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1. Introduction

The classical hyperbolic-parabolic system of the compressible Navier-Stokes (CNS) equations
has been subject to a hyperbolization via a relaxation ansatz. The latter — known for classical heat
conduction ever since Maxwell [1] in the 19th century or Cattaneo [2] in the 20th century introduced
in order to avoid the phenomenon of infinite speed of propagation inherent in classical modeling of
heat conduction — turns the system into a hyperbolic one. In view of the nonlinear character of CNS
equations, the question of a possible blow-up of the solution is raised, since, roughly speaking, nonlinear
hyperbolic systems tend to generate blow-ups in comparison to the corresponding parabolic ones. Here,
corresponding means that the hyperbolized systems are characterized by a relaxation parameter 7 > 0,
and formally turn into the original parabolic one for 7 = 0. See the linear example: the standard heat
equation

0; + divg = 0, q+ V=0,

with temperature 6 and heat flux ¢, leading to
9[ - Ag = O,
turns with the relaxed/hyperbolized model

6, + divg = 0, 7, +q+ Vo =0,
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into
T@n + 9[ - AH = O.

Naturally, the singular limit as 7 — 0 is of interest, in particular for the nonlinear CNS equations to
be discussed.

We will consider the following fully or partly hyperbolized models for compressible Navier-Stokes
systems with heat conduction.

Model 1: ( [3])
First, relaxing only in the heat conduction as above, we have in R" X [0, o) (n = 1, 2, 3)

0,0 + div(pu) = 0,
0:(pu) + div(pu @ u) + Vp = div §, (1.1)
0:(p(e + %uz)) + div(pu(e + %uz) +up) + divg = div(uS),

where p, u = (uy,uy, -+ ,u,), p, S, e, and g represent fluid density, velocity, pressure, stress tensor,
specific internal energy per unit mass, and heat flux, respectively. The equations (1.1),, (1.1),, and
(1.1)5 are the consequence of conservation of mass, momentum, and energy, respectively. To complete
the system (1.1), we need to impose constitutive assumptions on p, S, e, and g. First, we assume the
fluid to be a Newtonian fluid, that is,

2
S = u(Vu + Vu' - ;divu I,) + Adivu I, (1.2)

where u and A are positive constants. The heat flux ¢ is assumed to satisfy
70,9 +q+«V6 =0, (1.3)

which represents Cattaneo’s law (Maxwell’s law, ...), and where 6 denotes the absolute temperature.
The pressure p = p(p, 6) and e = e(p, 0) satisfy

p’ey(p,60) = p(p,6) — Ope(p, 6). (1.4)

In particular, the case of a polytropic gas p = Rp#, e = c¢,0 is included here.

For the limit case 7 = 0, the system (1.1)—(1.3) is exactly the system of classical compressible
Navier-Stokes equations, in which the relation between the heat flux and the temperature is governed by
Fourier’s law,

q = —«Ve. (1.5)

The well-posed theory has been widely studied for the system (1.1), (1.2) combined with Fourier’s
law (1.5), see [4-18]. In particular, the local existence and uniqueness of smooth solutions was
established by Serrin [17] and Nash [16] for initial data far away from a vacuum. Later, Matsumura
and Nishida [14] got global smooth solutions for small initial data without a vacuum. For large data,
Xin [18], and Cho and Jin [4], showed that smooth solutions must blow up in finite time if the initial
data has a vacuum state.

Although Fourier’s law plays an important role in experimental and applied physics, it has the
drawback of an inherent infinite propagation speed of signals. Cattaneo’s (Maxwell’s) law has been
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widely used in thermoelasticity which results in the second sound phenomenon, see [19-21] and the
references cited therein. Note that it is not obvious that the results which hold for Fourier’s law also
hold for Cattaneo’s law. Indeed, and for example, Fernandez Sare and Racke [22] showed that, for
certain Timoshenko-type thermoelastic system, Fourier’s law preserves the property of exponential
stability while Cattaneo’s law destroys such a property.

Model 2: ([23])
Instead of relaxing in the heat equation as in Model 1, we take Fourier’s law for the heat flux, but now
Maxwell’s relaxation for the stress tensor S, which replaces (1.2) by the differential equation

2
70,8 + 8§ = u(Vu + Vu® — ZdivuI,) + Adivu I, (1.6)
n

Here we will discuss a splitting of the tensor S, which was discussed by Yong [24] in the isentropic
case leading to the following system with a revised Maxwell law, now for the non-isentropic case, that
we are going to further investigate further.

0,p + div(pu) = 0,

0:(ou) + div(ou @ u) + Vp = div(S) + VS,

0,(p(e + %uz)) + div(pu(e + %uz) +up) — kA0 = div(u(S | + S»,1,)), (1.7)
710,81 + 81 = pu(Vu + Vu — 2divul,),

700,87 + S5 = Adivu,

where S is an n X n square matrix, symmetric and traceless if it was initially, and S, is a scalar variable.

Pelton, Chakraborty, Malachosky, Guyot-Sionnest, and Sader [25] showed that such a “time
lag”, represented by 71,7, > 0, cannot be neglected, even for simple fluids, in the experiments of
high-frequency vibration of nano-scale mechanical devices immersed in water-glycerol mixtures. A
similar revised Maxwell model was considered by Chakraborty and Sader [26] for a compressible
viscoelastic fluid (isentropic case), where 7, counts for the shear relaxation time, and 7, counts for
the compressional relaxation time. The importance of this model for describing high-frequency limits
is underlined together with the presentation of numerical experiments. The authors conclude that it
provides a general formalism to characterize the fluid-structure interaction of nanoscale mechanical
devices vibrating in simple liquids.

Model 3: ([27])
Considering the two relaxations from Model 1 (resp., Model 2) in one space dimension simultaneously,
and, additionally, reflecting Galilean invariance in the constitutive equations for these, we look at

P + (pu)x = 09
pu; + pun, + p, =S, (1.8)
pe; + pue, + pu, + q, = Su,,

with

T1(q; + ugy) + g + k6, =0, (1.9)
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proposed by Christov and Jordan [28], and
(S, +uS,)+S = uu,. (1.10)

Addtionally we specify the constitutive assumptions to

e=CoO+ gy 252 (1.11)
Kk6p 2up

= R — —q*> — —=S?, 1.12

p=Rpb =3 24 2 (1.12)

with positive constants C,, R denoting the heat capacity at constant volume and the gas constant,
respectively, such that they satisfy the thermodynamic equation (1.4). The dependence of the internal
energy on ¢ is indicated by Coleman, Fabrizio, and Owen [29], where they rigorously prove that for
heat equations with Cattaneo-type law, the formulation (1.20) is consistent with the second law of
thermodynamics, see also [30-32].

Model 4: ([33])
For the results in dimensions n = 2, 3 having two relaxations, we consider the specialized model

0,0 + div(pu) = 0,

PO+ pu - Vu+ Vp = udiv(Vu + Vu' — 2divul,) + VS,

pde + pu - Ve + pdivu + divg = pu(Vu + (Vu)” — 2divul,) : Vu + Sodivu, (1.13)
71(0,g+u-Vg)+qg+«Vo =0,

73(0;S, +u-VS,) + S, = Adivu,

where we have taken 7, = 0 in (1.7). That is, we do not have a relaxation in S ;. This case seems to be
mathematically not yet accessible, even locally. For the blow-up result in Section 4, we restrict the con-
siderations to the limiting case u = 0. This restriction is not only motivated because it is mathematically
accessible with respect to local existence and blow-up, but also with a physical background. In fact,
there are recent studies determining the volume viscosity of a variety of gases which were found to be
much larger (factor 10%) than the corresponding shear viscosities, see [34]. For the blow-up result, we
specify the constitutive equations,

T 9 3
=Cl0+—qg +—157, 1.14
e Kp@q 220 2 ( )
T 2 T340
=Rl — —q” — —S7. 1.15
p =Rpt - =4 2132 (1.15)

Model 5: ([35])
For the second blow-up result in one space dimension, we modify Model 3, which was the basis for the
first blow-up result, as follows.

pl‘ + (pu)x = 09
pu; + pully + Py = S v (116)
E +(WE+pu+qg—-Su), =0,
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where E represents the total energy,
71(0)(pg; + pu - qx) + q + k(0)6, = 0, (1.17)
and
S, +pu-S,)+S = uu,. (1.18)

The constitutive equation (1.18) was proposed by Freistiihler [36,37] for the isentropic case, see also
Ruggeri [38] and Miiller [39] for a similar model in the non-isentropic case.
Furthermore, we assume that the energy is given by

|
E = —pu? + 22p8? + pe6, q), (1.19)
2 2u

and the specific internal energy e and the pressure p are given by

e(6) = C,0 + a(0)¢, p(p, 6) = Rpb, (1.20)
where 20) 1 ©
-_— 4 1 p— Tl
a(f) = J 22 ) with Z(0) = @

The paper is organized as follows. In Section 2, we will recall results on the local well-posedness,
small data global well-posedness, and the singular limit in finite time intervals. In Sections 3, 4, and 5,
we will present blow-up results for one- and multi-dimensional models. Using ideas and techniques
of Sideris from the 1980s [40,41], the blow-up for some of the models above will be demonstrated
by studying appropriate functionals that satisfy differential inequalities implying a blow-up of smooth
solutions in finite time.

We introduce some notation. W7 = W™P(R"), 0 < m < oo, 1 < p < oo, denotes the usual Sobolev
space with norm || - ||ym». H™ and L? stand for W™2(R") and W% (R"), respectively.

2. Well-posedness and singular limit

Here, results on local well-posedness, on global well-posedness for small data, and on the singular
limit 7 | O are presented for the Models 1-5. In addition to the governing differential equations, we
always need initial conditions.

Starting with Model 1 with differential equations (1.1)—(1.3), we have the initial conditions

(p(x7 O)’ M(.x, 0)$ H(X’ O)a q(x’ O)) = (pO’ Uup, 00’ CIO) (21)
e Assumption A.l. The initial data satisfy
{00, U0, 60, Go)(x) : x € R"} C [p., p"] X [-Cy, C1]" X [6.,67] X [-Cy, C1]" =: Go,

where C; > 0aswellas0 < p, <1 <p*<ooand 0 <6, <1 < < oo are constants.
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e Assumption A.2. Let G := R, X R" X R, X R" denote the physical state space. For each given G,

satisfying Gy cC G, cC G, and for all (p, u, 8, q) € G4, the pressure p and the internal energy e
satisfy

p(P, 9)’ p()(p’ 9), pp(p’ 0)’ e()(p, 9) > C(Gl) > O’ (22)
where C(G)) is a positive constant depending on G;.

Under these assumptions we have

assumptions A.1 and A.2 hold and that the initial data (pg — 1, ugy, 6y — 1, qo) are in H*. Then, for each
convex open subset G| satisfying Gy CC G| CC G, there exists T > 0 such that the system (1.1), (1.3),
(2.1) has a unique classical solution (o7, u", 0%, q") satisfying
(pT - 1’ HT - 1’ C]T) € C([O’ T]’HS) N Cl([o’ T]’HS_I)’
u" € C(10, T, H) N C'([0, T, H*) (2.3)

Theorem 2.1 ( [3]). Letn > 1 and s > so + 1, with sy > [5] + 1, be integers. Suppose that the

and
" u",0,q")(x,1) € Gy, VY(x,t)eR"x[0,T].

We write the system (1.1) as a symmetric hyperbolic-parabolic system for for w := (o, u, 6, q),

Aw)dw + T Al(w)d,,0 - T B ()0}, 0 + Lw)w = gw, Dyw), (2.4)
where
€0 0 0 Su-¢ % 0 0
0 pl, 0 0O : el pu-EL,  pet 0
Aw) = " 2 AVE = . :
W0 om0 [FAET 0 g g
0 0 0 I 0 0 £ 0
0 0 0 0 000 O
: 0 ul,+u+p)E& 0 0 000 O
n Jjk ¢ — =
X B =1 0 o0 %000 o |
0 0 0 0 000 i
0
8w, Dyw) = 0 = ppé=, E)eST
o L1V + (Vi)' P + £ |divul | o oo '
0

The local existence theorem now follows from [42] (or see [43]). As the global existence result for
small data, we have:

Theorem 2.2 ( [3]). Letn > 2 and s > so + 1, with 5o > [5] + 1, be integers. Suppose that 0 <
T < ﬁ and (pg — 1,ug,60p — 1,q0) € H°’. Then there exists a positive constant & such that if
oo — 1, 10,00 — 1,q0)lls < 0, then there exists a global unique solution (o™, u", 0%, q%) of (1.1), (1.3),
(2.1) satisfying
(" - 1.6 = 1,4") € C([0, ), H*) N C'([0, 00), H*™"),
u” € C([0, 00), H) N C'([0, 00, H* ™). (2.5)
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For the proof, one linearizes the above system around the steady state @ = (p, i, 6,3) :=(1,0,1,0),
and one has

A@)d,w + A (@)0,,0 - BN (@)0; 0 + L@)w = 0, (2.6)
where
@ 0 0 0 0 ¢ 0 0
_ 0 I, 00 o & 0 peE™ 0
0 _ n j = (%
A =14 o g 0 » ZAN@)E 0 p& 0 &
0 0 0 ¢ 0 0 & 0
0 0 00 000 O
.o 0 pl,+u+u)ETe 0 0 _ 000 O
Jjk . — =
LB@EL =] 0 00| MD=1o00 o |
0 0 00 00 0 if,
c= 6(19 1)9 1_7(9 = pH(l’ 1)9 é@ = 69(19 1)3§ = (é‘:l’fZ,' o 5§n) € Sn_l

We choose K/ such that

0 & 0 0
|- 0 0 0

T

0 0 -£ o

€

where @ > 0 will be chosen later. In order to satisfy the Kawashima conditions from [42], for proving
the global existence for small data, one has to check that

1 , , .
SE{KIA 6+ (KA 60| + ZBYE 6 + L

act 0 Lapyc? 0
| 0 uh+ () -ad®E’E O —agslé
| sape 0 o 0
0 —af e 0  ih—-azf'¢

is a positive definite matrix for any & € S"~!, which holds true for sufficiently small a.

To show the convergence of the relaxed system (7 > 0) to the classical CNS equations (7 = 0), we
assume the natural compatibility condition gy = —«V6,. Let G, be given satisfying G, cC G, cC G.
Define T; = sup{T > 0;(p" — 1,v7,6" — 1,47) € C([0,T],H®), (0o",v.,0",9")(x,t) € G, V(x,1) €
R" x [0, T]}.

Theorem 2.3 ( [3]). Let (o, u,0) be a smooth solution to the classical compressible Navier-Stokes
equations with (p(x, 0), u(x,0), 6(x, 0)) = (0o, Uy, 6y) satisfying

p € C([0,T.], H*)n C'([0, T.], H*?), (u,0) € C([0,T.], H***) n C'([0, T.], H**")
with T, > 0 finite. Then there are positive constants 1o and C such that for T < 1,

||(pT’ uT’ HT)(t’ ) - (ps u, 9)(t’ )”s < Ct (27)
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and
(g™ + &VO), Il < Crz (2.8)

fort € [0,min{T,, T,}), where C does not depend on 7. In particular, T, is independent of 1.

For the proof, we introduce the variable g := —«V#@ and define

T_ T_ 97'_9 T_
pli= 2P e 2L T gl o S § (2.9)
T T T T

Lengthy energy estimates give, for small 7 and for t < min{7\,, T},

IG?, u?, 6, Iy < €, IINVTg (@, )lls < C, (2.10)

where C > 0 denotes constants not depending on 7 or .
Looking at Model 2 with differential equations (1.7), we have the initial conditions

(p('x? O)a M(.x, O)’ Q(Xa 0)7 S 1(-x’ O)’ SZ(X’ 0)) = (pO’ Uup, 90’ S 10> SZO))' (21 1)

Assumptions analogous to Assumptions A.1 and A.2 in (2.2) are assumed to hold. Then we have the
following local existence theorem.

Theorem 2.4 ( [23]). Let s > so + 1 with so > [5] + 1 be integers. Suppose that the initial data
(0o — 1,ug, 60 — 1,8 10, S20) are in H®. Then, for each convex open subset G satisfying Go CC G| CC G,
there exists T, > 0 such that the system (1.7), (2.11) has a unique classical solution (p,u,6,S1,S>)

satisfying

_ s 1 s=1
{(p L,u,S1,8,) € C(0, T.e], H) N C([0, T,.], H*), (2.12)

0~ 1€ C([0, Terl, H) N CN([0, Tei], H?)

and
(p’ u, H’Sl’ SZ)(Xa t) € Gla V(X, t) € Rn X [Oa Tex]-

For the proof, a similar strategy as in the proof of Theorem 2.1 in Model 1 is applicable, i.e.,
transforming, after linearizing around a constant state, the system to a symmetric hyperbolic-parabolic
one. In the two-dimensional case n = 2, one can easily check that the system can be written in a
symmetric form immediately, while in the 3-d case one needs further transformations to get a system in
a symmetric form, see [23].

Using the explicit symmetrizer, one can check Kawashima’s conditions, yielding the following global
existence theorem for small data.

Theorem 2.5 ( [23]). Let s > so + 1 with so > [5] + 1 be integers. Suppose that the initial data
satisfy (oo — 1,ug,60 — 1,8 10,S20) € H®. Then there exists a positive constant 6 such that if ||(og —
1,up, 60 — 1,810, S20)lls < 0, there exists a global unique solution (p,u,0,S1,S,) to the system (1.7),

(2.11) satisfying

3 oo s 1 00 s—1
{(p L,u,81,82) € C([0,00), H') N C'([0, 00), H*™), (2.13)

(6 - 1) € C([0, ), H) N C'([0, 0o, H*?).
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We remark that Kawashima’s results also imply decay properties of the solutions, that is,
”(p_ 17“70_ 19S1$S2)||S—(S0+1) - 05 as 1 — oo,

Moreover, for n = 3, if we further assume s > so+2 and |[[(o0—1,u,0—1,51,S,)|l;» < 6 where p € [1, %],
then the solutions have the following decay:

_3/1_1
o= 1,u, 60— 1,8 1,821 < C(L+ 1) 252 |(0g — 1,149,600 — 1,8 10, S 20)lls-1.p»

where the constant C is neither depending on ¢ nor on the data.

The compatibility of the revised Maxwell law with the Newtonian law in terms of the limit 7, =
7, =: 7 | 01is described in the next theorem, where the following natural compatibility conditions on the
initial data are assumed:

2
S 10 = ,Ll(Vl/t() + (VMQ)T - —diVMO In), S20 = /ldiVl/t(). (214)
n

Denote by (o*,u",6",57,57) the solutions given by Theorem 2.4 with G, satisfying Gy CC G; CC G.
Denoting

T, =sup{T >0,(0"— L,u",0"—1,571,53) € C(I0, T1, H*), (p",u",0",57,53) € G},
we have:

Theorem 2.6 ( [23]). Let (o, u,6) be a smooth solution to the classical compressible Navier-Stokes
equations with (p(x, 0), u(x, 0), 8(x, 0)) = (oo, up, 6) satisfying

p € C(0,T.1, H**) N C'([0, T.1, H**?), (u,60) € C([0, T.], H***) n C'([0, T.], H*")
with T, > 0 (finite). Then there are positive constants Tty and C such that for T < 1,
o™, u™, )2, ) — (o, u, O)(2,)lly < C7 (2.15)

and

2
IS0 = |V (Vi) = Zdiva, | 4l + 118366, ) = Adivar, Ol < € (2.16)
n

fort € [0,min{T,, T;}), where C does not depend on .

Introducing the variables S := u(Vu + Vu” — 2divul,), S := Adivu and defining

T _ T _ o —0 ST_SO ST_SO
T T T T T
the aim is to show that, for small 7 and for r < min{T,, T},
1o, u?, (1, )Ily < €, VTS T, 89Dl < C, (2.18)

where C > 0 denotes constants not depending on 7 or ¢. This is achieved using the energy method
combined with sophisticated estimates of the nonlinear terms.
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For Model 3 in one space dimension with differential equations (1.8)—(1.10), where we consider two
relaxations with nonlinearities in the relaxed equations reflecting the Galilean invariance, we have the
initial conditions

(p(x,0), u(x, 0), 6(x, 0), g(x, 0), S (x,0)) = (o, 4o, 6o, 90, S 0)- (2.19)

We recall that the internal energy e and the pressure p are assumed to have the form (1.11) (resp., (1.12))
and satisfy the thermodynamic equation p?e, = p — 6p,. Using this we may rewrite the differential
equations as follows:

pl + (pu)x = 07
pu; + puty + popy + peby + peg. + (ps — DS, =0,
2
pegd; + (puey — 0y + Opgit, + q, = 25 + £, (2.20)

Ti1(q; + ug,) + g + k6, = 0,

(S, +uS,)+S = uu,.

The system (2.20) is not symmetric. But one can show that there exists a ¢ such thatif [(p—1,0-1,¢,5)| <
0, then the system (2.20) is strictly hyperbolic, since for the first-order system for V := (p,u,6,q,S)’,
given by

V, + A(V)d,V + B(V)V = F(V), (2.21)
where
u p 0 0 O 000 O0 O
A e 0000 0
P p P P
AWV)=| 0 2 y-2& 1 0 [[BV)=[0 00 0 0 (2.22)
0 0 £ u 0 000+ 0
0 _K 0 0 u 0000 =

and F(V) := (O, 0, % + 572, 0, O),, the eigenvalues of the matrix A(V) are then real and distinct. The
following local existence theorem then follows, see [47], and it also implies that (2.20) is symmetrizable.

Theorem 2.7 ( [27]). Let s > 2. Then there is § > 0 such that for (py — 1, 9,600 — 1, q0,S o) € W(R)
with ||(oo — 1, ug, 8o — 1, qo, So)lls2 < O, there exists a unique local solution (p,u,0,q,S) to the system
(1.8)—(1.10), (2.19) in some time interval [0, T| with

0-1,u,6-1,q5)eC’0,T], H'®R)) N C'([0,T], H ' (R)). (2.23)

The global well-posedness for small data is given by:

Theorem 2.8 ( [27]). There exists € > 0 such that if

o — 1, u0. 6 — 1,40, Sollz, < &, (2.24)
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there exists a global solution (p,u,6,q,S)(x,t) € C'([0, +0) X R) to the system (1.8)—(1.10), (2.19)
satisfying

IV

< sup(p(x, 1), 0(x,1)) <

1w

and

Sup ”(p - 15 u99 - 19an)||§]2 < C”(PO - lau07 90 - 19q07 SO”?.]Z < C82’ (225)

t€[0,00)

where C is a constant which is independent of . Moreover, the solution converges uniformly in x € R to
the constant state (1,0, 1,0,0) as t — co. Namely,

”(p_ 1,”,9— I’QVS)”L‘” +||(pxa Uy, 9)(’ QJC,SX)”LZ -0 as 1 — oo,
For the proof, a series of a priori estimates for the local solution is derived, using the energy functional

E(t) = Sup ”(,0 - 1,”,0— 1’ an)(S, )”zz + Sup ||(pta U, eh qt’St)”iII

0<s<t 0<s<t
t
+f ”(pxapta I/lx, uh 9}(9 eta qxa %, q9 Sx’ShS)(s’ )”i]lds (226)
0
and the equality
cp@—Tn0—1)+Rplnp—p+ 1)+ (1 — ) g 4 Lo + 122
20" k0 2 2u |,
I 71, T
+ [puc,(0 —In6 - 1)+ u(l — —)—q" + —uS~ + Roulnp — Rou
20" k0 2u
q2 SZ

1
— Z+—,ou3 +pu+qg-—Sul, + 0, (2.27)

-4+ — =
0 2 k0%  Ou

finally allowing to continue a local solution.
For a description of the singular limit, we assume 7, = 7, =: 7 and the compatibility condition

So = pu(uo)x, go = —k(6p)x.
Let (0", u",0%,g%,S7) be solutions given by Theorem 2.7. Define

T, = sup{T >0;(p" — 1,u",6" = 1,4",57) € C([0,T], H*),p" > 0,67 > 0,
Y(x,t) e R" x [0, T]}.

Theorem 2.9 ( [27]). Let (p, u, 0) be the smooth solution to the classical compressible Navier-Stokes
equations with (p(x, 0), u(x,0), 6(x, 0)) = (09, Uy, 6y) satisfying

inf  (o(x,1),0(x,0) > 0

(x,)eRX[0,T]

and

(p—1) € C(0,T.1, H") n C([0, T.], H*),
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u,0—1) € C([0,T.], H’) n C'([0,T.], H’),
with finite T, > 0. Then, there exist constants 7y and C such that for T < 1,
(o™, u™, 67)(t, ) — (o, u, ), 2 < Cr, (2.28)
and
(g™ + K6, S™ = pue)llge < CT2, (2.29)
forallt € (0,min(T.,T.)), and the constant C is independent of t.

PP d _ u-u )
T uw = T Hd - T

, where ¢ = —k6, and S = uu,. For small 7 and ¢ < min{7’,, T}, one proves

The proof again looks at the differential equations for the differences p? =
d_ 49 gd _ S™=S
T’ T

q
e, u?, 6t Mz < €, 1VT(g", S, )l < C, (2.30)

with C > 0 not depending on 7. Here, on a technical level, the H>-regularity is needed.
For Model 4 in higher dimensions with differential equations (1.13) and initial conditions

(p(x,0), u(x, 0), 6(x,0), g(x, 0), S 2(x, 0)) = (po, 4o, 6o, o, S 20), (2.31)

we distinguish the cases ¢ > 0 and u = 0.
For u > 0, the local existence theorem reads:

Theorem 2.10 ( [33]). Suppose that the initial data (g — 1,u, 60y — 1, qo, S20) € H>. Then there exists
T = T (l(eos--->S20)llzz) > 0, such that the system (1.13), (2.31) has an unique classical solution

(o,u,0,q,S,) satisfying

(0-1,0-1,q9,5,) € C(I0,T],H*)nC'([0,T], H*)
ueC(0, T, H)n C'([0,T], HY.

The proof rewrites the system as a symmetric hyperbolic-parabolic one and uses the results of
Kawashima, see [42] or [44].
For the global existence for small data let

En(t) := sup [l(o — 1,u,0 — 1,4, 2)(7, 3 +

0<7<t
t
f (IlCVp, VO3 + I1(g, S DI + IVully, ) dr. (2.32)
0

Then we have:
Theorem 2.11 ( [33]). Let 7 > 0,7, = 0,73 > 0, and u > 0. Suppose for the initial data
(.00 - 19”07 90 - 17 90, S2()) S HS.

Then, there exists a small constant 6 > 0 such that if En(0) < 6, then the system (1.13), (2.31)
has a unique solution (p,u, 6, q,S,) globally in time such that (p — 1,u,0 — 1,q,S,) € C(0, +oo0; H%),
(Vp, VO) € L*0, +oo; H?), Vu € L*(0, +o0; H?), (g, S,) € L*(0, +oco; H?).
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For any t > 0, we have

!
(o= 1,u,6 = 1,4, Sl +f (II(Vp, VO + IVullzys + II(Q,Sz)II,ZL,s)dt
0
< CEn(0), (2.33)

where C is a constant being independent of t and of the initial data. Moreover, the solution decays in
the sense

IV(p,u, 0,4, 52l = 0 ast— co. (2.34)

The long proof consists of energy estimates using the entropy relation

8,(pm) + div(pur) + div(g) _a 5, St (2.35)
0] k> 61  2ub
for the entropy n defined by
:=C,Ing-Rlnp + , 2.36
n n np 2K92p61 (2.36)
and the dissipative relation
9,1Cp0-1n0-1)+ RpInp—p+ 1)+ (1 — ) Lg? 1+ Lp2 + Bg?
+div]Copu@—Tn0— 1)+ u(l — ) "La? + 2182 + Rouln p — Rpu
g, 1 > ro 2.
~ 3 + Epu|u| + pu+q—uu(Vu + Vu' — —divul,) — S,u
n
2 S2 2
+ 22 By vl - Zdival,? = 0. (2.37)
K02 61 26 n

Assuming again for simplicity 71 = 73 =: 7 and letting (p",u",6", 4", S7) denote the local solution
defined on [0, T;), we have:

Theorem 2.12 ( [33]). Let (p, u, 0) be the smooth solution to the classical compressible Navier-Stokes
equations with (p(x, 0), u(x, 0), 8(x, 0)) = (oo, Uo, 6) satisfying

inf  (o(x,1),0(x,1)) >0

(x,1)ER3X[0,T,]

and

(p—1) € C(0,T.], H) n C([0, T.], H),
(u,0—1) € C([0,T.1, H N C'([0, T.], H),

with finite T. > 0. Moreover, assume that the initial data satisfy

(0% = pos 1f, — 1o, 65 — o, NT(qh + kV6p), VT(ST, — Adivug))|lys < 7.
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Then, there exist constants 1y and C > 0 such that for T < 1,
10", u™, ). 1) = (o, u, O)C:, Dl < C, (2.38)
and
I(g" + kY8, 8% — AVu)||ys < Ct2, (2.39)

forallt € (0,min(T.,T.)), and the constant C is independent of T.

The proof can be done in the spirit of corresponding considerations in [23], overcoming a higher
complexity given here by energy estimates similar to those used in the proof of Theorem 2.11.

Peng and Zhao [45] studied the 1D version and obtained in particular a global existence result which
is uniform with respect to 7 as well as a global convergence result in a weak topology.

For the case u = 0, we have a local existence theorem. In Section 4, a blow-up result will be presented.
The differential equations (1.13) reduce to a purely hyperbolic one with zero-order damping terms,

0,0 + div(pu) = 0,

pou+pu-Vu+Vp=VS,,

p0e + pu - Ve + pdivu + divg = S,divu, (2.40)
71(0,q +u-Vg)+q+«Vo =0,

73(0,S, +u-VSy) + 5, = Adivu.

The existence of solutions to (2.40) with initial conditions (2.31), even locally, is not immediately
clear, since it is neither symmetric nor strictly hyperbolic. By carefully calculating the eigenvalues and
eigenvectors of the corresponding matrix in the associated first-order system, one realizes that it is a
constantly hyperbolic system, and thus has a local solution.

Assume that there exists ¢ > 0, sufficiently small, such that

(2.41)

[\S} e

min(oo(), 66(0) > 0, max(loo = 11160 = 11 lgo ()l 1S 20(0)) <
Then we have:
Theorem 2.13. ( [33]) Let s > 5 + 1 and (po, ug, 0o, qo, S 20) : R" — R2*3 be given with
po— 1,up,600—1,490,S0 € H”.

Then, there exists a unique local solution (p,u, 8, q, S») to system (2.40), (2.31) in some time interval
[0, Ty) with

(o—1,u,0—1,q,5,) € C°([0, Ty), H) n C'([0, Tp), H*™)

and
min _ (o(x,1),60(x,1)) >0,

(x,H)eR"x[0,T¢)

max (lp(-x’ t) - 1|7 |0(-xa t) - 1|’ |Q(x, t)l’ |52(x’ t)l) < 0.

(x,)ER™X[0,T¢)
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For the proof, one rewrites the system as a first-order system for V := (p,u, 0, g, S )T,

3
QY+ D AV, + BV)V = F(V), (2.42)

j=1
where

u-&  pér 0 0 0
) Lg (u-ol, e g g
Dag=| 0 T w-2e ¢ 0o |,
j=1 0 0 ¢ (u-1L, 0
0 A 0 0 u-é

_ 11 2, 1., \
B(V) = diag<0,0,0, —, — ¢, F(V) =10,0, —¢" + =55,0,0] .
T T3 k6 A

Since the (2n + 3) X (2n + 3)-matrix ), A;¢; is not symmetric, the system (2.42) is neither symmetric-
j=1
hyperbolic nor strictly hyperbolic, and a symmetrizer is not obvious. So, the local existence does not

follow immediately by the classical theory of symmetric-hyperbolic or strictly hyperbolic systems.
Carefully analyzing the dimensions of the eigenspaces of the eigenvalues of the matrix, here using
the smallness assumption (2.41), it can be shown that the system is constantly hyperbolic. Referring
to [46, Thm. 2.3 and Thm. 10.2], we conclude the local well-posedness.

The last Model 5, a modification of Model 3, considers, in one dimension, the differential equations
(1.16)—(1.18) together with the constitutive equations (1.19), (1.20), and the initial conditions

(p(x’ 0), u(x, 0)7 Q(X, 0)7 Q(x’ 0)7 S (-x’ O)) = (pO’ Uop, 00’ q0, SO) (243)

It is assumed that, for § > O,

a(@) > 0,d’(6) > 0, % (@) >0 (2.44)
holds. The assumption @’(6) > 0 implies ey > C, > 0, which make the system (1.16)—(1.18) uniformly
hyperbolic without a smallness condition. The third inequality in (2.44) will give the L? estimates of g,
which will be used in the blow-up result in Section 5. Note that by choosing Z(6) = 1‘(—(:)) = k6" with k as
any constant and 1 < a < 2, the assumption (2.44) holds.

Now, we transform the equations (1.16)—(1.18) into a first-order symmetric hyperbolic system. First,
we rewrite the equation (1.16); for 0 as

2a(0) 2a6) , 1,
0, + - —=—q| 6 + RpOu, + q, = + =5 2.45
pegt; (puee 70) q) p0u, + q Tl(e)q p (2.45)
Then, we have
A’(HU, + AL(UYU, + B(U)U = F(U), (2.46)
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where U = (p,u,0,q,S) and

0 T RO peg T1Op T2p
A (U) - dlag{p apa 9 ° K(Q) D) u }a

My RO 0 0 0
RO  pu Rp 0 -1
AU)=| 0 Rp (e —ljgig;q) (9% 0 |,
0 -1 0 0 Zpu
B(U) = diag(0,0,0, 1, 1}, F(U) = diag{0,0, - 249.4% - 52,0, 0}.

Therefore, the local existence follows immediately, see [42,43,47]:

Theorem 2.14 ( [35]). Let s > 2. Suppose that
(pO - 17”09 00 - 19 quSO) € HS(R)

with min,(py(x), 8y(x)) > O, then there exists a unique local solution (p,u, 6, q,S) to the system (1.16)—
(1.18), (2.43) in some time interval [0, T| with

(0-1,u,6-1,q5)eC’0,T], H*R)) n C([0,T], H'(R)), (2.47)
min(p(t, x), 6(t, x)) > 0, Vi > 0. (2.48)

3. Blow-up in one dimension — I

In this section, we present a blow-up result for large data in the one-dimensional case of Model 3.
We recall the differential equations (1.8)—(1.10) and the constitutive equations (1.11), (1.12),

pt + (pu)x = 09
pu; + puu, + py =S, (3.1
pe; + puey + puy + g = Sy,

with
71(q: + uq,) + g + k6, = 0, (3.2)
and
(S, +uS,) +S = pu,, (3.3)
e=C,0+ lq2 + iSZ, (3.4)
Kk6p 2up
p = Rof - 27—;6612 - ;—ZSZ. (3.5)
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The initial conditions are given by

(p(x’ 0)7 u(x, 0)’ H(X’ 0)’ S (X, 0)’ ‘I(x, O)) = (PO’ Uo, 90, SO’ ‘]0) (36)

The local well-posedness and the global existence for small data were given in Theorem 2.7 and
Theorem 2.8, respectively. When 7, = 7, = 0, the system is reduced to the classical compressible
Navier-Stokes equations for which smooth solutions exist globally for arbitrary initial data away from a
vacuum, see [48]. On the other hand, when the relaxation parameters go to zero, smooth solutions of
the system converge to that of the classical system, see Theorem 1.17. This indicates that the relaxed
system exhibits a similar qualitative behavior as the classical system. However, and surprisingly, we
show that there are in general no C'-solutions to the system (3.1)—(3.3) for some large initial data. That
is, we have another nonlinear system where the relaxation process turns a (globally) well-posed system
into a not (globally) well-posed one, only visible in the nonlinear system, since the linearized systems
behave similarly, see [49]. This sheds light on the difficulties in proving some global existence results in
fluid dynamics, and in finding the “correct” model.

We choose ¢ > 0 small enough such that p,, ps, ey are positive and bounded away from zero and
|psl, |p,l are sufficiently small as functions of (p, 6, q,S) on

Q:=(1-061+06)%x(1-06,14+0)Xx(=0,0) X (=6,0). (3.7)

The method to prove the blow-up result is mainly motivated by Sideris’ paper [41] where he showed that
any C! solutions of compressible Euler equations must blow up in finite time. As was shown in [19], the
system (3.1)—(3.3) is a strictly hyperbolic system which implies the property of finite propagation speed,
which in turn allows one to define some averaged quantities as in [41] and finally show a blow-up of
solutions in finite time by establishing a Riccati-type inequality.

The finite propagation speed is expressed in:

Lemma 3.1. ( [49]) Let (p,u,6,q,S) be a local solution to (3.1)—(3.3), (3.6) on [0,Ty). Let M >
0. Assume that the initial data (py — 1, up,6y — 1,q0,S¢) are compactly supported in (—-M, M) and
(00, B0, 0, S 0) € Q. Then, there exists a constant o such that

(oG, 1), u-, 1),00,1),9(, 1,8, = (1,0,1,0,0) := (5, ,6,4,5)
onD(t) ={xeR|lX|> M +0t}, 0<t<T.

The averaged quantities used are
F@) = fxp(x, Hu(x, H)dx, (3.8)
R

G(t) = f (E(x, 1) — E)dx, (3.9)
R

where |
&E(x, 1) :=ple + Euz)

is the total energy and

Now the blow-up result is given by:
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Theorem 3.2. ( [49]) Assuming
G(0) > 0, (3.10)

there exists ug satisfying

b

R
l<y:=1+—<3 (3.11)

v

32 4 /max
F(0) > max{ 7 maxpo pO}MZ,

such that the length T, of the maximal interval of existence of a smooth solution (p,u,0,q,S) to
(3.1)—(3.3), 3.6 is finite, provided the compact support of the initial data is sufficiently large.

The assumption 1 < y < 3 holds for the elementary kinetic theory of gases, cf. [41]. Note that it
is assumed that the local solution satisfies (p, 6, g, S )(¢) € Q. This a priori assumption does not affect
u, which blows up, but is a restriction; the solutions might reach the boundary. In Section 5, we will
consider Model 5, a modification of Model 3, and show a blow-up result excluding this possibility.

Sketch of the proof of Theorem 3.2: Using the constitutive equations and the constancy of G, we get

, 3-y ) fﬁ(2y—l) ) sz(Zy—l) 1.,
> - — - — - - —
F'(t)y > > j}; pu-dx Tk q-dx R( > + 2)S dx
—(M + ot). (3.12)

On the other hand

2
F2(r) = ( f xp(x, Hu(x, t)dx)

< 2max po(M + 1) fpuzdx
R

where B, = {x e R | |x| < M + &t} = (—(M + 61t), M + 6t) and & > o can be chosen arbitrary. For
simplicity, we still denote & by o in the following calculations. Therefore, we have

, 3-v > fﬁ(z)’—l) ) f72(27—1)+,u 2

F@) > F- - ——g°dx — —8“d
@ 2 4 max po(M + ot)? R 2«0 7 R 2u §7dx

- (M + o). (3.13)

Let
3-vy

o
T >7 4max poM?

Assume, for the moment a priori,

F(t)>c >0 (3.14)
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and
M+ot=M( +ct) < ————F~, 3.15
ot =M+ e < Sq oy G-15)
where c; is to be determined later. Then
F'(1) 3 712y - 1) f ) 2y -D+u f 2
> - = dx - ——— | S7dx. 3.16
FP =20 +ey g ST o S G-10)
Using the identity (2.27) and defining
Ho = T 2 T2 2
0= vpo(90—1n6'0—1)+R(Polnpo—/00+1)+(1——) +3 S| dx,
R u
we obtain
2y-1) (7 2y — 1)+
ney - f f Fexdr + 22 DEH f f Sidxdr < e+ eslwlls, (B17)
cik0 0 JR c1 2u
where |
CL:ZEP@ﬁQy—I}%Qﬁy—D+yﬂ%]
1
and |
o5 : ClﬂMﬂM—D+QQy—D+m “m}
1
Integrating the inequality (3.16), we get
1 1 C3 C3 2
—_————— + — —y - . 3.18
Fo FZ a0 ron ag o clwl (3.18)
Now we assume additionally and a priori
8
Fo> -2 (3.19)
C3
and
C3
Ccs + Cs||uo|| 8_ (3.20)
Then, we get
1 1 1
L~ B (3.21)

Fo Fy F = 4dc(1+ Czt)z 8¢,

which means that Ty cannot be arbitrarily large without contradicting (3.19). It remains to show that the
a priori assumptions (3.14), (3.15), (3.19), and (3.20) can be justified.
2L2

(3.14) is easy to show with ¢; := For (3.15) to hold, we only need to show the following
inequality:

M <98 g 22
(I+eb) < T om (3-22)
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For ¢ = 0, it is sufficient to guarantee

2 S 3-y

_— 3.23
~ 16maxpg’ (3-23)

which is satisfied naturally since o can be chosen arbitrarily large. Thus, the proof will be finished if we
can show the existence of u, such that (3.19) and (3.20) hold, and the assumption (3.10) is satisfied. As
in [19], we choose 1y € H*(R) N C'(R) as follows:

0, X € (=00, —M],
%COS(JT(X + M)) - %, xe(-M,-M + 1],
-L, xe(-M+1,-1],
up(x) ;=4 Lcos(5(x — 1)), xe(-1,1], (3.24)
L, xe(l,M-1],
%COS(]T(X—M+1))+I:, xe(M-1,M],
0, x € (M, 00),

where L is a positive constant to be determined later. We assume M > 4. Assumption (3.10) can easily
be satisfied since it is equivalent to requiring

1
f(poeo - pe + —u%) dx >0,
R 2
which is satisfied by choosing pofy > pf = 1. Since

L
Fo= fxpo(x)uo(x)dx > 5 min poM>,
R

we can choose L large enough, independent of M, such that

L 32 4 \/max
—minp, > max O-maX'DO, i
2 3-vy 3—vy

implying (3.19). On the other hand, since IIMOIIi2 < 2L>M, we can choose M sufficiently large such that

20maxpg , ,

6(8yT) + 2yTy + W) (Hy + max poML?) < G-+
-

holds, implying (3.20), and the proof is finished.

4. Blow-up in multi-dimensions

A blow-up result is presented for Model 4 in the case u = 0, in dimensions n = 2,3. We recall the
differential equations (2.40) and the initial conditions (2.31):

0,0 + div(pu) = 0,

pou+pu-Vu+Vp=VS,,

poe + pu - Ve + pdivu + divg = S ,divu, 4.1)
71(0,g +u-Vg)+q+«Vo =0,

73(0,S, +u-VSy) + S, = Adivu,
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(p(-x’ O)’ M(.x, O)’ e(x’ O)’ q(x’ 0), SZ(X’ O)) = (PO, Uy, 90’ q0, SQO)' (42’)
Additionally, we assume the specified constitutive equations (1.14), (1.15),
=CO0+—q +—S57, 4.3
e Kqu 20 2 (4.3)
=Rpb — —qg~ — —=S5. 4.4
p=Rpb == 04" = 5752 (4.4)

A local solution was given in Theorem 2.13. For the blow-up result, we need to assume there exists
0 > 0, sufficiently small, such that

0
f)g%?}ﬂpo = 11,160 = 11, Igo(xX), IS 20(x)]) < > 4.5)
and that this implies on the interval of local existence
max(loo — 11,160 — 1, Igo(x)1, IS 20(x0)]) < 6. (4.6)

We remark that this assumption does not affect u which is shown to blow-up in finite time. The finite
propagation speed of the hyperbolic system is expressed in:

Lemma 4.1. ( [33]) Let (p,u, 0, q,S ) be the local solution to (4.1), (4.2) on [0, T,). We further assume
that the initial data (py — 1,uy, 0y — 1, qo, S 20) are compactly supported in a ball By(M) with radius
M > 0. Then, there exists a constant o~ such that

(p("t)’u("t)’ 9('90’ q("t)952("t)) = (1909 1’09 O) = (p’ ﬁ’ é’ 51,52) (47)
on D) ={xeR"x|>M+ot}, 0 <t <T,.

The following averaged quantities are used, cf. Section 3:
FQ) = f x - p(x, Hu(x, t)dx, 4.8)

G(t) := f (E(x, 1) — E)dx, 4.9)
Rn

where E(x, 1) := p(e + %uz) is the total energy and E:=pe+ %17!2) = C,. Then we have:

Theorem 4.2. Let (p,u,0,q,S>) be the local solution to (4.1), (4.2) on [0, Ty). Assume that the initial
data (pg — 1, ug, 6y — 1, qo, S 20) are compactly supported in a ball By(M) with radius M > 0. Moreover,
we assume that

G() >0, 4.10)

R 5
1 =14+ =< = 4.11
<vy + . < 3 ( )

Then, there exists uq satisfying

(4.12)

128 8 4/mr max
F(O) > max{ g Ihax o 'DO} M*,

3(5-3y) 7 \3(5-3y)

such that the length T of the maximal interval of existence of a smooth solution (p,u, 8, q,S») is finite,
provided the compact support of the initial data is sufficiently large.
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This blow-up result relies on assumption (4.6) assuring the remaining of the solutions in the hyper-
bolic region, cf. the remarks in Section 3. A modification of the system, as done for Model 3 in Model
5, might remove this assumption, see Sections 3 and 5. The proof is similar to that of Theorem 3.2 in
Section 3 and is presented for the case n = 3. The case n = 2 is proved by easy modifications.

Sketch of the proof of Theorem 4.2: Using the constancy of G and the constitutive equations (4.3),
(4.4), we conclude

5-3 1
F'(t) > 4 f puldx — 3f 0y e g*dx 3f LY SZdx - 2n(M + ot)*, (4.13)
2 R3 R3 R3 /1 2

,KQ

Similar to the one-dimensional case discussed in Section 3, we obtain

Fi(0) 2 m:;i(;;;i s F?-3 fR 3 (le—gf + 27327—;155) dx — 27(M + o1)’. (4.14)
Letcy := 4, ¢3:= %. We assume a priori for the moment
F(t)>2c; >0 (4.15)
and
2n(M + o) = 2eM° P g — (4.16)

1 t
I+ ed < Sa oy

where c; is to be determined later. Then

F'(¢) 3 671y f 5 673y + 34 f )
> - —— dx— ——— | Sidx 4.17
FX(1) ~ 2(1+ 0ty k6 Jge 7 24 —— * “.17)

Using the the dissipative entropy equation (2.37), with u = 0, and

Wy = ﬁ (Cupo(Bo —In6y — 1) + R(pg Inpg — po + 1) +
R

1-—)— S d
0= 36 w@® " 21 20) -
we obtain
6T1)/f f 5 6‘1‘3’)/ + 31 f f ’
dxdr + S5dxdr < ey + csl|uoll; s 4.18
= —r ) 4+ cslluol, (4.18)
where 3 3
Ccy = ; [9(87’17 + 2713y + /l)Wo] , C5= ; [9(87’17 + 27137+ Q) axpo
1 1
Integrating (4.17), we have
1 1 c c
= 2 e o — ey = cslluolly (4.19)

Fo F(@)  8a(l+cn)* 8¢
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Now, we additionally assume a priori

1662

Fo> , (4.20)
€3
2 C3
+ < —. 4.21
C4 Cs||uo||Lz = 16c, ( )
Then we get
1 1 1 c3 C3

> > + 4.22

Fo Fo F@) — 8c(1+ C2l)4 16¢, ( )

which implies that the maximal time of existence T cannot be arbitrarily large without contradicting

(4.20). It remains to show that the a priori assumptions (4.15), (4.16), (4.20), and (4.21) can be justified.
(4.15) is easy to show with ¢; := % For (4.16) to hold, it suffices to show

M3 + c21) < — 2 _F(r)?. 423
ML+ ) S g ) (4.23)
For t = 0, it is sufficient to guarantee
3(5-3
RSt (4.24)
64 max pg

which is satisfied naturally since o~ can be chosen arbitrarily large. Thus, the proof will be finished if we
can show the existence of u, such that (4.20) and (4.21) hold and the assumption (4.10) is satisfied. Let

Lcos(’%(r - 1)), rel0,1],

- _ L re(l,M-1],

Y= Leostnr— M+ 1)+ L, reM—1,M], (4.25)
05 r e (M, +OO),

where L is a positive constant to be determined later. ¥ is not in H>(R,), but we can think of 7 being
smoothed around the singular points » = 1, M — 1, M and put to zero around r = 0, yielding a function v,
with |[v||;2 < 2||P||;2. We choose
X
uo(x) = v(|x])—.
||

Assumption (4.10) can easily be satisfied since it is equivalent to requiring

1
fR% (poeo —pe + Eué) dx >0,

which is satisfied by choosing pofy > pf = 1. Let M > 5. Since

1min pg
32

s :f X - po(X)up(x)dx > LM*,
R3

we can choose L sufficiently large, independent of M, such that

7T min pg L'> max 647 max pg , 1280 max p, ’
32 3(5-3y) 3(5-3y)
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implying (4.20). On the other hand, since ||uo||i2 < 4L24?”M3, we can choose M sufficiently large such

that

_ 27 max poL? 160 ma
B(8t1y + 20y + ) | Wy + e 0= 3)< 2O A% PO g4

3 95 -3y

holds, implying (4.21), and the proof is finished.
5. Blow-up in one dimension — II

Here we present a second blow-up result in one dimension, for Model 5 being a modification of
Model 3, avoiding the possibility of reaching the hyperbolic boundary, cf. Section 3. We recall the
differential equations and the initial conditions,

pl‘ + (pu)x = O’
pu, + put, + pr =Sy, 5.1
E,+WE+pu+q—-Su), =0,

where E represents the total energy,

T1(0)(0gq, + pu - q.) + g + k(0)0, = 0, (5.2)

and
S, +pu-S)+S = puu,, (5.3)
(p(x’ 0)7 l/l(x, 0)’ 9(x9 0)’ q(xa 0)’ S (x’ O)) = (pOa Uy, 90’ 90, SO)’ (54)

as well as the constitutive equations

1
E = —pi + ~2pS” + pe(6, q), (5.5)
2 2u

and the specific internal energy e and the pressure p are given by

e(8) = C,0 + a(9)q>, p(p,6) = Rpé, (5.6)
where 20) 1 ©
J— —_ 4 1 J— Tl
a(d) = 9 2Z (6) with Z(@0) = 0

The local existence is given in Theorem 2.14. Neglecting p in the constitutive relations (1.3)—(1.5) and
assuming 71, k to be constants, in Section 3 a blow-up result was established under the assumption that
(p-1,0-1,q,5) € Q with Q = (-6, 6))* being a ”small” domain requiring 6 to be sufficiently small
to assure that the arising system is — though non-symmetric — strictly hyperbolic, which, in turn,
assures the local solvability. This smallness of [(op — 1,6 — 1, g, S )| — notice: not including u — has been
established globally only for small data. Therefore, the solutions in Section 3 might ”blow up” in the
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sense that one may reach the boundary of €. In the present paper, the system is a symmetric hyperbolic
one, not requiring any smallness condition of this kind.

The most interesting aspect, as in Section 3, might be that the blow-up result contrasts the situation
without relaxation. i.e., for the classical compressible Navier-Stokes system corresponding to 7, =
7, = 0, where large global solutions exist, see Kazhikhov [48]. This really nonlinear effect — loosing
the global existence for large data —, not anticipated from the linearized version, shows the possible
impact a relaxation might have. For several linear systems of various type an effect is visible in loosing
exponential stability in bounded domains or becoming of regularity loss type in the Cauchy problem,
see the discussion in our paper [49].

The method we use to prove the blow-up result is mainly motivated by Sideris’ paper [41] where he
showed that any C!-solutions of compressible Euler equations must blow up in finite time. A blow-up
result for a similar system has also been proved recently by Freistiihler [5S0] applying the general result
for hyperbolic systems with sources in one space dimension by Bérlin [S1]. A solution remains bounded,
but the solution does not remain in C!, provided the data are small enough. In contrast to [50,51], our
blow-up requires large initial velocities; moreover, here the largeness is described explicitly. For initial
data being small in higher-order Sobolev spaces (H?), there exist global solutions. The method used
here, and before in Sections 3 and 4, also extends to higher dimensions, as seen in Section 4.

Since the system is symmetric hyperbolic, the local solution possesses the finite propagation speed

property:

Lemma 5.1. Let (o,u,0,q,S) be the local solution according to Theorem 2.14 on [0, Ty). Let M > O.
We assume that the initial data (oo — 1, ug, 00 — 1, qo, S o) are compactly supported in (M, M). Then,
there exists a constant o such that

0,0, u(-,1),0(,1),q(,1),SC, 1) = (1,0,1,0,0) := (p, i1, 0,3, S)

onD(t) ={xeR|lx|> M+ o1}, 0<t<T.

We define again some averaged quantities,

F@) = fpu - xdx — 1, fdex, 5.7
G(t) := f(E(x, f) — E)dx, (5.8)
R
where |
E=—pu’ + EpS2 + pe(0, q)
2 2u

is the total energy and
_ 1
E:=p+ Eaz) =C,.

The functional F with the second term involving S is different from those used in [41] and [49] (resp.,
Section 3). This second term is new and technically motivated. The blow-up result is now given by:

Theorem 5.2. We assume
G(0) > 0. (5.9)
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Then, there exists (0o, Uo, 6o, qo, S o) satisfying

32
F(0) > 227 Ma%00 4 p0 (5.10)
3-vy
and
3 -yt max p 1280 max poM
4(T +y—1|(Hy + > ”L‘OHiz)S 3o, , (5.11)
where
Hy = fcvpo(go—lneo— 1)+ R(ooInpo — po + 1) +
1 (Z(6) ' » T2 42
[7) — —S5dx, 5.12
P0(0(0)+2( b ))q0+2,u o dx ( )

such that the length T of the maximal interval of existence of a smooth solution (p,u, 0, q,S) to system
(1.16)—(1.18), (2.43) is finite, provided the compact support of the initial data is sufficiently large and
yi=1+ c% is sufficiently close to 1.

Sketch of the proof: It is in the line of the proofs of the blow-up theorems in Sections 3 and 4, but
with a slightly higher complexity due to the necessarily modified quantity F, but also with an improved
strategy.

The entropy 7, defined by

7@\
n:=C,Inf—-Rlnp — Z(6) q, (5.13)
26
satisfies
2 2
q q S
Z) = —. 5.14
(o) + (p un+ e)x «OF | b (5.14)

Using this and the constancy of G, we can derive

/ 3- max
F'(t) 2 Ty fpuzdx —(y—D(Hp + zpolluolliz)-
On the other hand, F satisfies
fpuzdx . F(1)? ~ 2uty(Ho + =52 |uo[2,)
~ 4max pg(M + ot)? (M + o1)?

The last two estimates imply

’ -7
Fo=z 8 max po(M + ot)’
= _ B i’

= o O - KO

(B —yut,
(M + ot)?

axpo
2

m
F2(r) +y—1|(Ho + lluoll72) (5.15)

Communications in Analysis and Mechanics Volume 17, Issue 2, 550-581.



576

— o — 3-y
where Cy = M’C3 = W

Indeed, assuming a priori that

2K(t) < ———F~“(v),
O gramt @

)

we have

’ C3 2
F'(t) > 3t o Czt)3F (@),

which gives

1 1 1 > C3 C3

FO) - FO)  FO =4, de(l + o)

Hence, the maximal existence time 7|y cannot be infinite provided

F(0) > 4er _ 32<Tmaxp0M2,
c3 3—vy

which is equivalent to assumption (5.10). Using (5.18), we get

1 1 c c c
< 3 3 3

- 4 < ,
F(t) 7 F(O) 4c;  4ey(1+c0)? ~ der(l + epn)?

which implies

4es(1 + cpt)?
C3 ’

F() >

. With this Riccati-type inequality, we can show the blow-up result.

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

To show that the a priori estimate (5.16) holds, we use the bootstrap method expressed in the following

simple lemma.

Lemma 5.3. Let f € C° ([0, ), [0, 00)) and O < a < b such that the following holds for any 0 < a <

B < oo

fO)<a and Mtela,Bl: f(O<b = Vtela,B]l: f(t)<a.).

Then we have
Ye>0: f() <a.

We will apply this lemma in the time domain of existence to f, a, b with

KO + ety

1
, =—, b:=
F2(1)c3 =%

f(@:
That is, we need to show that

C3 2
4K(1) < —(1 n czt)3F ().
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Next, to get (5.21), using (5.20), one only needs to show

2

1+ ct)  l6¢
4k o 21 + ety (5.22)
C3 C3
for which it is sufficient to show
(B =yun max pg 5 16¢3
H=p Ty 1|Ho+ ——lluoll;z) < = (5.23)

since K is a decreasing function. The last inequality is equivalent to assumption (5.11). This proves
(5.16).

Finally, we need to find some u, such that the assumptions (5.10) and (5.11) hold. We choose,
similarly to Sections 3 and 4, uy € H*(R) N C'(R) as follows:

0, X € (—o0, —M],
L cos(m(x + M)) — £, x€(-M,-M + 1],
-L, xe(-M+1,-1],
uo(x) := { Lcos(2(x — 1)), xe(-1,1], (5.24)
L, xe(l,M-1],
Leos(x—M+ 1)+ % xeM—-1,M],
0, x € (M, 00),

where L is a positive constant to be determined later. We assume M > 4. Assumption (5.9) can easily
be satisfied since it is equivalent to requiring

1
f(/)oeo - pe + —u(z)) dx >0,
R 2
which is satisfied by choosing pofy > pd = 1. Since
L
f (xp0(x)up(x))dx > 5 min poM?
R

and

M
< f Podx + 7, fpoSédx < max pp(1 +,uH§)M2,

M

) fpoSodx

we choose L large enough, and independent of M, such that

320 max pg

L
—minp, > max{max po(1 + ,qu), 3

4 h

Therefore, (5.10) holds. Now, after having chosen o large enough, fix L. Then we choose M sufficiently
large and y — 1 sufficiently small such that (5.11) holds. This finishes the proof.
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