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Abstract: Based on the generalized version of Newton’s Shell Theorem the electric field energy 

density, 𝑢𝐹  around two separated surface-charged spheres surrounded by electrolyte is calculated. 

According to the calculations when the surfaces of the charged spheres are farther from each other than 

four times of the Debye length the field energy density around one of the charged sphere is basically 

independent from the presence of the other sphere. In this case at low electrolyte ion concentration 

𝑢𝐹 = 0 within the spheres and outside the sphere 𝑢𝐹 decreases with increasing distance from the 

surface of the sphere, while at high electrolyte ion concentration 𝑢𝐹 fast decreases with increasing 

inner and outer distance from the surface of the sphere. When the charged sheres are close to each 

other their electric interaction affects the field energy density especially where the surfaces of the 

spheres are close to each other. Also to model electrophoresis analytical equations are derived for the 

interaction energy between and the density of electric field energy around a charged flat surface and a 

charged sphere surrounded by neutral electrolyte. 

Keywords: Screened Poisson Equation; Debye length; density of electric field energy 

 

1. Introduction 

The headgroups of membrane lipids have either single charge (e.g. tetraether lipids [1,2] 

phosphatidic acid (PA), phosphatidylserine (PS), phosphatidylethanolamine (PE), and 

phosphatidylinositol (PI)) or electric dipole (e.g. phospholipids [1,3] like dipalmitoyl-, distearoyl-, 

dimyristoylphosphatidylcholine). Theoretical models of lipid membranes usually focus on short 

range (Van der Waals) lateral interactions between nearest neighbor lipids and ignore the long range 
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charge-charge interactions [3,4]. This is because in the case of long range interactions one has to 

consider the entire system rather than the interactions between the nearest neighbor lipids. Charges, 

like head group charges, that are embedded into electrolyte (electroneutral ion solution), but not part 

of the electrolyte itself, are called external charges. The potential, V, generated by external charges can 

be calculated by solving the Screened Poisson Equation, ([5] and see Eq 3 in ref. [6] or Eq A17 in 

Appendix 4).  

By using the solution of the Screened Poisson Equation Newton’s Shell Theorem was 

generalized [6,7] and then it was possible to calculate analytically different electrical properties of one 

and two concentric surface-charged spheres (surrounded inside and outside by electrolyte) such as: 

electric energy required to build up the charged sphere(s) [8], electric field energy inside and outside 

the sphere(s) [8], polarization energy of the electrolyte ions [8] and electric interaction energy between 

the charged spheres [9]. 

In this work the density of the electric field energy inside and outside of two charged spheres are 

calculated at different locations. The density of the electric field energy at a point can be calculated by 

the following equation [10]: 

𝑢𝐹 =
𝜀𝑟𝜀0

2
𝐸 ∙ 𝐸           (1) 

where 𝐸 is the vector of the electric field strength at the considered point, 𝜀0 is the absolute vacuum 

permittivity and 𝜀𝑟 is the relative permittivity of the electrolyte. 

Note that the Poisson-Boltzmann equation [11] can be used to calculate the potential, V of an 

arbitrary, electroneutral, ion solution (i.e. electrolyte). However, for the solution of the equation one 

has to know the charge density of the ions in the electrolyte (i.e. the Boltzmann distribution) which 

depends on the potential, V, itself. Thus, only approximative solution (e.g. Debye-Hückel 

approximation [11]) is available, that is valid when |𝑧𝑖𝑒𝑉/(𝑘𝐵𝑇)| ≪ 1  (where 𝑒 : charge of an 

electron, 𝑧𝑖: charge number of the i-th type of ion, 𝑘𝐵: Boltzmann constant, 𝑇: absolute temperature). 

Using the general solution of the Screened Poisson Equation (Eq A17) one can calculate the potential 

energy of an electrolyte that contains also external charges. The external charges are embedded into 

the electrolyte (like the charges of the surface-charged sphere) but not part of the electrolyte itself. For 

the solution one has to know the charge density of the external charges, 𝜌𝑒𝑥 (see Eq A17), i.e. the 

distribution of the charges on the surface-charged sphere and not the distribution of the ions in the 

electrolyte. In our case it is assumed that the charges on the surface of the sphere are homogeneously 

distributed and in this case one can get the exact solution of the Screened Poisson Equation (see 

Eqs 9,10 in ref. [6] or Eqs A1, A2 in Appendix 1). 

2. Model 

By using the generalized Shell Theorem [6] we calculate the density of electric field energy, 𝑢𝐹 

produced by two surface-charged spheres (see Figure 1) surrounded outside and inside by electrolyte. 

The surface of each sphere is homogeneously charged. The total charge of the smaller and larger sphere 

is 𝑄1 and 𝑄2, respectively. 
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Figure 1. Two surface-charged spheres surrounded outside and inside by neutral 

electrolyte. Z: the distance between the centers of the spheres (dashed blue line); R1 and 

R2 is the radius of the smaller and larger sphere, respectively; D1 and D2 is the distance 

between point P1 and the center of the smaller and larger sphere, respectively; E1 and E2 is 

the field strength created at point P1 by the smaller and larger charged sphere, respectively. 

In Figure 1 the origin of the coordinate system (x, y) is attached to the middle of the distance 

between the centers of the two spheres, and the coordinates of point P1 are xp and yp. The coordinates 

of the center of the larger and smaller sphere are (𝑥2, 𝑦2) = (𝑍/2,0)  and (𝑥1, 𝑦1) = (−𝑍/2,0) , 

respectively.  

In order to calculate the density of electric field energy one needs the electric field strength (see 

Eq 1), i.e. the gradient of the electric potential. The potential produced by the smaller sphere, 𝑉1 can 

be calculated by Eqs 9,10 in ref. [6] (see also Eqs A1, A2 in Appendix 1) and from the gradient of this 

potential the electric field strength created by the smaller sphere at point P1 (see Figure 1) is: 

𝐸1 = −𝑔𝑟𝑎𝑑(𝑉1) = −(
𝑑𝑉1

𝑑𝐷1

𝑑𝐷1

𝑑𝑥𝑃
,
𝑑𝑉1

𝑑𝐷1

𝑑𝐷1

𝑑𝑦𝑃
) = −

𝑑𝑉1

𝑑𝐷1
(
𝑑√(𝑥𝑃−𝑥1)

2+(𝑦𝑃−𝑦1)
2

𝑑𝑥𝑃
,
𝑑√(𝑥𝑃−𝑥1)

2+(𝑦𝑃−𝑦1)
2

𝑑𝑦𝑃
) =

−
𝑑𝑉1

𝑑𝐷1
(
𝑥𝑃−𝑥1

𝐷1
,
𝑦𝑃−𝑦1

𝐷1
) = (−

𝑑𝑉1

𝑑𝐷1

𝑥𝑃+(
𝑍

2
)

𝐷1
, −

𝑑𝑉1

𝑑𝐷1

𝑦𝑃

𝐷1
) = (𝐸1𝑥, 𝐸1𝑦)     (2) 

where 

 
𝑑𝑉1

𝑑𝐷1
=

{
 
 

 
 𝑘𝑒𝑄1𝜆𝐷

𝜀𝑟𝑅1
𝑠𝑖𝑛ℎ(𝑅1/𝜆𝐷) [−

𝑒
−
𝐷1
𝜆𝐷

𝐷1
2 −

𝑒
−
𝐷1
𝜆𝐷

𝐷1𝜆𝐷
]       𝑖𝑓 𝐷1 > 𝑅1 

𝑘𝑒𝑄1𝜆𝐷

𝜀𝑟𝑅1
𝑒
−
𝑅1
𝜆𝐷 [−

𝑠𝑖𝑛ℎ(
𝐷1
𝜆𝐷
)

𝐷1
2 +

𝑐𝑜𝑠ℎ(
𝐷1
𝜆𝐷
)

𝐷1𝜆𝐷
]          𝑖𝑓 𝐷1 < 𝑅1

    (3) 

where 𝜆𝐷 is the Debye length (see Eq A3) and 𝑅1 + 𝑅2 < 𝑍. 
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Similarly, the electric field strength created by the larger sphere at point P1 (see Figure 1) is: 

𝐸2 = −𝑔𝑟𝑎𝑑(𝑉2) = −(
𝑑𝑉2

𝑑𝐷2

𝑑𝐷2

𝑑𝑥𝑃
,
𝑑𝑉2

𝑑𝐷2

𝑑𝐷2

𝑑𝑦𝑃
) = −

𝑑𝑉2

𝑑𝐷2
(
𝑑√(𝑥𝑃−𝑥2)

2+(𝑦𝑃−𝑦2)
2

𝑑𝑥𝑃
,
𝑑√(𝑥𝑃−𝑥2)

2+(𝑦𝑃−𝑦2)
2

𝑑𝑦𝑃
) =

−
𝑑𝑉2

𝑑𝐷2
(
𝑥𝑃−𝑥2

𝐷2
,
𝑦𝑃−𝑦2

𝐷2
) = (−

𝑑𝑉2

𝑑𝐷2

𝑥𝑃−(
𝑍

2
)

𝐷2
, −

𝑑𝑉2

𝑑𝐷2

𝑦𝑃

𝐷2
) = (𝐸2𝑥, 𝐸2𝑦)    (4) 

where one can construct 𝑑𝑉2/𝑑𝐷2 from Eq 3 by substituting 𝐷1 by 𝐷2, 𝑅1 by 𝑅2 and 𝑄1 by 𝑄2. 

Finally, based on Eq 1 the density of the electric field energy at point P1 is: 

𝑢𝐹(𝑥𝑃, 𝑦𝑃) =
𝜀𝑟𝜀0

2
𝐸 ∙ 𝐸 =

𝜀𝑟𝜀0

2
(𝐸1 + 𝐸2) ∙ (𝐸1 + 𝐸2) =

𝜀𝑟𝜀0

2
([𝐸1𝑥 + 𝐸2𝑥], [𝐸1𝑦 + 𝐸2𝑦]) ∙ ([𝐸1𝑥 +

𝐸2𝑥], [𝐸1𝑦 + 𝐸2𝑦]) =  
𝜀𝑟𝜀0

2
( [𝐸1𝑥 + 𝐸2𝑥]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
)    (5) 

3. Results 

 

Figure 2. Locations where electric field energy density around two surface-charged spheres 

are calculated. A) At the origin of the coordinate system, marked by black dot, two charged 

spheres of radius 𝑅2  are connected. The distance between their centers is 𝑍 = 2 𝑅2 . In 

Figure 3 the electric field energy densities are calculated along the three horizontal lines. B) 

Two separated charged spheres of radius 𝑅2 . The distance between their centers is 𝑍 =

2. 5 𝑅2. In Figure 4 the electric field energy densities are calculated along the three horizontal 

lines. C) Two charged spheres of radius 𝑅2 and 𝑅1(= 0.5 𝑅2) are connected. The distance 

between their centers is 𝑍 = 3 𝑅1. In Figure 5 the electric field energy densities are calculated 

along the four horizontal lines. D) Two separated charged spheres of radius 𝑅2 and 𝑅1(=

0.5 𝑅2) . The distance between their centers is 𝑍 = 3. 5 𝑅1 . In Figure 6 the electric field 

energy densities are calculated along the four horizontal lines. 

Here by using Eq 5 the density of the electric field energy, 𝑢𝐹, is calculated around two surface-

charged spheres surrounded in- and outside by electrolyte. The radius of the larger and smaller sphere 
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is: 𝑅2 = 10
−6𝑚 and 𝑅1 = 0.5 𝑅2, respectively. The surface charge density of the homogeneously 

charged spheres is 𝜌𝑠 = −0.266 𝐶/𝑚
2 (the surface charge density of the PLFE lipid vesicles [1,2]). 

The total charge of the larger and the smaller sphere is, 𝑄2 = 𝜌𝑠4𝜋𝑅2
2 = −3.3427 ∙ 10−12𝐶  and 

𝑄1 = 𝜌𝑠4𝜋𝑅1
2 = −8.3566 ∙ 10−13𝐶 , respectively. This system is axially symmetric, where the 

symmetry axis is the straight line connecting the centers of the spheres. The center of the attached 

coordinate system is at the midpoint between the centers of the spheres (see black dots in Figures 2A-

D), and the x axis is defined by the symmetry axis. Because of the axial symmetry of the system it is 

enough to calculate 𝑢𝐹 along straight lines parallel to the symmetry axis (see Figure 2), where the 

same 𝑦𝑃 coordinate belongs to each straight line. If the spheres have the same total charge and the 

same radius (see Figure 2A, B) the system has lateral symmetry too and thus 𝑢𝐹(−𝑥𝑃, 𝑦𝑃) =
𝑢𝐹(𝑥𝑃, 𝑦𝑃). The charged spheres are surrounded by neutral electrolyte containing monovalent ions. 

The considered electrolyte ion concentrations (of the positive ion) are: 0.00001, 0.001 and 0.1𝑚𝑜𝑙/𝑚3 

and the respective Debye lengths (calculated by Eq A3) are: 3.05 ∙ 10−6 , 3.05 ∙ 10−7  and 3.05 ∙
10−8𝑚, and the relative permittivity of the electrolyte is 𝜀𝑟 = 78. 

 

Figure 3. Density of the electric field energy around two connected similarly charged 

spheres of the same size. Two surface-charged spheres each of radius 𝑅2 are shown in 

Figure 2A. The distance between their centers is 𝑍 = 2𝑅2 and the center of the coordinate 

system is located at the middle of this distance. The electric field energy densities are 

calculated along the three horizontal lines (shown in Figure 2A): at blue line 𝑦𝑃 = 0; at 

red line 𝑦𝑃 = 0.75 𝑅2; at black line 𝑦𝑃 = 1.1 𝑅2. The concentration of the monovalent 

positive (or negative) ion in the electrolyte is: A) 𝐶 = 0.00001𝑚𝑜𝑙/𝑚3 ; B) 𝐶 =

0.001 𝑚𝑜𝑙/𝑚3; C) 𝐶 = 0.1 𝑚𝑜𝑙/𝑚3. In Figure 3C regarding the black curve the values 

of 𝑢𝐹 are shown on the right side.  

The connection point between the spheres of the same size is at 𝑥𝑃 = 0 and 𝑦𝑃 = 0 (see black 

dot in Figure 2A). At this point there is no electrolyte and Eqs 2–5 are not applicable. The field energy 

densities approaching this connection point from left (i.e. 𝑥𝑝 → 0− ; 𝑦𝑝 = 0 ) and from right (i.e. 

𝑥𝑝 → 0+; 𝑦𝑝 = 0) are shown by the blue curves in Figures 3A-C. Similar situations take place when 

the horizontal line at 0 < 𝑦𝑝 < 𝑅2 crosses the circles in Figure 2A,B. The 𝑥𝑝 coordinates of these 

cross sections, 𝑥𝑝
𝑐  can be calculated by:  

𝑥𝑝
𝑐 = ±0.5𝑍 (1 ± √1 − (𝑦𝑝/𝑅2)

2
).       (6) 
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Figure 4. Density of the electric field energy around two separated similarly charged 

spheres of the same size. Two separated surface-charged spheres each of radius 𝑅2 are 

shown in Figure 2B. The distance between their centers is 𝑍 = 2. 5 𝑅2 and the center of 

the coordinate system is located at the middle of this distance. The electric field energy 

densities are calculated along the three horizontal lines (shown in Figure 2B): at blue line 

𝑦𝑃 = 0 ; at red line 𝑦𝑃 = 0.75 𝑅2 ; at black line 𝑦𝑃 = 1.1 𝑅2 . The concentration of the 

monovalent positive (or negative) ion in the electrolyte is: A) 𝐶 = 0.00001 𝑚𝑜𝑙/𝑚3; B) 

𝐶 = 0.001 𝑚𝑜𝑙/𝑚3 ; C) 𝐶 = 0.1 𝑚𝑜𝑙/𝑚3 . In Figure 4C regarding the black curve the 

values of 𝑢𝐹 are shown on the right side. 

 

Figure 5. Density of the electric field energy around two connected charged spheres of 

different sizes. Two surface-charged spheres of radius 𝑅2 and 𝑅1(= 0.5 𝑅2) are shown 

in Figure 2C. The distance between their centers is 𝑍 = 3 𝑅1  and the center of the 

coordinate system is located at the middle of this distance. The electric field energy 

densities are calculated along the four horizontal lines (shown in Figure 2C): at blue line 

𝑦𝑃 = 0; at red line 𝑦𝑃 = 0.75 𝑅1; at green line 𝑦𝑃 = 1.1 𝑅1; at black line 𝑦𝑃 = 1.1 𝑅2. 

The concentration of the monovalent positive (or negative) ion in the electrolyte is: A) 

𝐶 = 0.00001 𝑚𝑜𝑙/𝑚3 ; B) 𝐶 = 0.001 𝑚𝑜𝑙/𝑚3 ; C) 𝐶 = 0.1 𝑚𝑜𝑙/𝑚3 . In Figure 5C 

regarding the black curve the values of 𝑢𝐹 are shown on the right side. 

The connection point between the spheres of different sizes is at 𝑥𝑃 = −0.5 𝑅1 and 𝑦𝑃 = 0. At 
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this point there is no electrolyte and Eqs 2–5 are not applicable. The field energy densities approaching 

this connection point from left (i.e. 𝑥𝑝 → −0.5 𝑅1−  where 𝑅1−  𝑅1≈
<  ; 𝑦𝑝 = 0 ) and from right (i.e. 

𝑥𝑝 → −0.5 𝑅1+  where 𝑅1+ 𝑅1≈
>  ; 𝑦𝑝 = 0 ) are shown by the blue curves in Figures 5A–C. Similar 

situations take place when the horizontal line crosses the circles (at 𝑦𝑝 > 0) in Figure 2C,D. The 𝑥𝑝 

coordinates of these cross sections, 𝑥𝑝
𝑐  can be calculated by:  

𝑥𝑝
𝑐 = −0.5𝑍 (1 ± √1 − (𝑦𝑝/𝑅1)

2
) at 𝑥𝑝 < −0.5𝑍 + 𝑅1 and 𝑦𝑃 < 𝑅1.   (7) 

and  

𝑥𝑝
𝑐 = 0.5𝑍 (1 ± √1 − (𝑦𝑝/𝑅2)

2
) at 𝑥𝑝 > −0.5𝑍 + 𝑅1 and 𝑦𝑃 < 𝑅2.   (8) 

 

Figure 6. Density of the electric field energy around two separated charged spheres of 

different sizes. Two separated surface-charged spheres of radius 𝑅2  and 𝑅1(= 0.5 𝑅2) 

are shown in Figure 2D. The distance between their centers is 𝑍 = 3. 5 𝑅1 and the center 

of the coordinate system is located at the middle of this distance. The electric field energy 

densities are calculated along the four horizontal lines (shown in Figure 2D): at blue line 

𝑦𝑃 = 0; at red line 𝑦𝑃 = 0.75 𝑅1; at green line 𝑦𝑃 = 1.1 𝑅1; at black line 𝑦𝑃 = 1.1 𝑅2. 

The concentration of the monovalent positive (or negative) ion in the electrolyte is: A) 

𝐶 = 0.00001 𝑚𝑜𝑙/𝑚3 ; B) 𝐶 = 0.001 𝑚𝑜𝑙/𝑚3 ; C) 𝐶 = 0.1 𝑚𝑜𝑙/𝑚3 . In Figure 6C 

regarding the black curve the values of 𝑢𝐹 are shown on the right side.  

4. Discussion 

The density of the electric field energy depends on the electric field strength (Eq 1), i.e. the 

gradient of the electric potential. In the case of a single charged sphere surrounded by electrolyte with 

low ion concentration the potential inside the sphere is close to constant (see red curve in Figure 3A in 

ref. [6]) and thus the absolute value of the electric field strength is close to zero. On the other hand, 

outside the sphere the absolute value of the potential and also the electric field strength decrease with 

increasing distance from the surface of the sphere (see red curve in Figure 3A in ref. [6]). At higher 
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electrolyte ion concentration, because of the increased screening effect, the absolute value of the 

potential and also the electric field strength decrease faster with increasing distance from the surface 

of the sphere. In this case inside the sphere toward its center the absolute value of the potential and the 

electric field strength also decrease (see curves in Figure 3A,B in ref. [6]).  

These electric properties of a single charged sphere remain unchanged in the case of two charged 

spheres if the surfaces of the spheres are far enough from each other (farther than 4𝜆𝐷 ), i.e. the 

potential of one of the sphere decreases close to zero near the surface of the other sphere. However, 

when the two spheres are close enough to each other one sphere contributes to the potential and electric 

field strength around the other sphere. For example, let us consider two spheres of the same size located 

close to each other (see the left and right sphere in Figure 2B) and the electrolyte ion concentration is 

very low (𝐶 = 0.00001 𝑚𝑜𝑙/𝑚3). In this case the charges of the left sphere create close to zero electric 

field strength inside the left sphere, while the electric field strength created outside of the right sphere 

(by the charges of the right sphere) decreases toward the left sphere and further decreases inside the 

left sphere. Thus, within the left sphere on its right side 𝑢𝐹 is rather high (see Figure 4A blue line at 

𝑥𝑃 < −0.25 ∙ 10−6 𝑚) while it is close to zero on its left side. However, crossing the left surface of 

the left sphere 𝑢𝐹 jumps up because the field strength jumps from close to zero to |𝐸1| ≅ 𝑘𝑒𝑄1/𝜀𝑟𝑅1
2 

(see Figure 4A blue line at 𝑥𝑃 = −2.25 ∙ 10
−6 𝑚). In general, when the horizontal line crosses the 

sphere(s) (see Figure 2) 𝑢𝐹 has sharp maxima (see Figures 3–6). When the horizontal line does not 

cross the spheres of the same size (i.e. 𝑦𝑝 > 𝑅2 ) 𝑢𝐹  has two broad maxima where the distance 

between the horizontal line and the surface of the spheres is minimal (see black curves in Figures 3,4). 

However, when the sizes of the two spheres are different the maximum of 𝑢𝐹 close to the larger sphere 

is larger than the other maximum (close to the smaller sphere). These maxima are broader when the 

electrolyte ion concentration is low. In this case the smaller maximum may disappear because the larger 

one overlaps the smaller one (see black line in Figures 5A and 6A). 

At the midpoint between the two separated spheres of the same size (at 𝑥𝑃 = 0 and 𝑦𝑃 = 0) 

𝑢𝐹 = 0 𝐽 𝑚
−3 because at the symmetry center the absolute value of electric field created by the left 

sphere is equal with the absolute value of electric field created by the right sphere, but their direction 

is opposite (thus 𝐸1𝑥 + 𝐸2𝑥 = 0  while 𝐸1𝑦 = 𝐸2𝑦 = 0 ). Approaching from the midpoint the outer 

surface of the left sphere 𝑢𝐹 increases, but the increase is slower than in the case of a single sphere 

because the presence of the right sphere (with opposite direction its electric field vector) reduces the 

outer electric field strength of the left sphere. 

At 𝑥𝑃 = 0 and 𝑦𝑃 > 0 𝑢𝐹 > 0 𝐽 𝑚
−3 because 𝐸1𝑦 = 𝐸2𝑦 ≠ 0 and thus [𝐸1𝑦 + 𝐸2𝑦]

2
> 0 (see 

Figure 4A red and black line). With increasing electrolyte ion concentration as a consequence of the 

increasing screening [𝐸1𝑦 + 𝐸2𝑦]
2
 is getting smaller and thus 𝑢𝐹 is getting smaller too (compare 

Figure 4A, B and C at 𝑥𝑃 = 0 and at the same 𝑦𝑃). 

The connection point between the spheres of the same size is at 𝑥𝑃 = 0 and 𝑦𝑃 = 0 (see black 

dot in Figure 2A). At this point there is no electrolyte and Eqs 2–5 are not applicable. The field energy 

densities approaching this connection point from left (i.e. 𝑥𝑝 → 0− ; 𝑦𝑝 = 0 ) and from right (i.e. 

𝑥𝑝 → 0+; 𝑦𝑝 = 0) are shown by the blue curves in Figures 3A–C. It is pointed out in Appendix 2 that, 

at any electrolyte ion concentration, in the case of 𝑅1 = 𝑅2 the density of the field energy is the same 

either approaching the connection point from the left or right (see Eqs A5, A7). However, if the right 

sphere is larger than the left sphere (i.e. 𝑅2 > 𝑅1) then 𝑢𝐹 near the right side of the connection point 

is larger than 𝑢𝐹 near the left side of the connection point (see Eqs A8, A9). Note, that the difference 

between these field energy densities decreases with decreasing electrolyte ion concentration and the 

difference becomes zero at zero electrolyte ion concentration (see Eqs A12, A13).   
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The analytical equation for the calculation of the electric field energy density of two charged 

spheres, Eq 5 is generalized for N charged spheres in Appendix 3.  

In this paper two surface-charged spheres surrounded by electrolyte is considered. This system is 

close to the case of electrophoresis where charged cells surrounded by electrolyte interact with a 

charged flat surface [12,13]. In Appendix 4 analytical equations are derived for this kind of system by 

using the solution of the Screened Poisson Equation (see Eq 4 in ref. [6]). The density of electric field 

energy around a charged sphere and a charged flat surface can be calculated at point (𝑥𝑝, 𝑦𝑝) [see 

Fig.A1(B)] by Eq 5 where 𝐸1 is given by Eqs 2,3 and 𝐸2 = (𝐸2𝑥, 𝐸2𝑦) is given at Eq A24: 

(𝐸2𝑥, 𝐸2𝑦) = (−
𝜌2

2𝜀𝑜𝜀𝑟
𝑒
−
0.5𝑍−𝑥𝑝

𝜆𝐷 , 0)       (9) 

5. Conclusions 

Based on the generalized version of Newton’s Shell Theorem [6] analytical equation is derived to 

calculate the electric field energy density,  𝑢𝐹  around two separated surface-charged spheres 

surrounded by electrolyte. According to the calculations when the surfaces of the charged spheres are 

farther from each other than four times of the Debye length the field energy density around one of the 

charged sphere is basically independent from the presence of the other sphere. In this case at low 

electrolyte ion concentration 𝑢𝐹 = 0 within the spheres and outside the sphere 𝑢𝐹 decreases with 

increasing distance from the surface of the sphere, while at high electrolyte ion concentration 𝑢𝐹 fast 

decreases with increasing inner and outer distance from the surface of the sphere. When the charged 

spheres are close to each other their electric interaction affects the field energy density especially where 

the surfaces of the spheres are close to each other. Also, to model electrophoresis analytical equations 

are derived for the interaction energy between and the density of electric field energy around a charged 

flat surface and a surface-charged sphere surrounded by neutral electrolyte. 
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