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ABSTRACT. A cluster automorphism is a Z-algebra automorphism of a cluster
algebra A satisfying that it sends a cluster to another and commutes with
mutations. Chang and Schiffler conjectured that a cluster automorphism of
A is just a Z-algebra homomorphism of a cluster algebra sending a cluster to
another. The aim of this article is to prove this conjecture.

1. INTRODUCTION

Cluster algebras were invented by Fomin and Zelevinsky in a series of papers [9,
2,10, 11]. A cluster algebra is a Z-subalgebra of an ambient field F = Q(u1,- - , uy)
generated by certain combinatorially defined generators (i.e., cluster variables),
which are grouped into overlapping clusters. Many relations between cluster alge-
bras and other branches of mathematics have been discovered, for example, Poisson
geometry, discrete dynamical systems, higher Teichmiiller spaces, representation
theory of quivers and finite-dimensional algebras.

We first recall the definition of cluster automorphisms, which were introduced by
Assem, Schiffler and Shamchenko in [1].

Definition 1.1 ([1]). Let A = A(x, B) be a cluster algebra, and f: . A — A be an
automorphism of Z-algebras. f is called a cluster automorphism of A if there
exists another seed (z, B") of A such that

(1) f(x) =z

(2) F(12(5)) = piga(2) for any z € x.

Cluster automorphisms and their related groups were studied by many authors,
and one can refer to [6, 7, 8, 14, 13, 4, 5, 16] for details.

The following very insightful conjecture on cluster automorphisms is by Chang
and Schiffler, which suggests that we can weaken the conditions in Definition 1.1.
In particular, it suggests that the second condition in Definition 1.1 can be obtained
from the first one and the assumption that f is a Z-algebra homomorphism.

Conjecture 1. [5, Conjecture 1] Let A be a cluster algebra, and f : A — A be
a Z-algebra homomorphism. Then f is cluster automorphism if and only if there
exist two clusters x and z such that f(x) = z.
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The following is our main result, which affirms the Conjecture 1.

Theorem 3.6 Let A be a cluster algebra, and f : A — A be a Z-algebra homo-
morphism. Then f is a cluster automorphism if and only if there exist two clusters
x and z such that f(x) = z.

2. PRELIMINARIES

In this section, we recall basic concepts and important properties of cluster alge-
bras. In this paper, we focus on cluster algebras without coefficients (that is, with
trivial coefficients). For a positive integer n, we will always denote by [1, n] the set
{1,2,...,n}.

Recall that B is said to be skew-symmetrizable if there exists an positive
diagonal integer matrix D such that BD is skew-symmetric.

Fix an ambient field F = Q(uy,us,...,u,). A labeled seed is a pair (x, B),
where x is an n-tuple of free generators of F, and B is an n X n skew-symmetrizable
integer matrix. For k € [1,n], we can define another pair (x’, B’) = ug(x, B), where

(1) x' = («f,...,2},) is given by
n

xgbikh +
1 [

n
—b;
xE K]+
=1

1=

1
Ty = Tx
and z = x; for i # k;
(2) B" = pk(B) = (b};)nxn is given by

/ {_bij7 ifi==Fkorj=k;

A bij + sgn(bik) Dikbrjl+, otherwise.

where [z]+ = max{z,0}. The new pair (x/, B') = p(x, B) is called the mutation
of (x,B) at k. We also denote B’ = u(B).

It can be seen that (x/, B’) is also a labeled seed and py, is an involution.

Let (x, B) be a labeled seed. x is called a labeled cluster, elements in x are
called cluster variables, and B is called an exchange matrix. The unlabeled
seeds are obtained by identifying labeled seeds that differ from each other by si-
multaneous permutations of the components in x, and of the rows and columns of
B. We will refer to unlabeled seeds and unlabeled clusters simply as seeds and
clusters respectively, when there is no risk of confusion.

Lemma 2.1 ([2]). Let B be an n x n skew-symmetrizable matriz. Then pi(B) =
(Ji + Ex)B(J + Fy), where

(1) Ji denotes the diagonal n x n matriz whose diagonal entries are all 1's,
except for —1 in the k-th position;

(2) Ey is the n X n matriz whose only nonzero entries are e;r, = [—bik]+;

(3) Fy is the n x n matriz whose only nonzero entries are fi; = [br;]+-

Definition 2.2 ([9, 11]). (1) Two labeled seeds (x,B) and (x/,B’) are said
to be mutation equivalent if (x’, B’) can be obtained from (x, B) by a
sequence of mutations;

(2) Let T,, be an n-regular tree and valencies emitting from each vertex are
labelled by 1,2,...,n. A cluster pattern is an n-regular tree T, such
that for each vertex ¢ € T,, there is a labeled seed ¥; = (x¢, By) and for
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each edge labelled by k, two labeled seeds in the endpoints are obtained
from each other by seed mutation at k. We always write

Xt = (zl;taIZ;tv e 7xn;t>7 By = (bij)

The cluster algebra A = A(xy,, By,) associated with the initial seed (xy,, By, ) is
a Z-subalgebra of F generated by cluster variables appeared in T,,(x¢,, By, ), where
T, (X¢y, Bty ) is the cluster pattern with (xy,, By,) lying in the vertex tg € T,.

Theorem 2.3 (Laurent phenomenon and positivity [11, 15, 12]). Let A = A(xy,,
By,) be a cluster algebra. Then each cluster variable x;+ is contained in

+1 +1 +1
ZZO[Il;tov Lostgr - - 7xn;t0]'

3. THE PROOF OF MAIN RESULT

In this section, we will give our main result, which affirms the Conjecture 1.

Lemma 3.1. Let 0 # B be a skew-symmetrizable integer matriz. If B’ is obtained
from B by a sequence of mutations and B = aB’ for some a € Z, then a = +1 and
B=4+B.

Proof. Since B’ is obtained from B by a sequence of mutations, there exist integer
matrices £ and F such that B = EBF, by Lemma 2.1. If B = aB’, then we get
B’ = qE(B')F. Also, we can have

B' = aE(B)F = ®E*(B')F* = ... = «*E*(B')F®,

where s > 0. By B # 0, we know a # 0. Thus =B’ = E*(B’)F* holds for any
s> 0.

Assume by contradiction that a # +1, then when s is large enough, a—lsB’ will
not be an integer matrix. But E*(B’)F* is always an integer matrix. This is a
contradiction. So we must have a = +1 and thus B = +B’. g

A square matrix A is decomposable if there exists a permutation matrix P
such that PAPT is a block-diagonal matrix, and indecomposable otherwise.

Lemma 3.2. Let 0 # B be an indecomposable skew-symmetrizable matriz. If B’ is
obtained from B by a sequence of mutations and B = B’ A for some integer diagonal
matriz A = diag(ay,- - ,a,), then A= +I, and B=+B'.

Proof. If there exists 7o such that a;, = 0, then the ip-th column vector of B is zero,
by B = B’A. This contradicts that B is indecomposable and B # 0. So each a;,, is
nonzero for ig =1, -+ ,n.

Let D = diag(dy,- - ,dy) be a skew-symmetrizer of B. By B = B’A and AD =
DA, we know that

BD = B'AD = (B'D)A.

By the definition of mutation, we know that D is also a skew-symmetrizer of
pr(B), k = 1,--- ,n. Since B’ is obtained from B by a sequence of mutations,
we get that D is a skew-symmetrizer of B’. Namely, we have that both B’D and
BD = (B’'D)A are skew-symmetric. Since 0 # B is indecomposable, we must have
ay =+ =ay. So A =al, for some a € Z, and B = aB’. Then by Lemma 3.1, we
can get A = +I, and B ==+B’. a



4 PEIGEN CAO, FANG LI, SIYANG LIU AND JIE PAN

Lemma 3.3. Let B = diag(By,---,Bs), where each B; is a nonzero indecom-
posable skew-symmetrizable matriz of size n; x n;. If B’ is obtained from B by
a sequence of mutations and B = B'A for some integer diagonal matric A =

diag(ai, -+ ,an), then a; = £1 for j=1,--- ,n.

Proof. By the definition of mutation, we know that B’ has the form of B’ =
diag(BY,- -, B.), where each B} is obtained from B; by a sequence of mutations.
We can write A as a block-diagonal matrix A = diag(Ay,---,As), where A; is a
n; X n; integer diagonal matrix. By B = B’A, we know that B; = B/A;. Then by
Lemma 3.2, we have A; = £1,,, and B; = £B} for i = 1,--- ,s. In particular, we
geta; =xlforj=1,---,n. O
Lemma 3.4. Let A = A(x,B) be a cluster algebra, and f : A — A be a Z-
homomorphism of A. If there exists another seed (z, B') of A such that such that
F(x) = 2, then f(112(x)) = p5(0)(2) for any z € x.

Proof. After permutating the rows and columns of B, it can be written as a block-
diagonal matrix as follows.

B = diag(By, Ba, - - , By),

where B; is an n; X my zero matrix and Bj; is nonzero indecomposable skew-
symmetrizable matrix of size n; x n; for j =2,--- ,s.

Without loss of generality, we assume that f(x;) = z; for 1 <i <n.

Let zj, and z;, be the new obtained variables in py(x, B) and ui(z, B'). So we
have

n n n , n ,
b, —b; b, —b]
TRT), = Hx£ wle 4 ng R sz[ Kl sz[ e+
=1 i=1 i=1 i=1

Thus

Note that the above expression is the expansion of f(x,) with respect to the cluster
p(2). By
flay) € f(A) = ACZAT . (5) 2,

we can get

%

Z[bik]+ + ﬁ zl[—bz‘kh

—

s
Il
—

i=1 +1 £1 41 +1
€Zzy By g %

(b ]+ o[-0l
Z; + Hl Z;
1=

s

1

-
Il
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T bin] [~bir] RTINS s SN

Since both ] 2z, ™" + [ z;7 ™" and [[ z; * "+ [[ 2; * is not divided by any
i=1 i=1 i=1 i=1

zi, we actually have

1=+
=1

n

f s

=1

n b1+ n R S Z[21,~-- ) Zh—1y 2kl " 7Zn]-
H z; " + H z;
i=1 i=1
So for each k, there exists an integer ap € 7Z such that (big,bog,...,bnx)T

= ap (b, by - - - b,)T. Namely, we have B = B'A, where A = diag(ay, - ,ay).
Note that B has the form of

B = diag(B1, Bs,--- , By),

where B; is an n; x n; zero matrix and B; is a nonzero indecomposable skew-
symmetrizable matrix of size n; x n; for j = 2,---,s. Applying Lemma 3.3 to the
skew-symmetrizable matrix diag(Bz, - - - , Bs), we can get a; = £1 for ny+1,--- , n.
Since the first n; column vectors of both B and B’ are zero vectors, we can just
take a; = -+ = a,, = 1. So for each k, we have a;, = £1 and

(blka kaa cey bnk)T = ak(bllkv b/2k’ ERR) Ink)T = :l:( /1k7 /ka LR} /nk)T'

Hence,
3 n

Zl[bik]Jr + H Zl[*buch

—

=1 i=1 =1
H Zz[b;lk]+ + H Zl[*békh
i=1 i=1
Thus we get
ﬁ Z[bik]+ + ﬁ Z[*bik]Jr
1y =1 i=1 !
e = [ oVl ot ©
=1 =1
So f(pe(X)) = pif(z)(z) for any x € x. O

Lemma 3.5. Let A = A(x, B) C F be a cluster algebra, and f be an automorphism
of the ambient field F. If there exists another seed (z, B') of A such that f(x) =z
and f(pe (X)) = pg(a)(z) for any x € x. Then

(1) f is an automorphism of A;

(i) f is a cluster automorphism of A.

Proof. (i) Since f is an automorphism of the ambient field F, we know that f is
injective.

Since f commutes with mutations, we know that f restricts to a surjection on
X, where X is the set of cluster variables of A. Because A is generated by X, we
get that f restricts to an epimorphism of A.

Hence, f is an automorphism of A.

(ii) follows from (i) and the definition of cluster automorphisms. O

Theorem 3.6. Let A be a cluster algebra, and f : A — A be a Z-algebra homo-
morphism. Then f is a cluster automorphism if and only if there exist two clusters
x and z such that f(x) = z.

Proof. “Only if part’: It follows from the definition of cluster automorphism.
“If part”: It follows from Lemma 3.4 and Lemma 3.5. g
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