

GO x P(R(l)) — P(R(l)) > GWD. [1z]

{ l

GZ X Pn+l % Pn+] ») GZ . [IR]

Case 2. VIV. V(D ¢ v then the induced action is an additive action on a hyperquadric. From Lemma
2.8 we conclude that V(U # V).

First we can choose a suitable by € m2\W s.t. VOV . VD ¢ VD @ (p) and by - Ker(F) = 0. In fact,
from V) # V), there exist a,a’ € VD with F(a,a’) = 1. Now we define by = a - @’ then by € m*\W
and by - Ker(F) = 0 as a € VY. Moreover for any ¢, ¢’ € VV:

c-c =yolcc’) by +(c- )y

hence from c-¢’-Ker(F) = by-Ker(F) = 0 we have (c-¢’);, € VIV, concluding that VD- V) € VIDg(hy).
Now we set R = VIV @ (by) @ (1z), m'V = VU @ (by). Then

by € (mVy* ¢ v,
be - mV c (mMy} ¢y

as (M) ¢ m? € Wand (mV)3 - Ker(F) = 0, where m® C W follows from [3, Theorem 5.1] and the
fact that (R, W, F') reprensents an action on a hyperquadric.

Now it follows that RV is a finite dimensional local K-algebra with maximal ideal m™Y = VD@ (b,),
V@ is a hyperplane of m) generating the algebra R such that (mV)> ¢ V) and (mM)} ¢ v,
Hence by Theorem 2.4 and [3, Theorem 5.1], (R, m™M, V(D) corresponds to an additive action of
G"™ on a hyperquadric Q" in P(R"") with open orbit G” - [1z]. Then similar to Case 1, by Remark
2.2 and Proposition 3.1.(ii) we conclude that the corresponding action (up to equivalences) is exactly
induced by the action of G on R"". Thus the action of G on P(R"") induces an additive action on a
hyperquadric Q¥ with the open orbit OV = G - [1], and P(RV) € P(R) as V(' ¢ W. Moreover in
the more explicit correspondence Theorem 2.6 we can easily see the corresponding bilinear form F
isjust F| .

Now P(R(M) is already a subspace satisfying Theorem 1.6 (i) and (ii):

GV xP(RV)y —— P(RM) 2 0V 2 0W = GV . [14]

! !

G x P ————— P*' 20 D20=G"-[If]

(b) If X is a projective space, following Theorem 2.3, we represent the action (G, P") by a pair
(R, m), where xy, = [1g]. We first show that K(X) = P(im). In fact, for any [«] in the open orbit we have
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« 1s invertible by Remark 2.2. Conversely, for any invertible element r € R we have dim(G/, - [r]) =
dim(g - r) = dim(m - r) = dim(m) = n, concluding that [r] lies in the open orbit. Now we define
VD = {a € m: a-m = 0}, then Fix(X) = P(V(V). Since K(X) ¢ Fix(X) by assumption of Theorem
1.6, we have V(" C m. Moreover as elements in m are nilpotent, we conclude that Vi £0 by a similar
discussion as that in Lemma 3.2.

Now we consider RY = VU @ (1) then similar to Case 1 of (a), P(R!V) is G'V-stable and the
induced action is an additive action on a projective space with open orbit GV - [1z], and P(R") € P(R)
as VU ¢ m. Thus P(R") is already a subspace satisfying Theorem 1.6 (i) and (ii). o

Combining the above proof with Proposition 3.1, we have the following.

Proposition 3.3. Given an additive action on a hyperquadric Q with unfixed singularities, we represent
the operation obtained in Theorem 1.6 by (R, W, F) RV, VD FDY then:

(i) QW is a projective space if and only if VIV - VIV € VI if and only if VIV = V).

(ii) Sing(Q) ¢ K(QW) if and only if Ker(F) ¢ Vi1, Sing(Q) = K(QW) if and only if Ker(F) = V(3.

(iii) the operation is effective if and only if Ker(F) & V.

Proof. (i) By part (a) in the proof of Theorem 1.6, it suffices to show V&V - v ¢ v if yD = V) In
this case, for any a,a’ € V(" we have F(a,a’) = 0, hence aa’ € W by Lemma 2.8 and aa’ - Ker(F) = 0
by the definition of V(V, concluding that V(V . v ¢y,

(i1) and (ii1). By our definition of effective operation 1.7 and Sing(Q) = P(Ker(F)), it suffices to
show K(QW) = P(V,yy). If OV is a projective space then from part (b) in the proof of Theorem 1.6, for
the action on Q'Y represented by (R, mD) we have K(Q") = P(mV) = P(VD) = P(V(;)) since in this
case m = P(V(D) = V;, by Case 1 of part (a) in the proof of Theorem 1.6. If OV is a hyperquadric,
then K(Q) = Sing(QV) = P(Ker(F)) and Ker(F") = Ker(F\)),)) by Lemma 2.9. Finally as
FY = Fro, we have Ker(F") = Ker(F\ym) = V() by the definition of V(;), concluding the proof. O

3.2. Unfixed singularities and vanishing bilinear form

Our main result of this section is the following.

Proposition 3.4. For an additive action on a hyperquadric Q of corank 2 represented by (R, W, F). If
Sing(Q) € Fix(Q) and dim(Q) > 5, then for the operation obtained in Theorem 1.6 we have:

(i) codim(QV, Q) = codim(VV, W) = 1.

(ii) there exist by € m*\W with F(1,by) = 1 and a K-basis of Ker(F), ui, po, such that:

bo-m:yl-m:O

M2 - C ()
VO om €y, by)

(iii) if the operation is not effective, i.e., Ker(F) = V1, or Ker(F) € V), then we can normalize the
algebraic structrue of (R, W, F). (see Lemma 3.6 and Lemma 3.9 for details).

First applying Lemma 3.2 we have the following:
Lemma 3.5. (i) there exist suitable basis of Ker(F), puy,po, s.t. py - m = 0 and p - m C {uy). (ii)
codim(VV, W) = 1.
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Proof. (1) Applying Lemma 3.2 when [ = 2.
(ii) For any r € W we have r - u, = A, - u; for some A, € K, this induces a linear form on W:

O: WK
a4,
Hence we have V() = Ker(®) and codim(VV, W) = 1. o

From now on we always choose a basis of Ker(F') satisying Lemma 3.5.(1).

We prove Proposition 3.4 through a case-by-case argument on analyzing the relation between
Ker(F) and V(). More precisely, we separate it into the following cases.

1. Sing(Q) € K(Q"), i.e., Ker(F) C V(;). In this case we have nice inclusions between subspaces:
Ker(F) € V3, € VD ¢ W, for which we furtherly consider two subcases:

(1.a). Sing(Q) = K(QW), i.e., Ker(F) = V). In this subcase, we can normalize the algebraic
structure of (R, W, ).

(1.b). The operation on (G”, Q) is effective, i.e., Ker(F) ¢ V(;). In this subcase, it remains to deter-
mine the multiplication between elements in V;, and V", which leads to our definition of (V®, V5))
and further discussions in Section 4.

2. Sing(Q) ¢ K(QWM), i.e, Ker(F) ¢ V(;. In this case, we can normalize the algebraic structure of
(R, W, F).

3.2.1. Ker(F) = V(l)

Recall V(1) = Ker(F|ym) and Ker(F|y) = Ker(F) by Lemma 2.9, hence we can have a decomposi-
tion of W as follows:

W = Ker(F)® ey, ...,e;) ®{e1), 3.1

where t > 2,¢; € VIV for 1 <i <t, €1 € W\VW and F(e;, e;) = 6; ;. Then we can furtherly choose a
suitable b, and e;, e, to give a normalization of this case:

Lemma 3.6. If Ker(F) = V(y), then let by = e% we have:
(l) b() S mz\Wandbo -W = bo -m =0, VD m c (/,ll,b()).
(ii) one can choose suitable e;, e, such that

_ _ 2 _
e1 € =0,en1 = p,e,, =by+0- o,

where 1 <i<t 6=1ifdim(m?) =3andé = 0ifdim(m?) = 2.

Proof. (i) As F(ej,e;) = 1 # 0 we have by = ¢; € m*\W from Lemma 2.8. By formula (2.1) we can
describe the multiplications in m as follows:

aa’ = F(a,a’) - by + Vi(a,ad’) - uy + Va(a,ad’) - po. (3.2)

Note that from e; € V(" we have b, - Ker(F) = 0, hence to show by - W = by - m = 0 it suffices to check
by-e;=0forl <i<r+1.
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For any 1 <i <, we choose some j # i. Then from e¢;, ¢; € V) we have:

b - e; =(e; = Vi(ej.e)) - 1y — Valej.e)) - o) - e = € - e (3.3)
=e;- (0, bo + Vi(en e)) - 1 + Vales, ;) - 1a) = 0. :

For e;,; we have :
by en1 = e eni = e (Ormr-bo+ Viler,en) 1 + Valer,en) - o) = 0.
Now for any a € V() and any a’ € W, by multiplying e, to both sides of equation (3.2) we have:

LHS =e,-a-a =a-(F(eu,d) by + Viley1,a’) -y + Valewr,a’) - ) = 0.

RHS =ei.y - (=F(a,a’) - by + Vi(a,ad’) - 1 + Va(a,ad’) - o) = A1 - Vala,d') - p
where e, - po = Aq - oy with A, # 0 by e, € W\VW). Hence form LHS = RHS we have
Vso(a,a’) = 0. Thus VIV - W C (b, i11). Since W - {u;, by) = 0 by arguments above, V) - W® = ( for
all k > 2. Since m is generated by W, we conclude that V(! C (b, u;).

(ii) Firstly as F(e;+1,e;) = O for 1 <i <t and from (i) we have e, - ¢; € (u;). Thus if we replace e;
by e; — /l;ll Vi(ei, e1) - o then e,y - e; = 0 and we still have F(e;, e;) = 6, ;. Furtherly by (3.2) we have:

2
e, =bo+ Viler,em) i + Vale, enn) - po.

then we can replace e;,; by €,,1— % .U, to make Vi(e;1, €,41) = 0. Note that this will not affect the

multiplication of e;,; and e; for i < ¢. Then by (i) and Lemma 2.10 we conclude that V,(e..1,e.41) # 0
if and only if dim(m?) = 3. Now if Vy(e;1,e.01) # 0, we replace uy by Va(enq,en) - o to make

ef)rl = by + 0 - up and then replace u; by e,41 - up to make ey - up = y;. O

3.2.2. Ker(F) & Vi
In this subcase we start with the following observation.
Observation 3.7. codim(Ker(F), V(;)) = 1.
Proof. As Ker(F) C V(;, € V) ¢ W and Ker(F|w) = Ker(F), we have a natural injective linear map:
Vi /Ker(F) & (W vy
a-o@:p— Fap)
hence codim(Ker(F), V(1)) < codim(VY, W) = 1, concluding the proof. o

Note that by the assumption of dim(W) > 5 we have codim(V;), VV) > 1. And by Ker(Fly) =
Ker(F) we have a decomposition of W in this subcase:

Yy

Ker(F)
W = (1, ) &(g1) Blen, €2, ..., e) &(f1) (= 1) (3.4)
S

Vay

We now can find a suitable b,.
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Lemma 3.8. Let by = e% then by € m®>\W and by - W = by - m = 0, VIV - m C (uy, by).
Proof. First we check that by - W = by - m = 0. For by - g; = 0:

bo-gi=el-g1=e - (Fle,g1) by+Vile,g1) i+ Valer,g1) - i2) = 0,

where the last equation follows from F(e;,g;) = 0 and e; € V.

To show b, - ¢; = 0 for any 1 < i < ¢. Firstly note that if # > 2 then we can prove it by using the
same computation as (3.3).

Now we assume 7 = 1. As g € V(j)\Ker(F) we can assume F(g;, fi) = 1 moreover we can assume
F(f1,e1) = 0 up to replacing e; by e; — F(ey, f1) - g1. Then the calculation of b - e; follows:

bo-er=(fi g —Vi(fi,g1) 11 = Va(f1,81) - 12) -er = g1 - f1 - ex
= g1 (F(fi,e1) -bo+ Vi(fi,er) - u1 + Va(fi,er) - u2) = 0,

where the last equation follows from g; € V. Then the calculation of by - f; follows:

by- fi =ei- fi = er - (Fler, fi) - b+ Viler, f1) - iy + Valer, fi) - p2) = 0.
Finally we conclude that V(Y - W C (b, u;) by multiplyng f; to both sides of the formula (3.2). |

3.2.3. Ker(F)-Ker(F)+#0

By Lemma 3.5 we have y; - Ker(F) = 0 and u, - W C (u;), hence we can assume ,u% = ;. Now we
have a decomposition of W:

W = (ui, o) ® ey, ..., e, (3.5)
with F(e;, e;) = 6, ;. Moreover for any e; with e; - 4, = A; - u; we can replace e; by e; — 4; - , to make
e; - 1o = 0, which does not affect the value of F(e;, ¢;) as yp € Ker(F). Then V&V = (uy, ey, ..., ¢,y and
we can find suitable b, as before, which also gives a normalization of this subcase:

Lemma 3.9. Let by = €7 then by € m\W and
(i) by - W =by-m=0, VIV . m C (uy, by).
(ii)u§ =py, €y =€ -u =0.
Proof. 1t suffices to prove (i). First we note that we can use the same method in Lemma 3.6 to show
by - W = 0. Then it suffices to prove V' - m C (u;, by). For any a € VIV, ' € W equation (3.2) still
holds and in this case we multiply it by u,:
LHS =py-a-a =0.
RHS =, - (F(a,d’) - by + Vi(a,a’) - uy + Va(a,d’) - wo) = Va(a,a’) - py.
Then from LHS = RHS we have V,(a,a’) = 0, concluding the proof. m]

4. Classification of actions with unfixed singularities

4.1. Classification of actions with unfixed singularities (I): dim(Q) > 5

In this and next subsections we always consider additive actions on hyperquadrics of corank two
with unfixed singularities. Firstly we give the algebraic version of the flow chart, which induces an
algebraic structure sequence for a given triple (R, W, F). Then by analyzing the sequence we nor-
malize the structure of (R, W, F)). Finally we show the uniqueness of the normalized structure up to
equivalences.
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4.1.1. Algebraic version of the flow chart

Recall in the proof of Theorem 1.6, we have represented an operation (G7, Q,P™) — (G, 'V, L)
by R,W,F) — (RV, VIO, FD)or (R,W,F) — (RV, V(D). In Proposition 3.3, we also gave the alge-
braic criterion for the output condition in the flow chart. Thus the algebraic version of the flow chart
naturally arises as the following:

V(O) = VV, V(()) = Ker(F)

k=0
yes
y® . V(k) =0 output (A, k)
no
no
Vi € Vs output (B,k + 1)
yes
yes
k=k+1 o Vi = Vi output (C,k + 1)

where for any (V®, Vi) if VO - V) # 0 we furtherly define:

VED = (e e VP 1 a -V = 0}

“4.1)
Vi) = Ker(F) .,))

and we represent the final output by (x, s, V¥, V(s)), where for a output (x, f) we set s = t—1if x € {B, C}
and s = rif x = A.
Then for the final output we obtain an algebraic structure sequence as follows:

Ker(F)=Vg C..CV,y,cVWc..cvO=w (4.2)

where V(k) . V(k—l) =0forl <k<s.
For the sequence, our first step is to generalize Proposition 3.4 (i) and Observation 3.7 to the fol-
lowing.

Proposition 4.1. For an algebraic structure sequence: {(V®, Vi) : 0 <k < s):
Aw : if V&Y 2 VO then codim(V*D, V0 = 1;
B if Viy G Viksry then codim(Vigy, Vigery) = 1.

Proof. Firstly note that if V&1 ¢ v® then V@D ¢ VO for any i < k — 1, similarly if Vi) & Vigs1y then
Vi) & Vii+1) for any i < k — 1. Hence we can prove Ayand B, by induction on k.

For k = 0, A follows from Lemma 3.5 and By, follows from Observation 3.7. Now assuming
A1) and By_yy is true for some k > 1, then for a given (V,, V) in the process we already have
V(k—l) g V(k) C V(k) g V(k_l) with V(k) . V(k—l) = 0 and codim(V(k_l), V(k)) =1 by induction. Now
since (R, W, F) represents an action on a hyperquadric of corank two with unfixed singularities and
Vi € Vigy = W, V® € VD we have V® - Vi, € VD - W C (u;) by Proposition 3.4 (ii). Hence by the
definition of V&1 we conclude that codim(V*D, V®) < 1, implying A .
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Now if Vi) & Vigs1) then from the process we already have V&) ¢ V® and A holds. Moreover
we have the chain Vi) S Viyry € V&P ¢ VO which induces an injective map:

Vies1y! Vi s (V0 Dy
a o(a) :B - F(a,pB)

It follows that codim(V(k), V(k+1)) < codim(V(k“), V(k)) = 1, 1mply1ng B(k).

4.1.2. Normalization

In this subsection we normalize the structure of (R, W, F) by analyzing the algebraic structure se-
quence case by case.

In the following, we always start with a by € m*\W and a basis of Ker(F), u;,u,, satisfying
Proposition 3.4. We furtherly define V_;) = (u;).

Case 1. x = A. In this case the sequence becomes
Ve S Ker(F) =V & ..V VW g VO =W,

with VO . V) = VO .V, = 0for 1 < k < s (here s > 1 as we assume there exist unfixed singular
points). Then we have the following normalization.

Lemma 4.2. (i) If V) # Vis) then there exist f; € VENWYO ¢ € Vil\Vi-iy for 1 <i<'s, go = s and
{ex 1 1 <k < p} © VOV, such that

Ve = Vi ®Lei, ..., ep),

4.3)
ex-e =0k by + Viler e) - ui,

and

e fi=e-g=fi-fi=5H g =0,
ﬁ"gi:bo’fi'gi—l=,u1,f12=5-,uz,

for1 <i<s, 1<kIl<pv—Vv ¢{0,1},2<j< swhens>?2,

4.4)

0 ifdim(m?) =2;
1 ifdim(m?) = 3

and the matrix A = (Vi(ey, e;) : 1 < k,1 < p) is of the canonical form (see (4.6) below).
(ii) If V© = V(s then there exist f; € VENWYO o e Viy\Vi-ny for 1 < i <'s, go = up such that

fiofi=f-8 =0, fi-g=bo fi-gi1 =, f{ =6,

for1 <i<s,v—v ¢{0,1},2< j< swhens > 2, and ¢ is the same as in (i).
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Proof. Recall by Proposition 3.4 (ii) we always have V@ - VO C (uy, us, by and VOV - VO C (uy, by).
Hence if choosing any nonzero f; € VW"D\V® and any nonzero h;_; € V_)\Vi_2) then we can have
fi - hi_1 = ¢ - yy for some nonzero ¢ as VU™V -V, =0, V&Y . V,_yy # 0 and codim(V;_z), Vii_1y) = 1.
Moreover choosing any nonzero g; € V(;\V(,_1y we have F(f;, g;) # 0 from the definition of Vj;.

) If Vi # V® we can choose e;’s satisfying (4.3), i.e., F(er, e) = Or;- Then we find f;, g;
inductively. For i = s we first choose f, € VOV, o€ Vi \V_1) and by € Vi_h\V(soa) Sit.
fs - hso = uy, F(fs, g5) = 1 and F(f;, f;) = 0. Then for the multiplications:

fs 8 =bo+ Vi(fs. &) - 1,
fs-ex=F(fs,er) b+ Vi(fs,er) - ui,
fg2 = Vi(fs, fs) - u + Vol fs, f5) - 2,

we can normalize them through the following steps:

8s ™ &8s — Vl(fv» gv) : hs—l to make 8s fv = bO
ex e+ F(f,er) g5 — Vilfiser) - hsy to make f - e, =0
o (o ifs>2
fs l_>fs_(Vl(fs,fs)/z)'hs—l to make fs = .
d() %) ifs=1

for some d € K, where the arrow A — B means to replace A by B.

Now if s > 2 and assuming we have found §;, = {f;,g; : i > iy + 1} for some 1 < iy < s—1 satisfying
(4.4) except that if there exist i such that i > iy + 2 then f; - g;-y = ¢; - iy for some nonzero ¢; € K. Then
we furtherly choose fio € V(io‘l)\V(i°>, &i, € V(io)\v(io—l) and hio—l € V(io—l)\v(io—Z) S.t. fio . hio—l = Ui,
F(fi,,8,) = 1 and F(f;,, fi,) = 0. And we normalize the multiplications through the following steps.
Firstly:

K p
Fio o> o= Y (F(fin ) 81+ F(fiyr 8- ) = D Flew fiy) - e
k=1

i:i0+1

to make F(a, f;;)) =0 foralla € S,, U {e; : 1 <k < p}. Then

aa-Via,fi) - hi-1 to make a - f;, =0
gio P &io — Vilfips &iy) * Pip—1 to make f;, - g, = bo
5 0 ifip =2
.fi() = io — (Vl (.fim .fl())/z) : hio—l to make f;‘o = .
d() 5 if lp = 1

for some dy € K. Moreover from the discussion at the beginning we have f .1 - g, = cj+1 - 41 With
some nonzero c;,.; € K. And from m?* C (u;, uo, bo), bo - m = 0, VD - m C (by, u1) we have dy = 0
if and only if dim(m?) = 2. Finally note that the symmetric matrix A = (V;(e;, ¢;)) under orthogonal
transformations on {e, ..., e,} transforms as the matrix of a bilinear form. And a such transformation
will not affect our normalization on other elements, hence from [5, Chapter XI §3], A = (V(e;, e;)) can
be transformed into a canonical symmetric block diagonal matrix (see (4.6) in Proposition 4.3).
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To finish our normalization it suffices to make f; - g,y = y; and f12 = 0 - ip. To do this we firstly
replace f; by x; - f; and replace g; by y; - g;. Then the condition (f; - gi-1 = w1, ff = 6 - o, fi - & = bo)
gives a system of equations for {x;,y; : 1 <i<5,0<j< sk

xi-yi=1, xi-yi1 :C,-_I,X%'do:yo%S 4.5)

for which we have a solution to be calculated inductively:
— vl

Xi = yi »
Xi =Y.
(0=Dqyi=Yi-1-Ci and 6=0 { !
i=DYi-1"Ci
yo = ()" S

concluding the normalization.
(i) If V¥ = V,,, then the process of normalization will be the same as in (i) except that we do not need
to choose ¢ at the beginning. m|

Following our normalization we can thus determine the normalized structure of (R, W, F)) in Case 1.

Proposition 4.3 (Classification of Type A). (R, W, F) can be transformed into the following:
e Type A;: QY is a projective space (equivalently V(5 = V)

000 O OO0 O o0
000 O 00 O O
000 00 1
00 0 : :
M(F,TypeA1)=0 0 0 0 1 ol
00O 1 0 0
0 0 : 0 0
0 0 1 00 0

W= (ui, p2) ®4g1s s &) O (S oves J1)-

R =K, 142,815 s &8ss J1o oo [/t - W, 81 o, f1 - 2, 81+ i = &v - fos &1=1 * J1— 11, i+ 2 —lll,flz —0-
U2y 8 & frn- 8> fi- [ 1 <i,v<s,h—h ¢{0,1}, 2 <I< swhens >?2)where

0 ifdim(m?) =2;
1 ifdim(m?) =3
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e Type Ay: QY is a hyperquadric (equivalently Vi, # V).

000 0O OO O OO O O
000 O OO O OO 0 O
0 0O 00 00 1
0 0 : 0 : Do

0 0O 00 0 1 0

M(F, TypeA,) =10 0 0 01 00 0],

0 0 : 0 : Do

0 0O 0 0 . 1 0 . 0
0 0O 10 0 . 0
00 : ..~ ... 0. 0
001 ... 00... 00 0

W = ui, p2) ® g1 .., &) D (€1, -0s €)) O ([ oy f1)-

R = K[y, 2, 81, s 855 €15 evvs €py fro oo [51/ (1 - W, & - 2y €5 - o, fi - 2, 81+ fi — €5 + Ao, € - € —
Apirfh1s 8ot~ fi = s fi - o = a7 =6 12, & - Gus fi - [ fu - 8wo€r - frnein - 8 1 i,V < s, 1 <0 #17 <
p,h—h ¢{0,1},2 <[ < s when s > 2) where ¢ is the same as in Type Ay and A = (Ay;) is of the
standard form, i.e., a symmetric block diagonal t X t-matrix such that each block Ay is

I 0 0 0 1 0 0 I 0

o . " 1|1 i -1
Ak + = + = (4.6)

2 ORI 1 B B TR

0 0 1 0 1 0 0 -1 0

with some A; € K.

Case 2. x = B. In this case the sequence becomes
() =V CKer(F)=Vg C..CV,cVYWc..cvO=w,

with V® . V1 = 0 for k > 0 and V| # 0. We have the following normalization.
Lemma 4.4. (i) If V©® # Visy and s > 1 then there exist f; € VENWYVO g € Vi\Vi_y for 1 <i < s,
g0 = o and {ey : 1 < k < p} C VO\V,y, such that
VY =V, ®e,....e,),
5 D er,..nep) (4.7)
ex-e =0 by + Vilew e - ui,

and
ek'ﬁ:ek'gi:ﬁ'ﬂ:fv'gv’zo’
ﬁ'gi:bo’ﬁ'gi—]:/’ll’flzzé'#27g§:/’t]7
for1 <i<s, 1<kI<pv—-v ¢{0,1},2<j< swhens>?2,

5o 0 ifdim(m?) =2;
|1 ifdim(m®) =3

(4.8)
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and the matrix A = (Vi(ey, €))) is of the canonical form (4.6).
(ii) If V¥ = Vi, and s > 1 then there exists f; € VNV, g. € Vi \Viyy for 1 <i<s, go = o
such that

ﬁ'gi:bo,fi'gi—l:,Ul,ﬁ"fj:fv'gv’:O»f12:5'/12’ gﬁzﬂl’

for1 <i<s,v—Vv ¢{0,1}, 2 < j < swhens > 2, and § is the same as in (i).
(iii) If s = O then there exists a basis of Ker(F) = {ui,i2) and {e, : 1 < k < p} such that
M% = p1, e - 2 = 0 and

W = Ker(F) ®{ey, ..., €,)
ex e =0k by + Viler e - ui,

and the matrix A = (Vi(ey, e))) is of the canonical form (4.6).

Proof. (i) As in Case 1.(i) we can first choose e satisfying (4.7). Also we can choose f; € VE=D\V©),
gs € V(S)\V(S_l) and hs—l € V(.v—l)\V(s—Z) S.t. ﬂ . hs—l = MU, F(f;,gs) = 1 and F(ﬂ,ﬂ) = 0. Then as
Vig - Vi # 0, Vis_ty - Vi) € Visoy - V& = 0 and codim(V(;_1y, V(5)) = 1 we conclude that g is a nonzero
element in (u;) and hence we can assume g> = u;. Now we normalize the multiplications between
f5» &5, ex through the following steps:

ex e — Vi(gs, er) - & to make g, - ¢; =0
p
fir fi= ) Flewf) - e to make F(f,, ;) = 0
=1
ex e — Vi(fs,er) - hyy to make f; - e, =0
8s |_>gs_Vl(gsafs)'hs—l to makefs'gs :bO
. (o ifs>2
fs fi = (Vilfs, [9)/2) - hyy to make f; = )
d() 5 ifs=1

for some d; € K.

After this note that we can still use previous inductive operations in Case 1 to find f;, g; fori < s—1,
namely we can find suitable f;, g; satisfying (4.8) except that we have f; - g;.; = ¢; - y; and f]2 =dy- up
for some nonzero ¢; € K and d = 0 if and only if dim(m?) = 2. Also for the same reason as in Case 1
we can assume A = (Vi(e, ¢))) is of the canonical form.

Now to finish our normalization we replace f; by x; - f;, replace g; by y; - g; and replace u; by z¢ - ;.
Then it suffices to satisfy the condition (f; - gi-1 = 1, f7 = 6 - o, fi - & = bo, &7 = 1), which gives a
system of equations for {x;,y;,z0 € K: 1 <i<s5,0< j< sk

-1 2 2
xicyi=1l, xi-yioi=20-¢; , X -do=Yo0"0, ¥, = 20

for which we have a solution (where ¢ = []._, ¢; ) to be calculated inductively:

X =y xi = ;!
S=D3yi=y1-¢z5 and  (6=0){y =y, c
3. 2 do2 1 _
20 = (305,50 = (553 Yo=clz=1

concluding our normalization.
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(i) If V©® = V(s then the process will be the same as (i) except that we do not need to choose e at
the beginning.

(iii) Note that s = 0 is equivalent to Ker(F) - Ker(F) # 0, which is just the Case 2 in the proof of
Proposition 3.4. Hence the assertion follows from Lemma 3.9. O

We can now determine the algebraic structure of (R, W, F) in Case 2.

Proposition 4.5 (Classification of Type B). (R, W, F) can be transformed into the following:
eType By: s=0(Ker(F)-Ker(F)+0)

000 O O
000 O o0
M(F,TypeB,) =|0 0 1 O, W= (ui, ) @ e, ....e,)
0 0 : S
000 ... 1

R = Klui, po, €1, ep) /(- W3 — pi, ;- po, €+ € — i j -y, €7 — e? —Aii=A;) -, 1 <i#j<p)
where A = (A; ) is of the canonical form (4.6).

e Type By: s > 1 and QY is a projective space (equivalently V5 = V¥).
M(F,TypeBy) = M(F, TypeA,),

W = (i, 12) © (g1, 85) @ ([ oons 1),

R = K[ﬂl,#z’gl’--’gS’.f]"'afS]/(ﬂl 'ng'ﬂz’fl',UZag%_ﬂlagi'fi_gv‘fwgl—l 'ﬁ_#l"f] '/lz_lllaflz_
O o, frn-8w fi- f.8 & 1 <i#v<s,h—h ¢{0,1},2<I<s 1<l <s—1whens>?2)whered
is the same as in Type A,.

e Type By: s > 1 and Q¥ is a hyperquadric (equiuvalently V5 # V).
M(F,TypeB,) = M(F,TypeA,),

W = <//L1’/*L2> & (gl’ eeey gs> @ (ela eeey ep) @ (fw sy fl);
R = K1, 2, 14 vvs G55 €11 wees €y f1s wows [l /(1 - W, &+ pios €5 - o, fi - o &2 — 11, 81 fi — €5 + Avird1, §1o1 -

fi— s er ey — dppti, e - fisep - 8y fi o — 1, JT =0 p2 &~ 8rs fi+ fis o Gy 1 i< 8,1 <07 #17 <
p,h—h ¢{0,1},2<I<s 1 <lI'<s—1whens>?2)

where A = (1) is of the canonical form (4.6) and 6 is the same as in Type A;.

Case 3. x = C. In this case the algebraic sequence becomes
</,L1> = V(_l) - Ker(F) = V(()) cC..C V(S) = V(s+1) - V(Hl) c V(s) cC..C V(O) = VV,
with V® - Vi) = 0if k > 0 and V() - V(5 = 0. We have the following normalization.

Lemma 4.6. (i) If V1) # VE*Y and s > 1 then there exist f; € V&N\VY, ¢, € Vi \Vy for
I<i<s+1L,1<j<s, g =mandfe,:1<k<p}C V(’”)\V(m) such that

s+l
VoD = Visse1) @ Cer, ...n €p)

4.9)
ex-e =0k by + Viler,e)
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and

ex-fi=e-gi=fi-fr =, 8 =0
f]gj fs+l bO’.ﬁ gll_ﬂl’fl_é H2,

for1 <i<s+1,1<klI<pv—-v¢&{0,1},1<j<s2<j<s+1,

s_ [0 if dim(m?) = 2
1 ifdim(m®) =3

(4.10)

and the matrix A = (Vi(ey, e))) is of the canonical form (4.6).
(ii) If VO*D = Vigi1) and s > 1 then there exist f; € VEN\VD, g, e Vi \Vijopy for 1 <i<s+1,1<j<
S, 8o = M such that

fi-fr="r8 =0, f-g =fi =bo fig-1 =4, fT =6 o,

for1 <i<s+1,v—v ¢{0,1}, 1

<Jj<s2<j <s+1, and ¢ is the same as in (i).
(iii) If s = O then there exist {e; : 1 <k < p+1

} such that e,,; € W\VY and:
VU = (uy, ) & ey, v e,
ex-e =0k by + Viler e ui,

Cpit H2 = His€pir e = 0,60 = by +6 - o,
for 1 < k,l < pand?d is the same as in (i).

Proof. (1) Firstly we can choose e satisfying (4.9) and from V(;, = Ker(F |Vm) we can choose fi; €
VE\VED st F(er, fi+1) = 0 and F(fy41, fis1) = 1. Furtherly we can choose f; € VEI\V®, ¢ €
Vio\Vis—ny and he_y € Vii_p\Visoo) st fs - by =, F(fs, 85) = 1 and F(f;, f;) = 0. Moreover we
have f;1 - g5 = cg41 - 1y for some nonzero ¢, € K. Now we normalize the multiplications between
ex, fs» 85> fs+1 through the following steps:

e > e — Vi(fos1,€x) - &5 to make fi.; - e =0
fs+1 g fs+l - s+1 : (Vl(fs+l’fs+l)/2) *8s to make f+1 = by

)4
fs = fs - Z F(eka fs) 7 F(f:v’ fs+1) : fs+1 to make F(fs’ ek) = F(fya fs+1) =0
k=1

and for any « € {ey, fi41 : 1 <k < p}

a— a-Va,f) - he tomake f;-a =0
8s &8s — Vl(fv» gv) : hsfl to make 8s fv = bO
5 0 ifs>2
]CS = fs - (Vl(fy’ fs)/z) ° hs—l to make fs = .
d() %) ifs=1

After this as in Case 1 and 2, we can still inductively find suitable f;, g; satisfying (4.10) except that we
have f; - g;.1 = ¢; - 1 and f]2 = d, - p» for some nonzero ¢; € K and d, = 0 if and only if dim(m?) = 2
Also we can assume A = (Vi(ex, ¢;)) is of the canonical form (4.6).
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Now to finish our normalization we again replace f; by x; - f;, replace g; by y; - g; and replace u; by
zo - 1. Then the condition (f; - gi-1 = 1, f = 6 - pa, fi - & = bo, f2,, = bo) gives a system of equations
for {x;,y;,20,€ K: 1 <i<s+1,0<j< sk

_ _ -1 .2 _ 2 _ _ -1
X Yie = 1, X - Y =20 Cp s Xgy 1 = 1,d0'xl =0 Y0, Xs+1 *Ys =20 Csq

where 1 < k < s, and for which we have a solution:

X = y/:l
Vi = Vet €k Zg) xe =y
6 =1){z0= (> do)v and  (6=0){ye =i - 2!
yo = ()} = Ly=c =1
Xep1 =1

where ¢ = []%] ¢;, concluding the normalization.

(1) If Vi) = V&+D then similarly the process will be the same as (i) except that we do not need to
choose ¢; at the beginning.
(iii) If s = O then the assertion follows from Lemma 3.6. |

Proposition 4.7 (Classification of Type C). (R, W, F) can be transformed into the following:
e T'ype Cy: s = 0 (equivalently V) = Ker(F))

000 0 O
000 O O
M(F,TypeCo) =0 0 1 ... O W = (uj, ) @ e, ..., €ps €pi1)
o0 : .
000 ... 1

R = K[u, pa, €1, s €py €pit /(1 - Wypto - €1, - € — A j - ph1, €2 — 65 = (i = Ajj) M, €psr €i,€f,+1 -0
Mo —er+ -, 1 <i# j<p)
where A = (A;) is of the canonical form (4.6) and ¢ is the same as in Type A,.

e Type Ci: QU*V is a projective space (equivalently V1) = VD)

000 0 00O 0 O
000 0 000 0 O
000 000 ..1
00 : 00 : .=
M(F,TypeC))={0 0 0 0 00 1 0 O
000 010 0
000 100 0
00 : P00 0
00 1 000 0

W= <Ml’ﬂ2>® <g1,~-~,8s>€B <f$+l,fS7"'9fl>
R = K[ﬂl9/~l27gla "'9gS9fl"“7fsaf‘S+l]/(/~ll : Wgt ',Uz,fl M2, 8i* 8vs 8i ,ﬁ —8v 'fvagl—l ﬁ _,ul’,fl 'ﬁ"fh :
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g fi ~u2—u1,f12—6-u2,f3+1—f,--g,-, 1<i,vs,2<i<s+ 1,1l <s,h—Hh ¢{0,1}) where S is
the same as in Type C.

e Type Co: QY is a hyperquadric (equivalently Vs, # VD).

000 0 OO0 O OO0OO0O O00O0
000 0 00 O O0O0OO0O O0 O
0 00 00 0 0 0 . 1
0 00 00 0 0 1

0 0O 01 0 0O 0

M(F, TypeC;) = .

0 0O 00 1 00 0
000 O 0O O 1 0 0 O
0 0O 1 0 0 0O 0
oot1 ... 00...00®O0...0

W =y, o) ®<81s s &) B (€15 o0y €p) B (fsr1s fis oos 1)

R = K1, 2, 815 s 855 €15 wovs €ps [15 os [ fowt 1/ (1 - W, 8i - o, €5 - o, f1 M2, i+ 8o S iy J1+ Sy 8w fi —
€+ A, &1-1 - fi— s fi - Mo — pas € - € — Apimptys €y - fro e - fort, [T =6 pho, fioy = fi- 8 1 <i,v <
$;2<I<s+ 1,1 <7 #i"<p,1<lI'<s,h—Nh ¢{0,1})

where A = (Ay;») is of the canonical form (4.6) and ¢ is the same as in Type C,.
We now give a characterization of dim(m?).

Proposition 4.8. Given an additive action on a hyperquadric Q of corank two with unfixed singularities
and dim(Q) > 5, we represent it by (R, W, F) with m the maximal ideal, then dim(m?) = I(G", Q).

Proof. Note that for any @ € R, dim(G] - [@]) = dim(g(G}) - @) = dim(a - W). Thus the boundary
O\O = O NP(m) as dim(G’; - [x]) = dim(G, - [1z]) = dim(O) for any invertible element x in R. Then
for any x = [a] in the boundary, as a € m, we have dim(G], - [a]) = dim(a - W)) < dim(m?), concluding
that [(G”, Q) < dim(m?). On the other hand, by our normalization results of each type, we can find a
suitable element in the boundary whose orbit has dimension d = dim(m?) as follows.

If the action is not of Type Bj or Cy. By Lemma 4.2, Lemma 4.4 and Lemma 4.6, we have [f] €
0O\O and dim(f, - W) = dim(m?).

If the action is of Type By. By Lemma 4.4, we have [e;+i-e;+u] € Q\O and dim((e;+i-ex+un)-W) =
dim(m?), where i? = —1.

If the action is of Type Cy. By Lemma 4.6 (iii), we have [e,,; +i-e;] € Q\O and dim((e,+1 +i-e;)-
W) = dim(m?), where i* = —1. o

In the following for a normalized structure of each type we call the normalized basis of W, i.e.,

{fi» gj» e, 11, (2} a set of normalized elements and we call the matrix A = (4;;) (if exists) to be the
canonical matrix of the action.
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4.1.3. Uniqueness

In this section we finish our classification by showing that the normalized structrue is determined
by /(G”, Q) and the canonical matrix(if exists) up to certain elementary transformations.

Given two additive actions on hyperquadrics of corank two with unfixed singularities (G, Q) and
(G, Q') for n > 5, we represent them by (R, W, F) and (R’, W', F’) respectively, and represent their
final outputs in the algebraic version of flow chart by (x, s, V%, V(,)) and (', s, V'©", V() respectively.
Furthermore define {(V®, V(i) : k < s}and {(V'®, V(o) : k < s} to be the algebraic sturcture sequences
of the two actions. Then we have the following.

Theorem 4.9. (i) If the two actions are equivalent, i.e., there exist
'R R

such that T is a local K-algebra isomorphism and TU'(W) = W’. Then

(i.a) (R,W,F)and (R', W', F") are of the same normalized type with s = s" and (G, Q) = (G, O").

(i.b) if they are of Type Ay, By or C,, then they have the same normalized structure.

(i.c) if they are not of Type A, By or C,, then their canonical matrices A and N’ differ up to a
permutation of blocks, a scalar multiplication, and adding a scalar matrix (which we call elementary
transformations).

Conversely

(ii) if the two actions are of the same type with (G, Q) = (G}, '), s = s" and when they are not of
Type Ay, B, or Cy, suppose that their canonical matrices differ up to above elementary transformations.
Then the two actions are equivalent.

We first prove (i.a) and (i.b).

Proof of Theorem 4.9 (i.a) and (i.b). (i.a) Firstly as I" is an isomorphism, we conclude that /(G, Q) =
I(G}, Q) by Proposition 4.8. By I'(W) = W’ and Lemma 2.7 we have F(a,b) = ¢ - F'(I'(a),I'(b)) for
some nonzero ¢ € K, for any a,b € R. Then from the algebraic version of the flow chart and our
definition of (V®, V) for each k, we conclude that s = s, [(Vy)) = V{,, and T(V®) = V'® for each k,
implying that the two actions are of the same normalized type shown in Section 4.1.2.

(i.b) Note that the set of normalized elements of these types does not contain ¢; hence the structure
only depends on s and /(G/;, Q) by our normalization result, concluding the proof. O

To prove (i.c) and (ii), we separate it into two cases.
Case 1. If s > 1, let {uy, uo, ex, gis f1,b0 - 1 <k < p, 1 <i<s}tand{u), i), e, 8, f,by:1<k<p,1<
i < s} be the associated elements in the normalized structures respectively. Then the isomorphism I'
gives :

[(by) = cr - by + fw, 4.11)

L(f) =ci- fi + fiw, 4.12)

L) = for -1y + foz - M5, (4.13)
p s

[(er) = ag; - e + Z bri- g + Cr1* M) + Cra M, (4.14)

=1 i=1
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where fyr € W/, fiw € VW andv € {1,2}, 1 <k < p, cr,c; # 0 € K. Moreover we define A = (a,)
then we have the following.

Lemma 4.10. (i) F'(I'(a),I'(b)) = cr - F(a,b).
(ii) fw = /l“) py+ APl e ), AP = fia =0and fiy, fon # 0.
(iii) A" - A =cr- I,

Proof. (1) Leta-b = F(a,b) - by + (a - b);,,. Then under the notation of Lemma 2.8 we have:

F'(I(@),T'(D)) = yo(I'(a - b)) = F(a, b) - yo(T'(bo))
= F(a,b) - yy(cr - by + fw) = cr - F(a, b).

(ii) The first assertion follows from by € m? and I'(m?) = (m’)? C (u}, 15, by). For A2, from f; - by = 0
we have:

0= T(bo) - T(fi) =(cr - by + AV - iy + A% - ) - (cr - fi + fiw) = c1 - A% -,
concluding that A? =0 as ¢ is nonzero in K. For f12, from f; - u; = 0 we have

0=T(u) -T(fo) =(fi1 - uy + fip-p5) - (ci- fi + fiw) =1 fip - 1,

concluding that f;, = 0, hence f;; # 0 and f,, # 0.
(ii1) Using (i) and (4.14) we have :

O - cr = cr - Flep, ep) = F'(T(er), [(ex))
p

p
Oy Qg Ay = E ax "

LI'=1 =1
concluding that A” - A = ¢ - I,. O
Now we are ready to prove Theorem 4.9 (i.c) and (ii) when s > 1.

Proof of Theorem 4.9 (i.c),(ii) when s > 1. (i.c) Computing I'(e; - ex) = T'(ex) - I'(ex):

LHS =T (6 - bo + dep - 1) = Orge - cr - by + Opper - AV + Aewe - fi1) - 1.
P )
RHS = (Z g Ay Orp) - by + (0" b - b g + Z Qg Ay ap ) - 1.

LI'=1 LI'=1

where ¢ # 0if (g)* = u,, i.e., the action is of Type B,. And we claim in this case b; ; = 0, implying
0" - by - by = 0. This follows from computing I'(e; - g5) = I'(ex) - I'(g,) from two sides.
Now from LHS = RHS combined with A" - A = ¢r - I, we have the equation:

A0
_(_) I+ f11) AAA

Cr

hence from [5, Chapter XI §3] we conclude that A and A’ differ up to the listed elementary transfor-
mations.
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(ii) If the two actions have the same normalized type with [(G?, Q) = (G!,Q’), s = ', A and
A’ differ up to elementary transformations, then by our normalization result, to give the isomorphism
between actions it suffices to find a new set of normalized elements of (R, W) having the canonical
matrix which equals A’. In the following we find the new normalized set {,u(]o), /1(20), gE.O), e,(co), fl.(o), bg))}
case by case.

1). (up to a permutation of blocks)

Note that any permutation of blocks can be induced by a permutation of {¢; : 1 < k < p}. Hence
the new set of normalized elements can be defined through a suitable permutation of ¢; and identity on
other elements.

2). (up to adding a scalar matrix) we assume A" = A + h - I, for some nonzero h € K.

In this case it suffices to find a new set of normalized elements with bg)) =by—h-pu, ,u(lo) = 1
and e,(co) = ¢. To find the set we run our normalization in Section 4.1.2 starting with u;, uo, bf)o) and set
ex, fi» gj to be the initial elements we take at each step of the normalization. Then one can easily check
that after running the normalization of each type, the new set of normalized elements meets our need.

3). (up to a scalar multiplication) we assume A’ = & - A for some nonzero h € K.

In this case it suffices to find a new set of normalized elements with b(oo) = cr-by, e,(co) = creeg, u(lo) =
fi.1 - py for some nonzero cr, fi; € K s.t. ¢ = h- f1;. To find the elements, we define fl.(o) =X fi
gg.o) =y;-gjand #(20) = yo - 42. Then the condition ( fl.(o) -gl@] = ,uﬁo), fl.(o) -ggo) = bg))) and extra conditions
in different types shown in Section 4.1.2 gives a system of equations for each type:

Xi~yi=Cr
XitYi=Cr £
Xi*Yi-1 = J11
(Type A2)yxi - yie1 = fin (Type Bo)§
X2 = y 1
=)o
1 y? = fia
XiYi=Cr
Xi*Yie1 = fia . .
(Type C2)9 with the condtion cr = & - f}; for each type.
X=X
xf+1 =Cr

For these equations one can easily check the existence of solutions, which enables us to find the set
of normalized elements we need.

O

Case 2. If s = 0, i.e., they are of Type B, or Cy, then we can use similar method in Case 1 to prove (i.c)
and also to prove (ii) when the two canonical matrices differ from a permutation of blocks or adding a
scalar matrix. Hence it sufficies to prove (ii) when A and A’ differ from a scalar multiplication.

As is Case 1, it sufficies to find a new set of normalized elements bg)) = cr - by, e,({O) = +cr- e, /1(10) =
fi.1 -y for some nonzero cr, fi; € Ksit.ecr=h- fi ;.

Now if the action is of Type B, we set

0 0 0
fO = w1, 1) = pa,ei = Vhoe, b = h - by,
© 0 0 O . . . .
Then one can check {u;", u,", e;”, b," : 1 < i< p}is the normalized set we need.
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If the action is of Type Cy we set

=7

O _HM o _H o _€ o _ 1 0 _ b
Hy —ﬁ’:uz —ﬁ’ei = h’ep+1_ 7 by

Then one can check {,u(lo), u(zo), ego), eg)il, PP 1<ix< p} is the normalized set we need, concluding the

0
proof of Theorem 4.9.
As an application of our classification, we now prove Theorem 1.8.

Proof of Theorem 1.8. (i) Recall in Section 3.1 we have constructed (R, m™") or (R, VIV FD) to be
the corresponding local algebra (and invariant linear form on it) of the obtained action (GV, Q") in
Theorem 1.6. Hence combined with the algebraic version of the flow chart, for a normalized structure
{(V®, Vi) : k < s} of an additive action (R, W, F), if the final output of the flow chart is (x,#, G?, Q¥),
then the output action (G, Q") is represented by

(R”, mD) = (VO @ (1z), V) if 0" is a projective space,
(RO, VO FO) = (VO & (byy ® (1), V", F| ) if 0" is a hyperquadric,

where t = s when x = Aandt = s + 1 when x = B or C. Then (i) follows by Remark 2.1 and by
checking the multiplications in V® in different types as shown in Lemma 4.2,4.4 and 4.6.

(1) (G}, Q) < 3 follows from Proposition 4.8 and our normalization result of each types.
codim(Q* D, Q®) = 1 follows from Proposition 4.1.

(ii1) Now for two actions if they are equivalent induced by I' : R — R’ then from Theorem 4.9 (i.a)
they are of the same normalized type and t = ¢/, (G", Q) = [(G", Q’). Moreover as ['(V®) = V'® we
conclude thatI'| , induces an isomorphism between the output actions of the two actions, which proves
the only if part of Theorem 1.8.

For the converse, it suffices to check the condition in Theorem 4.9 (ii). If s = s’ = 0 then they are
of the same type xo. If s = 5" > 1, then as the output action is equivalent, O and 0" are either both
hyperquadrics or projective spaces, hence they are of the same type x; or x;.

Now if they are of Type A,, B, or Type C,, then consider the isomorphism between local algebras
induced by the equivalence of the output actions:

r(t) . (R(t), V(t), V(t)) s (R'(t), V'(t), V(,t))’

using the same method in the proof of Theorem 4.9 (i.c), I'” will induce elementary transformations
between the canonical matrices of the two actions. Therefore by Theorem 4.9 (ii) we conclude that the
two actions are equivalent.

O

4.2. Classification of actions with unfixed singularities (I11): dim(Q) < 4

In this subsection we consider the case when dim(Q) < 4. Equivalently for a triple (R, W, F) we
have dim(W) < 4.

In the folowing we always take a basis of Ker(F) = (u;, ) satisfying Lemma 3.5 (i). We also take
(VD, V1)) defined in Section 3. Then we give the classification case by case.
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Case 1. dim(W) =4

Subcase (i): Ker(F) - Ker(F) # 0. Note that in the proof of Case 2 of Proposition 3.4 we only need to
assure the number of ¢; is at least two, hence this case is just the 4-dimensional version of Type Bj.

Subcase (ii): Ker(F) - Ker(F) = 0 and Ker(F) = V(;,. We have the following:
Ker(F)=Vy, g VU oW,

with codim(Vyy, V) = 1. In ths case, we can choose a g € VV\Vy) such that F(g;,g;) = 1 as
F(gi,g1) # 0. Then for any f; € W\VW, up to relplacing it by f; — F(fi,g1)"' - g1, we can have
f(f1,g1) = 0. Finally F(f1, f1) # 0 as f; ¢ Ker(F), hence we can have F(fi, fi) = 1. Then we divide it
into two more subcases.

(ii.1) dim(VY - W) = 3 then there exist a basis of Ker(F) = (u;, o), fi € W\VW, g, € VIO\Ker(F)
and by € m\W s.t.

g%:bOa gl'flzl”lZa f12:b0+ﬁ'/’l2’f1.lu2:/“ll’

for some A € K.
To show this, from g,-g, ¢ Ker(F), g,-Ker(F) = 0, f,-u> € {u;) and our assumption dim(VD-W) =

3 we conclude that g; - fi = ¢ - u» + ¢ - y; for some nonzero ¢, € K. Now we can normalize in the

following steps:

First we define by = g7 then we replace u, by fi - g1, replace f; by fi —

replace u; by fi - uo.
Then the classification of this case follows:

Vi(f1./1)

Wi M2 and finally we

M(F): ’ Wz(ﬂl’ﬂ2>®<gl’fl>

S O O O
S O O O
S = O O
- O O O

and R is isomorphic to

Kl 2, 815 fil/ (- Wopto - pro, pia - 815 i b = s i 81— o, f = 87 = A+ p12)
Moreover for the coefficient A € K we have the following uniqueness result which is easy to check.

Proposition 4.11. Two actions of Case (ii.1) with coefficients A and A’ respectively are equivalent if
and only if 1 = £A'.

(ii.2) dim(V) - W) = 2. Then choosing by = g> we have VV- W C (uy, by) and by- W = 0. Moreover
we see fi - up = ¢ - uy for some nonzero ¢ € K. And we set fl2 = by + Vi(fi1, f1) - 1 + di - pp. Now we
can normalize through the follwoing steps:

g =g -cVilgfi) to make g; - fi =0

£ e Vi(fi, f1) "

to make ff =by+d
2c
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and if d; # 0 (i.e., dim(m* = 3)) we replace y, by d; - o to make f7 = by + 1, then replace p; by fi - o
to keep fi - o = pq. This enables us to give the classification of this case:

M(F) = s W=, u2) ® (g1, f1)

S O OO
S O O O
S = O O

0
0
0
1

and R is isomorphic to

Klu1, 2, 815 fil/ r - Wapta - pa, it - @15 o o = s fi - 815 ff = 81 = 6+ o)
where 6 is the same as we define in Section 4.1.2.

Subcase (iii): Ker(F) - Ker(F) = 0 and V(;y = VU,
Then we can choose f; € W\V", g, € VI\Ker(F) s.t. F(f1,g1) = 1 and F(fi, i) = F(g1,g1) = 0.
And we divide it into two more subcases.

@(iii.1) dim(m?) = 2. We set by = g, - fi and replace u; by f; - u», then we replace f; by

fi - m to make f7 = 0. Thus we have:

g1 N :bo,f]‘,uzz,lh,ffzo,g%:h.lul

for some h € K. Now if & # 0 then we can furtherly make g7 = y; through replacing elements as the
following:

My = \/Z',Ul, Mo = hi Mo, fi = hi “fi, 81 = B - 81,by = by.
Then our classification of this case follows:

00

M(F): ’ W:</'ll’lu2>®<gl9fl>

- O O O

0
0
1
0

S O O

0
0
and R is isomorphic to

K, o, 815 il (r - Wopto - pio, ito - 81, fi - o — 1, 85 — p1s f7)
or

Kl 2, 815 fil/ (i - Wt - pio, i - 81 i+ 2 — 1, &3, f1), depending on whether V&V - VI equals to
Zero or not.

(iii.2) dim(m?) = 3. We divide it into two more subcases.
If dim(V" - W) = 2 then we have:

00 0 O
00 0 O

M(F): O O 0 _1 ’ W:<,u1,,u2>@<g1,f1>
00 -1 0
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and R is isomorphic to

K1, po, g1, fil/ (i - Wapto - pto, o - 815 f1 + o — M1, 81 — His [T — 12)
If dim(VV - W) = 3 then we have:

M(F): ’ W:<ﬂ1,ﬂ2>@<g1,f1>

S O OO
S O O O
- O O O

0
0
1
0

and R is isomorphic to

Klui, po, &1 fil/ (i - Wpto - po, o - 81, fi - o — (1, 81 — Mo, [T — 12)
or

Kl p2, 1 f1l/ iy - Wopto - o 2 - 815 fr - 2 — 1, 85 = Mo f)
where one can easily check these two actions are not equivalent.
Case 2. dim(W) = 3 Then we have two subcases as follows.
Subcase (i): Ker(F) - Ker(F) # 0 then we have:

000
MF)=[0 0 0
00 1

s W= (ui, ) ®{e)

and R is isomorphic to

K1, o, €/ (uy - Wty - iy — 1, o - €, € — py), if dim(m?) = 2 and m® # 0.
K, pa, €1/ (uy - Wy pta - pio = pay, phz - €, €%), if dim(m?*) = 2 and m® = 0.
K, o, €]/ (1 - Wt - o — 1, o - €, € — o), if dim(m?) = 3.

Subcase (ii): Ker(F) - Ker(F) = 0 then we have:

000
MF)=[0 0 O
0 01

) W = </.11,ﬂ2>@ <€>

and R is isomorphic to

Kluy, p2, €]/ (- Wyt - pho, i - € =y, € — ), if dim(m®) = 2 and m?® # 0.
Klpt1, 2, €1/ (uy - Wy pt - pio, iz - € — pay, €%), if dim(m?) = 2 and m? = 0.
K, o, €]/ (1 - Wpto - pio, pho - € — 1, € — o), if dim(m?) = 3
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