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1. Introduction

Consider the Hardy-Sobolev’s critical exponent problem

(1.1)

—Au = =X ulP?u + |x|72ul?u in Q,
u(x) =0 on 0€,

where Q c RV, N >3, 1R, 0< 51 < 55 <2,2%s) = 25{,\’__;) for0 < s <2,2<p<2(s1),2<qg=<
2*(s7). We aim to study the existence of positive solutions of this problem when g < 2*(s,).

In 1983, H. Brézis and L. Nirenberg [1] studied Problem (1.1) with Sobolev critical exponent where
s1=5=0,p=2,qg=2s) =2°0) = %, and A € (-A4,,0). Here, A, is the first eigenvalue of
—A with zero Dirichlet boundary condition. In 2000, N. Ghoussoub and C. Yuan [2] investigated the
Hardy-Sobolev critical exponent problem where 0 € Q, s; =0, s, # 0 and 4 < 0. Instead of 0 € Q,
N. Ghoussoub and X.S. Kang considered the Hardy-Sobolev critical exponent problem where 0 € Q2

in their work [3].
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Then, in [4], Y. Li and C.-S. Lin studied Problem (1.1) with two Hardy-Sobolev critical exponents
(0 € 0Q, p =2%(s1) < 2°(s2) = g, 4 € R) and posed an open question: Does the problem have
a positive solution when 4 > 0 and p > g = 2*(s,)? For convenience, we refer to the two-critical
Li—Lin’s open problem with 2*(s;) = g < p = 2*(s;) and the one-critical Li-Lin’s open problem with
2°(s2) =g < p < 2°(s1).

Our motivation is to address the open question. For more details on recent progress see [5—10]
and the references therein. Specially, in 2015, G. Cerami, X. Zhong and W. Zou [7] obtained some
existence results of positive solutions by the perturbation approach and the monotonicity trick. The
related results are the following two theorems.

Theorem 1. (see [7], Theorem 1.5) Suppose that Q c RN is a C' bounded domain such that 0 € 6Q.
Assume that 0Q is C* at 0 and H(0) < 0. Let 0 < s, < 5, < 2 and 2*(sy) < p < 2*(s;). Then there
exists Ao > 0 such that Problem (1.1) has a positive solution for all A € (0, A).

Theorem 2. (see [7], Theorem 1.6) Suppose that Q c RN is a C' bounded domain such that 0 € oQ.
Assume that 0Q is C* at 0 and H(0) < 0. Let 0 < 51 < 55 < 2 and 2*(s,) < p < 2*(s1) — ﬁ Then, for
almost every A > 0, Problem (1.1) has a positive solution.

Recently, in [10], we presented the first nonexistence result for the two-critical case of Li—Lin’s open
problem employing proof by contradiction, along with the Holder inequality, the Hardy inequality,
and the Young inequality. Furthermore, we obtained a second existence result for the Li-Lin’s open
problem with 2*(s;) > p > g = 2%(s,) based on Theorem 2. The main theorems are as follows.

Theorem 3. (see [10], Theorem 1.1) Suppose that Q c RY is a domain. Assume that 0 < s; < s, < 2,
p = 2°(sy) and g = 2%(s2). Then there exists 11 > 0 such that Problem (1.1) has no nonzero solution
forall A > A;.

Theorem 4. (see [10], Theorem 1.4) Suppose that Q C RY is a C' bounded domain such that 0 € OQ.
Assume that 8Q is C*at 0 and H(0) < 0. Let 0 < 51 < 5 < 2, ¢ = 2°(52), 2°(51) = 7yaiits; < P <
2°(s1) and 2*(s1) — 3=5 < p. Let A, = sup{d € R | Problem (1.1) has a positive solution}. Then A, > 0

and Problem (1.1) has at least a positive solution for all A € (0, A,.).

Clearly, the present results only deal with special cases of Li—Lin’s open problem and are far from
giving a full solution. The main difficulty of this problem is that it’s impossible to obtain the
boundedness of the (PS) sequences for the energy functional.

A natural question is: What will happen if we exchange the critical property of p and ¢ in the
one-critical Li—-Lin’s open problem, that is, p = 2°(s1),2 < g < 2*(s3)? This question is the same as
replacing g = 2*(s,) with ¢ < 2*(s,) in the two-critical Li—Lin’s open problem. In fact, obtaining the
boundedness of the (PS) sequences for the energy functional is still a challenge. However, we have
proved a new inequality to overcome this difficulty.

In this paper, we study more general questions, that is, 2 < p < 27°(s1),2 < g < 2*(sp). Itis
noteworthy that for small A4, we can obtain two positive solutions, while for large A, there are no
positive solutions. The main results are the following theorems.

Theorem 1.1. Assume that Q c RY is a bounded domain with 0 € 0Q, 1 > 0,0 < s; < 5, < 2,

2<p<2(sp)and?2 < g < é:ﬁp + % Then there exists Ay > 0 such that Problem (1.1) has at

least two positive solutions for all A € (0, A).
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Corollary 1.2. Assume that Q C RN is a bounded domain with 0 € 6Q, 1 > 0,0 < 51 < 5, < 2,
p = 2%(sy) and 2 < q < 2°(sy). Then there exists Ay > 0 such that Problem (1.1) has at least two
positive solutions for all A € (0, A).

Theorem 1.3. Suppose that Q C RY is a bounded domain with 0 € 6Q, 1 > 0,0 < 51 < 5, < 2,

2<p<2i(sp)and?2 < g < xigjx p+ 13?2__2;;]' Then there exists A, > 0 such that Problem (1.1) has

no positive solution for all A > A., and has at least one positive solution for all A € (0, A.].

Corollary 1.4. Suppose that Q c RN is a bounded domain with 0 € 0Q, 1 > 0,0 < 51 < 5, < 2,
p = 2°(sy) and 2 < g < 2°(sp). Then there exists A. > 0 such that Problem (1.1) has no positive
solution for all A > A, and has at least one positive solution for all A € (0, A,].

Remark 1.5. This question is related to the subcritical approximations of the two-critical Li-Lin’s
open problem.

Remark 1.6. Theorem 1.3 represents a global bifurcation for positive solutions. Moreover, its proof is
carried out using the variational method combined with the method of sub-supersolutions.

2. Preliminaries

We introduce the work space
E = HyQ)

with scalar product and norm given by
(u,v) = f Vu - Vvdx and leall = (ut, )2
Q

It is well-known that the solutions of problem (1.1) are precisely the critical points of the energy
functional I, : Hy(Q) — R defined by

1 A 1
Lw) = —||u||2+—flxl“‘lul”dx——flxl‘”lulqu.
2 P Ja q Ja

It is easy to see that 1, is well-defined and I, € C'(H,(Q),R). Then, for any u,v € Hy(Q),

1

(L), v) = lim — [y + 1) = LG0T = @,v) + 4 f x| P2 uvdx — f x|l 2 uvdx
— Q Q

where () is the Gateaux derivative of 1;(u).

Proposition 2.1. Suppose that Q c RY is a bounded domain with 0 € 6Q, 0 < s; < 5, <2,2<p <
2*(s))and?2 < g < %p+ % Then there exist three positive constants yi, Y, Y3 With y,+y,+vy3 = 1
such that

Y1 Y2
f |x|—‘”|u|qus( f |x|-‘“|u|"dx) ( f |x|-2|u|2dx) QP
Q Q Q

for every u € Hy(Q).
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Proof Let
y = 2(‘]—S2)’
2(p —s1)
y, = Psz—(]sl,
2(p - s1)
= (2_SZ)P_(Z_SI)C[+2(S2_SI).
2(p —s1)
Then we have yq,v,,v3 > 0 and
pri+2y, = ¢
SIY1+ 2y, = s,
Yity+tys = L

It follows from the Holder inequality that

f I~ ul?dx = f X[~ a7 (x| T2 - 1dx
Q Q

71 Y2
< (f IXI_‘“IMI”dX) (f IXI_zlulzdx) |
o) Q
for every u € Hé (Q). This completes the proof of the proposition. i
Lemma 2.2. Suppose that Q C RY is a bounded domain with 0 € dQ, A > 0, 0 < 51 < 5, < 2,
2<p<2(sp)and?2 < g < 5:—??19 + % Then there exists A; > 0 such that Problem (1.1) has no

nonzero solution for every A > Aj.

Proof Suppose that u is a nonzero solution of Problem (1.1). Then one has I'(#) = 0. Hence,

(I'(u),uy = 0, that is,
f |Vul*dx + ﬂf |x|"*ulPdx = f | x| |u|?dx, 2.1)
Q Q Q

f \Vul>dx f [VulPdx + A f x|~ |u|Pdx
Q Q

o
| x|~ |ul?dx
o

%
C ( f |Vu|2dx)
Q

for some constant C > 0 according to the Hardy-Sobolev inequality. It follows that

which implies that

IA

IA

1 <C2 f Vuldx.
Q

By Proposition 2.1 and the Hardy inequality (see [11], Theorem 4.1), we have

71 Y2
f a2 fuldx - < ( f |x|—“|u|f’dx) ( f |x|-2|u|2dx) QP
Q Q Q

Communications in Analysis and Mechanics Volume 17, Issue 2, 462-473.



466

IA

Y2
|x|” Sllulpdx) (CN |Vu|2dx) Q[

IA

A .

Y2 Y3
f x|~ Sllulpdx) ( N f |Vu|2dx) |Q|73cif3z ( f |Vu|2dx)
Q Q Q

Y1 Y2+y3
= (C,V;|Q|%cri)ﬁ f |x|_‘”|u|pdx) ( f |Vu|2dx) ,
Q Q

2

2
where Cy = (Tz) . It follows from the Young inequality that

N
fqulzdx+/1f|x|_s'|u|pdx flxI_”lulqu
Q Q Q

2y
Y(CRIQPCE )T f X~ ulPdx

IA
e}

+(y2 +73) f Vul*dx
Q

IA

2
Y(CRIQPCit ) f x| JulPdx
Q

+ f |Vul*dx,
Q

2y3 L
A <y (CRIQCarz)n

which implies that

2r3 1 .
by (2.1). Let 4, = yl(Cly\lel”Cﬁ)Vll , then Problem (1.1) has no nonzero solution for every 4 > A;. O

Lemma 2.3. Suppose that Q C R is a bounded domain with 0 € 0Q, 0 < 51 < 5, < 2,2 < p <2*(s1)
and?2 < g < = s2p+ 2s2- 23‘ . Then the functional I, is coercive, i.e., [,(u) — +oo as ||u|| = co. Moreover,
the functlonal I, satlsﬁes the (PS). condition for every c € R. Specifically, if [(u,) — c and I'(u,) — 0
as n — oo, then {u,} has a convergent subsequence.

Proof By Proposition 2.1, the Hardy inequality and the Young inequality, we have

71 Y2
f [x72ul?dx < f |x|‘“|u|”dx) ( f le‘zlulzdx) 1
Q Q Q
71 Y2
< f |x|_"1|u|”dx) (CN f |Vu|2dx) Q3
Q Q
Y1 Y2
= |p'a f |x|—S1|u|de) (A f |Vu|2dx)
Q Q
7 = I=n
= |p'a f |x|_“|u|pdx) (A f |Vu|2dx)
Q Q
Y2
<

y =7
)’11!9_1/lfle_‘”lul”aDC+(1—7/1)14“31 (f IVulde) 1
Q Q
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72

-1 s 2= 2, |7
< p A | IXTMuPdx + AT |Vul“dx ,
Q Q

where Cy = (—)2 and A = Cy(pA™))7|Q% . Tt follows that

N-2
1 A 1
—fIVulex+—flxI_‘“lulpdx——flxl‘”lqudx
2 Ja P Ja q Ja
Y2

1 . =
> = f Vulldx — AT ( f |Vu|2dx) 1
2 Q Q

on Hy(€), which implies that the functional I, is coercive due to 0 < 13—271 <1.

Ly(w)

Suppose that {u,} is a (PS). sequence for some ¢ € R", that is, I;(u,) — c and I'(u,) — 0. Then
{u,} is bounded in Hé(Q) by the coercivity of 7,. Up to a subsequence, there is u, € Hé(Q) such that,
asn — oo,

U, — Uy in H(l)(Q),
u, — U in LY(Q; |x|*2) for g € [2,27(sy)),

u,(x) = up(x) a.e.in Q.
By the definition of I} we have

(L (un) = I3 (o), un — uo)

(un — Up, Uy — MO)

+4 f ™" (et 214, — 0”10 ) (ut, — tt)dx
Q
- -2 -2
- f 1™ (a7 14, — |uto|*“u0) (1t — 1) x
Q
> _ 2 —52 q-2 _ q-2 _ d
> lu, — uoll ™2 (et T "1, — luao| " " 10)(uy, — ug)dx,
Q

which implies that u, — ug in Hy(Q) as n — co by

KL (un) = I (o), wy —up)l < I u)llllu, — uoll + KT (uto), 1y — 1)l
< Cilllun)ll + K (o), wy — uo)l

- 0

and

- -2 -2
fIXI 2 (a1t — luol* " 1a0)(, — uo)dx
Q

< f ]2 (a7 + Dl Yot — woldlx
Q
< f el ™2, = woldx + f el 2| it — woldx
Q Q
g1 1
q q
< ( f |x|—“2|un|4dx) ( f |x|-“'2|un—uo|qu)
Q Q
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gq-1

A fomse]

< C2( |x|—52|un - I/t()lqu)
Q

- 0,

q
™ — Mol"dX)

s

N

where C; and C, are some positive constants. O
3. Proof of Theorems 1.1 and 1.3

3.1. Proof of Theorem 1.1
Proof At the beginning, we define

A

Ao

sup
u#0

{—% Jo IVulPdx+ 1 fQ|x|—sz|u|qu}

1 =51 |y|P
L el ludpdx

Our goal is to prove that 0 < 1, < +o00. We choose 1, € Hé(Q) \ {0}. Since g > 2, there exists o > 0

such that | |
-3 f |V(t0u0)|2dx + - f |X|_S2|fobt0|qu > 0.
2 Ja qJo

According to the definition of A, one has 4y > 0.
Now we prove 4y < +oco. On the one hand, by the Hardy-Sobolev inequality, since 2 < g, there is a
positive constant ry such that

1 1 -
=3 o IVuPdx + 1 [ 1= |ul?dx

l =) p
L st julpdc

forall u € HOI(Q) \ {0} with [|u|| £ rg. On the other hand, for ||u|| > ry, we have

Y1 Y2
x| ulldx < x| ulPdx x| uldx| Q>
||~ [ Lo~ [ [~ el 1
Q Q Q
Y1 Y2
< f Ix|~* ulPdx| [Cx f |Vu|2dx) Q[
Q Q
Y1 Y2 Y3
< f Ix =" ulPdx| | Cw f |Vu|2dx) Q72 ( f |Vu|2dx)
Q Q Q
| Y1 Y2ty3
= (Cly\lel”raz”)nflxl_“lulpdx) (f IVulzdx)
Q Q

by Proposition 2.1 and the Hardy inequality. Moreover, it follows from the Young inequality that

1 1 oy L
—EfIVulzdx+—f|x|_S2|u|qu < yl(CX,ZIQIW;"Oz”)Yll f|x|_“|u|pdx
Q qJa Q
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1
+(7—2 LER —) f Vuldx
q 2) Ja

oy L B
< 71(C17\,2|Q|73r0273)71 flxI MNulPdx.
Q

Therefore,

1 2 1 -
=5 o IVuPdx + % [0 Ixl™2[ul?dx

1 —-s p
L bel=st lulpdx

< 721073 2@ -+
< pni(CR1QPCa)n

for ||u|| > ry. By the definition of Ay, we can see that 1y < +oo.
In conclusion, we have 0 < Ay < +oo0.
Next, we define
my = inf{ly(u) | u € HA(Q))

and want to prove that —co < m,; < 0 for every 4 € (0,4y). By the definition of A, there exists
uy € Hi(Q) \ {0} such that

1 1 -
=5 Jo IVuaPdx + % [0 el lug|9dx

L Joy et ualdx

A 1
fqullzdx+—flxl_slluﬂl"dx——flxl_szlu,llqu<0.
Q P Ja qJa

Thus, m, < 0. Furthermore, it follows from Lemma 2.3 and the boundedness of functional [, that
m, > —oco. Therefore, we have proven that —co < m, < 0.

Now we prove the existence of a positive solution, which is the local minimum point of the
functional 7,. Note that the functional /, is weakly lower semi-continuous since

1 pl
Il(u)é5 f |Vu|2dx+; f ™5t u|Pdx
Q Q

is convex and continuous, and

which implies that

| =

L(uy) =

1
Lu) = —= f x|~ |u|?d x
q Jo

is weakly continuous. By the least action principle (see Theorem 1.1 in [12]), I, has a minimum point
w, such that I;(w,) = m,. Due to m, < 0, one has w, # 0. Since I,(Iw,|) = I,(w,) = m,, we may
assume that w, > 0. Hence, w, is a nonzero nonnegative solution of Problem (1.1). It follows from the
strong maximum principle (see [13]) that w, is a positive solution of Problem (1.1).

Finally, we consider another positive solution which is the mountain pass point of the functional /,.
By the Hardy-Sobolev inequality, we have

flxl‘”lulqu < Cllull?
Q
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forall u € Hé(Q) and some constant C > 0. It follows that

1 A 1
—fIVuIzdx+—fIxI_‘”Iulpdx——flxl‘”lqudx
2 Ja P Ja q Jao

1
> Ellull2 = Cllull?

I (u)

on Hé(Q), which implies that I;(u) > %pz for ||lul| = p with 0 < p < min{llw,lll,(4C)_q%2}. Note that
I,(w,) = my < 0. Hence, the functional /, has a mountain pass geometry structure. Then we define the
minimax value

¢, := inf max I,(y(?)),
1 1= inf max L(y(1)

where
r,:= {‘y € C([0, 1],Hé(Q)) :y(0)=0and y(1) = wﬂ}.

According to Lemma 2.3 and the mountain pass lemma (see [14]), /, has a mountain pass point v,
such that I;(v;) = c,. Since ¢; > 0, we know that v; # 0. Also, because I,(|v;]) = L;(vy) = ¢y, we
can assume that v, > 0. Consequently, v, is a nonzero nonnegative solution of Problem (1.1). By the
strong maximum principle, v, is a positive solution of Problem (1.1). Moreover, since 1,(v;) = ¢; >
0 > m, = I;(w,), we have v; # w,.

In conclusion, for all A € (0, Ay), Problem (1.1) has at least two positive solutions v, and w,. O

3.2. Proof of Theorem 1.3

In this subsection, we will prove Theorem 1.3 using the method of sub-supersolutions and the
variational method. Now, we recall the sub-supersolution method in [15].

Definition 3.1. (see [15], P2430, Definition 1.1) A function u is an L'-solution of

—-Au = f(x,u) inQ, 3.1)
ux)=0 on 09,

where Q C RY is a smooth bounded domain and f : Q X R — R is a Carathéodory function, if

(i) u € L'(Q;
(ii) f(-,u)po € L'(Q);
(iii)
- f ulApdx = ff(x, wepdx Yo € C(z)(ﬁ). (3.2)
Q Q

Here, po(x) = d(x,0Q), Yx € Q, and C(z)(ﬁ) ={pe€ Cz(ﬁ); ¢ = 0o0n 0Q)}.

We also consider L'-subsolutions and L'-supersolutions in analogy with this definition. For
instance, u is an L'-subsolution of Problem (3.1) if u satisfies (i)-(iii) with “<” instead of “="in (3.2).
We will systematically omit the term “L!” and simply say that u is a solution of Problem (3.1), which
means that u satisfies (3.2); a similar convention applies to subsolutions and supersolutions.
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Lemma 3.2. (see [15], P2436, Corollary 5.3) Let vi,v, € L'(Q) be a sub and a supersolution of
Problem (3.1), respectively. Assume that vi < v, a.e. and

f(-,v) e L%(Q) for every v € LY(Q) such that vi < v < v, a.e. (3.3)
Then, Problem (3.1) has a solution u € H(l)(Q) such that vi < u < v a.e.

Proof of Theorem 1.3 We define
A, = sup{4 € R | Problem (1.1) has a positive solution}.

From Theorem 1.1 and Lemma 2.2, we obtain 1. € (0,+oc0). Hence, Problem (1.1) has no positive
solution for all A > A,.

By the definition of A, for every 4 € (0, A.), there exists u € (4, A.) such that Problem (1.1) with
A = p has a positive solution u,,.

Let vi = uy, vo(x) 2 Mx™, a = % and

M = max {Iﬁ, |4, ]l SUP {|x|" X € 5}} .

We have @ < N — 2, which follows from g < xﬁjgf p 13122__2;;' )

In a way similar to the proof in [10], one obtains that v; is a subsolution of Problem (1.1), v, is a
supersolution of Problem (1.1) and v,(x) > vi(x) for a.e. x € Q.

By g < %Ejﬁp + 13122__22‘1'1 , we have [a(p — 1) + 511325 = [a(g— 1) + 5:]-25 < N, which implies that
(3.3) holds. Hence, Problem (1.1) has at least one positive solution for all A € (0, A,) by Lemma 3.2.

Next, we consider the case 4 = A.. For an integer n > %{, there exists a positive u, € H&(Q) such

that

{—Aun = — (A = /)X P 200y, + X207 20, in Q, )

un(x) =0 on 0Q.

For any v € H}(Q), we have

(4, V)| < (ﬂ*—1/n)f|x|‘“lun|”‘IIVIdx+fIXI‘”Iuan‘IIVIdx
Q Q
5 5
—2Ns; 2N(p-1) 2N
< A (f x| 752 [, | 02 dx) (f |V|N—2dx)
Q Q

N-2
2N

N+2
~2Nsy 2N(g-1) 2N N
+(f x| 72 |14, Nes dx) (f |V|N—2dx)
Q Q
N+2 N-2

2N(p-1) 2N(g-1) —2N —a2N(p=1) e N
< (LM VT 4 M N2 )(f | 2 || dx) (f |V|5f’zdx)
Q Q
< Cpll

for some positive constant C. So ||u,|| < C, and I, (u,) is bounded. Without loss of generality, assume
that 1y, (u,) — ¢ as n — oo for some ¢ € R. From (3.4), we get I (u,) = 1/n|x|~* u,|Pu, — 0
as n — oo. Thus, (u,) is a (PS). sequence of I, . According to Lemma 2.3, (u,) has a convergent
subsequence. We can assume that u, — uy as n — oo for some u, € Hé(Q). Moreover, ug is a
nonnegative nonzero solution of Problem (1.1) with 4 = A,. By the strong maximum principle, u is a
positive solution of Problem (1.1) with 4 = A., which completes our proof. O
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