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Abstract: In plant science, we are currently at the dawn of an era, in which mathematical modeling 
and computational simulations will influence and boost tremendously the gain of new knowledge. 
However, for many plant scientists mathematical modeling is still rather dubious and is often 
negligently considered as an oversimplification of the real situation. The goal of this article is to 
provide a toolbox that allows first steps in the modeling of transport phenomena in plants. The 
provided framework is applied in the simulation of K+ uptake by cells via K+ channels. Historically, 
K+ uptake systems are divided into “high affinity” (e.g. H+-coupled K+ transporters) and “low 
affinity” (K+ channels) transporters. The computational cell biology studies presented here refute this 
separation. They show that K+ channels are in general uptake systems with “low” and “high affinity” 
components. The analyses clarify that constraints in wet-lab experiments usually mask the “high 
affinity” component. Consequently, the channels were widely assigned a “low affinity” component, 
only. The results presented here unmask the absurdity of the concept of “high- and low-affinity” 
transporters. 
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1. Introduction 

The goal of biophysics is to provide a comprehensive theory, based on fundamental laws and/or 
first principles, that allows to explain experimental findings in biological experiments and to express 
the findings in numbers. Lord Kelvin once stated: “When you cannot express [a finding] in numbers, 
your knowledge is of a meagre and unsatisfactory kind; it may be the beginning of knowledge, but 
you have scarcely in your thoughts advanced to the state of Science.” In this context, we may 
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consider biophysics, with some degree of arrogance, as the core of biological science. This would be 
certainly an exaggeration; nevertheless, we should not underestimate the power of mathematical 
descriptions of biological phenomena; in particular, because the mathematical description of the 
different entities of a complex system allows to reassemble the system in a computer and enables 
then to simulate its behavior.  

In plant science we are currently at the dawn of an era, in which computational simulations will 
influence and boost tremendously the gain of new knowledge. An advanced field in this context is 
the area of membrane transport, simply because scientists in this area are forced to work since 
decades with biophysical and mathematical approaches; otherwise these transport processes would 
be hard to grasp. Meanwhile a couple of models for coupled transport processes enabled already far 
reaching insights. There are models, for instance, for electrical signaling [1,2,3], guard cells [4,5], 
phloem re-loading [6], salt stress [7] or nutrient exchange in arbuscular mycorrhizal symbiosis [8]. 

The goal of the study presented here is to provide a toolbox that allows first steps in the 
modeling of transport phenomena in plants and other organisms. On the basis of an example, it is 
explained how the biophysical basis of transmembrane transport can be described in mathematical 
terms. The chosen example is the H+-ATPase-driven uptake of K+ via potassium channels. Potassium 
channels and transporters are historically separated in “high affinity” and “low affinity” uptake 
systems [9], whereby K+ channels were assigned as “low affinity” systems. The computational 
simulations of this study reveal that the separation according to the apparent affinity is a historic 
fallacy. It is shown that K+ channels are in general uptake systems with “low” and “high affinity” 
components. Both components are intrinsic properties of the uptake mechanism. The features of K+ 
channels, however, in particular their high turnover rate, complicate the detection of the “high 
affinity” component in wet-laboratory experiments. Consequently, the channels were historically 
assigned a “low affinity” component, only. 

2. Materials and Methods 

2.1. Current through an open ion channel 

An ion channel is a diffusion facilitator. It mediates the selective transport of ions along a 
transmembrane electrochemical gradient. In its general form, the current through N open ion 
channels of a certain type is determined by the equation 

ሺܸሻܫ  ൌ ܰ ∙ ݖ ∙ ݁଴ ∙ ݆ ∙  (eqn. 2.1.1) ܣ

where z determines the valence of the ion, e0  1.602 × 10–19C the elementary charge, A the surface 
of a cross-section of the ion channel, and j the flux density of ions per second per surface unit. The 
driving force of j originates from a gradient in the electrochemical potential : 

 j ൌ െK ∙ ሾcሿ ∙  μ (eqn. 2.1.2)׏

with K being a proportional coefficient and 

 μ ൌ μ଴ ൅ RT ∙ ln
ሾୡሿ

ሾୡబሿ
൅ z ∙ F ∙  (eqn. 2.1.3) 
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Here, [c] is the concentration distribution of the permeating ion, [c0] an arbitrary reference 
concentration,  the electric potential, F the Faraday constant, R the gas constant and T the absolute 
temperature. For an ion channel, the gradient is essentially in one direction, only, namely along the 
permeation pathway. Therefore, eqn. 2.1.2 can be expressed in one dimension resulting in the 
Nernst-Planck equation:  

 j ൌ െD ∙ ቀ ப
ப୶
ሾcሿ ൅ ౰ూ

౎౐
∙ ሾcሿ ∙ ப

ப୶
ቁ (eqn. 2.1.4) 

with the diffusion coefficient of the ion 	ܦ ൌ ܭ ∙ ܴܶ. As outlined in Hille [10], the differential eqn. 

2.1.4 can be multiplied on both sides by the factor 
ଵ

஽
∙ ݁

೥ಷ
ೃ೅
ట and integrated, resulting in 

 j ൌ ୡ౛౮౪ିୡ౟౤౪∙ୣ
౰ూ
౎౐∙౒

׬
భ

ీሺ౮ሻ
∙ୣ
౰ూ
౎౐∙ಠሺ౮ሻୢ୶

భ
బ

 (eqn. 2.1.5) 

Here, x denotes the fraction across the membrane from inside the cell ሺݔ ൌ 0ሻ to the outside ሺݔ ൌ 1ሻ; 
߰ሺ1ሻ ൌ ߰௘௫௧ ൌ 0, ߰ሺ0ሻ ൌ ߰௜௡௧ ൌ ܸ, ሾܿሿሺ1ሻ ൌ ܿ௘௫௧, ሾܿሿሺ0ሻ ൌ ܿ௜௡௧. With the assumptions (Figure 1A) 
(i) that the diffusion coefficient is constant across the membrane: ܦሺݔሻ ൌ ܦ ൌ  and (ii) that ,.ݐݏ݊݋ܿ
the transmembrane potential varies linearly across the membrane: ߰ሺݔሻ ൌ ߰௜௡௧ െ ݔ ∙ ሺ߰௜௡௧ െ ߰௘௫௧ሻ, 
the denominator of eqn. 2.1.5 can be integrated resulting in the well-known Goldman-Hodgkin-Katz 
(GHK) flux equation:  

 j ൌ D ∙ ୸୊
ୖ୘
∙ V ∙ ୡ౟౤౪ିୡ౛౮౪∙ୣ

షቀ
౰ూ
౎౐∙౒ቁ

ଵିୣషቀ
౰ూ
౎౐∙౒ቁ

 (eqn. 2.1.6) 

However, at least for potassium channels, it is known that these conditions are not fulfilled. The 
internal cavity of the channel and the selectivity filter cause that neither the diffusion coefficient is 
constant nor that the transmembrane potential varies linearly. Thus, for plant K+ channels the GHK-
flux equation is wrong. Instead, the following relations approximate the conditions in K+ uptake 
channels (Figure 1B): (i) in the region between ݔ ൌ 0  and ݔ ൌ ܽ : ሾܿሿሺݔሻ ൌ ܿ௜௡௧ ሻݔሺܦ , ൌ ௦ܦ  and 

߰ሺݔሻ ൌ ߰௜௡௧ ൌ ܸ; (ii) in the interval between ݔ ൌ ܽ and ݔ ൌ ܾ: ߰ሺݔሻ ൌ ߰௜௡௧ െ
௫ି௔

௕ି௔
∙ ሺ߰௜௡௧ െ ߰௘௫௧ሻ 

and ܦሺݔሻ ൌ ܦ ; and (iii) in the region between ݔ ൌ ܾ  and ݔ ൌ 1 : ሾܿሿሺݔሻ ൌ ܿ௘௫௧ ሻݔሺܦ , ൌ ௦ܦ  and 
߰ሺݔሻ ൌ ߰௘௫௧ ൌ 0; with 0 ൑ ܽ ൏ ܾ ൑ 1; Ds is the diffusion coefficient of the ion in free solution and 
D the diffusion coefficient in the narrow pore. 

Following step-wise integration of the denominator in eqn. 2.1.5, it results:  

 j ൌ ୈ

ୠିୟ
∙ ୸୊
ୖ୘
∙ V ∙ ୡ౟౤౪ିୡ౛౮౪∙ୣ

షቀ
౰ూ
౎౐∙౒ቁ

ଵ	ି	ୣషቀ
౰ూ
౎౐∙౒ቁ	ା	౰ూ

౎౐
∙୚∙ ీ

ీ౩
∙ቆ ౗
ౘష౗

ାభషౘ
ౘష౗

∙ୣషቀ
౰ూ
౎౐∙౒ቁቇ

 (eqn. 2.1.7) 
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Figure 1. Comparison of the current through a homogenous pore and a structured K+ 
channel pore. (A) In a homogenous pore, the transmembrane potential difference drops 
linearly across the membrane (A,i) and the diffusion coefficient is constant over the entire 
distance but lower than in free solution (A,ii). (A,iii) Current voltage curves of a model cell 
with only homogeneous K+ selective ion channels and an internal potassium concentration 
of [K+]int = 120 mM calculated according to eqn. 2.1.6. Please note that all curves  
for [K+]ext < [K+]int are left-bended, which contradicts experimental findings for plant K+ 
uptake channels. (B) The pore of plant K+ uptake channels has an internal structure as 
resolved by homology modeling using the crystal structures of mammalian K+ channels as 
template [6,11–15]. Open K+ channels have in general an internal cavity that is connected 
to the inside of the cell. In this cavity the electric potential (B,i for x = 0…a) can be 
approximated to be identical to the potential inside the cell and the diffusion coefficient for 
K+ (Ds) is as in free solution (B,ii for x = 0…a). The narrow selectivity filter is the main 
obstacle for the passage of the ion. Here, the transmembrane potential difference drops 
across a short distance (B,i for x = a…b) and the diffusion coefficient (D) is smaller (B,ii 
for x = a…b). Beyond the selectivity filter (x = b…1) the conditions are as in free solution 
outside the cell. The conditions of plant K+ channels are well described with a = 0.75, b = 1, 
and D/Ds = 0.25. (B,iii) The current voltage curves were determined according to eqn. 
2.1.9 and coincide very well with previously published experimental data. 
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With the parameters ܽ ൎ 0.75 , ܾ ൎ 1 , 
஽

஽ೞ
ൎ 0.25 , the flux equation describes quite well the 

experimentally measured currents mediated by open K+ uptake channels with right-bended curves at 
moderate [K+]ext (Figure 1B; [16–29]):  

 ݆௄ ൌ
஽

଴.ଶହ
∙ ௭ி
ோ்
∙ ܸ ∙ ௖೔೙೟ି௖೐ೣ೟∙௘

షቀ
೥ಷ
ೃ೅∙ೇቁ

ଵି௘షቀ
೥ಷ
ೃ೅∙ೇቁା଴.଻ହ∙೥ಷ

ೃ೅
∙௏

 (eqn. 2.1.8) 

With this equation and with 
ோ்

ி
ൎ 25ܸ݉, the voltage and concentration dependence of the current 

through N open potassium channels can be expressed as 

௄ሺܸሻ	௢௣௘௡ܫ  ൌ ௄ߪ ∙
ଵ

௠௏∙ఓெ
∙ ܸ ∙

ሾ௄శሿ೔೙೟ିሾ௄శሿ೐ೣ೟∙௘
షቀ

ೇ
మఱ೘ೇቁ

ଵି௘షቀ
ೇ

మఱ೘ೇቁା଴.଻ହ∙ ೇ
మఱ೘ೇ

 (eqn. 2.1.9) 

with the conductance K being proportional to the number of channels. This approximation 
simplifies the uncertainty of several microscopic parameters to one macroscopic parameter, K, that 
can easily be adjusted using experimental values or can be screened in simulations in a reasonable 
parameter interval. Also in case of eqn. 2.1.9 the zero-current potential Vrev, at which IOpen_K (Vrev) = 0, 
depends on the external and internal potassium concentrations and is determined by the Nernst-
equation: 

 ௥ܸ௘௩ ൌ
ோ்

ி
∙ ln

ሾ௄శሿ೐ೣ೟
ሾ௄శሿ೔೙೟

 (eqn. 2.1.10) 

2.2. Current through a voltage-gated ion channel 

In the previous section the voltage dependence of the permeation of ions through an open 
channel was considered. This, however, is not the normal situation in a cellular context. Usually, an 
ion channel is not open all the time, but its activity is regulated by external stimuli, as, for instance, 
the membrane voltage or the concentration of a ligand. The following example of a voltage-gated ion 
channel illustrates, how such a dependency of the channel activity on an external parameter can be 
described in simple mathematical expressions. 

A channel protein can exist in different conformations; in the simplest case in two (Figure 2): 
the open state that allows ions to permeate as described in section 2.1. and the closed state that does 
not permit ions to pass the channel. The different conformation states are correlated with different 
energetic statuses of the protein. In the open state, the channel protein is characterized by the free 
energy GO and in the closed state by GC. For transitions O ↔ C the channel has to go through an 
instable intermediate state P with the energy peak GP. The channel has to overcome the energy 
barrier GPO = GP – GO when changing from the open into the closed state and the energy barrier 
GPC = GP – GC when changing from the closed into the open state. The transitions between the 
states can be described by the rates a (activation; O → C) and d (deactivation; C → O). With these 
rates the changes in the number of open (NO) or closed (NC) channels in the small time-interval dt can 
be calculated:  
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 ൜
݀ ைܰ ൌ ݐ݀ ∙ ሺെ݀ ∙ ைܰ ൅ ܽ ∙ ஼ܰሻ
݀ ஼ܰ ൌ ݐ݀ ∙ ሺ			݀ ∙ ைܰ െ ܽ ∙ ஼ܰሻ

 (eqn. 2.2.1) 

 

Figure 2. State model of an ion channel that can exist either in the open or in the closed 
conformation. Each conformation is characterized by a specific free energy (GO and GC, 
respectively). A conformational change implies a change of the energy status, whereby 
the energy barrier that has to overcome is determined by an instable intermediate 
conformation (GP). Mathematically, the transitions can be described by the rates a 
(activation; C → O) and d (deactivation; O → C). Figure modified from Dreyer et al., 
2004 [30] 

By dividing eqn. 2.2.1 by the total number of channels, N = NO + NC, it results an equation 
system that determines the probabilities to find a channel in the open and in the closed conformation, 
pO and pC, respectively; written in matrix-form:  

 ݀ ቀ
ை݌
஼݌
ቁ ൌ ݐ݀ ∙ ቀെ݀ ܽ

݀ െܽ
ቁ ∙ ቀ

ை݌
஼݌
ቁ (eqn. 2.2.2) 

generally written: 

Ԧ݌݀ ൌ ݐ݀ ∙ ࡽ ∙  Ԧ݌

with the vector ݌Ԧ and the so-called Q-Matrix. The matrix form is not needed in this simple example. 
However, it is rather useful, if a protein can exist in more than two states. An entire toolbox from 
linear algebra can be applied to such equation systems.  

According the Eyring rate theory [31], the rates a and d are correlated with the height of the 
respective energy barrier (Figure 2):  

 ܽ ൌ ௞்

௛
∙ ݁ିቀ

∆ಸು಴
ೖ೅

ቁ ൌ ௞்

௛
∙ ݁ିቀ

ಸುషಸ಴
ೖ೅

ቁ (eqn. 2.2.3) 

 ݀ ൌ ௞்

௛
∙ ݁ିቀ

∆ಸುೀ
ೖ೅

ቁ ൌ ௞்

௛
∙ ݁ିቀ

ಸುషಸೀ
ೖ೅

ቁ (eqn. 2.2.4) 
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with the Boltzmann constant k, the Planck constant h and the absolute Temperature T. If we now 
consider eqn. 2.2.2 in the case of thermal equilibrium, the differential equation simplifies to a linear 
equation system because in equilibrium there is no change in the probabilities to find a channel in the 
open or the closed conformation (dpO/dt = dpC/dt = 0). Using additionally the fact that the probability 
to find the channel in any of the two states is 1 (pO + pC = 1), it can be derived:  

ை௦௦݌  ൌ
௔

௔ାௗ
ൌ ଵ

ଵା௘
൬
ಸೀషಸ಴
ೖ೅ ൰

 (eqn. 2.2.5) 

஼௦௦݌  ൌ
ௗ

௔ାௗ
ൌ ଵ

ଵା௘
൬
ಸ಴షಸೀ
ೖ೅ ൰

 (eqn. 2.2.6) 

Here pOss and pCss denote the steady state probabilities to find the channel in the open and the closed 
conformation, respectively. Functions like eqn. 2.2.5 and 2.2.6 are often called “Boltzmann functions” 
of the channel, because they also result from Boltzmann-statistics, which correlates the probabilities 
of two states in thermal equilibrium with the energy difference between these states:  

 
௣ೀೞೞ
௣಴ೞೞ

ൌ ݁ିቀ
ಸೀషಸ಴
ೖ೅

ቁ (eqn. 2.2.7) 

Eyring rate theory and Boltzmann statistics provide general tools to describe conformational 
changes of a channel protein. The eqns. 2.2.1–2.2.7 do not contain any dependency on the voltage or 
any other parameter that may have a modulatory effect on the channel. For a voltage-gated channel, 
the question is now: How does the voltage dependence come into play? The answer is: The energy 
levels GO, GC, and GP depend on the membrane voltage V in the case of a voltage-gated channel or 
on a ligand concentration in the case of a ligand-gated channel. Unfortunately, the exact relationship 
of neither GO(V), GC(V), nor GP(V) is known. But, this detailed information is not necessary; instead, 
the voltage dependence can be deduced by the Taylor approximation of G(V). Usually, the first order 
Taylor approximation is sufficient to describe the dependence in the physiologically relevant voltage 
interval:  

ሺܸሻܩ  ൎ ଴ܩ ൅ ܳ ∙ ܸ (eqn. 2.2.8) 

where G0 = G(0) has the dimension of an energy and Q = G(0) the dimension of a charge. Using eqn. 
2.2.8, the rates a(V), d(V) and the steady state open probability pOss(V) in eqns. 2.2.4–2.2.5 can be 
expressed after further simplification and combination of redundant parameters as:  

ܽሺܸሻ ൌ ଵ

௦
∙ ݁ቀ௔బା௔ೇ∙

ೇ
మఱ೘ೇ

ቁ ݀ሺܸሻ ൌ ଵ

௦
∙ ݁ቀௗబାௗೇ∙

ೇ
మఱ೘ೇ

ቁ ݌ை௦௦ሺܸሻ ൌ
ଵ

ଵା௘
ቆሺ೏బషೌబሻశ൫೏ೇషೌೇ൯∙

ೇ
మఱ೘ೇቇ

 

with the dimensionless parameters a0, d0, aV, and dV.  
The current through a voltage-gated ion channel can be described by the current through the 

open channel multiplied with the probability to find the channel open, pO(V):  

௖௛௔௡௡௘௟ሺܸሻ	௏ି௚௔௧௘ௗܫ  ൌ ௖௛௔௡௡௘௟ሺܸሻ	௢௣௘௡ܫ ∙  ሻ (eqn. 2.2.9)	ைሺܸ݌

Figure 3 shows three different steady state current voltage curves that were all generated with 
eqn. 2.2.9. Figure 3A represents inward-rectifying plant K+ channels, Figure 3B outward-rectifying 
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plant K+ channels [32,33] and Figure 3C voltage-gated organic acid channels in guard cells [34]. 
Although the three curves look fundamentally different, they all have the same biophysical bases.  

 

Figure 3. Computational simulation of currents through voltage-gated ion channels. All 
three curves were generated with eqn. 2.2.9 using the indicated parameters. (A) Current 
voltage characteristic of inward-rectifying K+ channels. (B) Current voltage characteristic 
of outward-rectifying K+ channels. (C) Current voltage characteristic of organic acid 

channels of the QUAC-type. ௥ܸ௘௩ ൌ
ோ்

௭ி
∙ ln ௖೐ೣ೟

௖೔೙೟
. 

2.3. A model for the H+-ATPase 

For the computational simulations of potassium uptake (next section) we also need a 
mathematical model of the “power plant” of transmembrane transport in plants, the H+-ATPase. 
Figure 4A illustrates the stepwise mechanism of the pump cycle. This mechanistic model can be 
mathematically represented by an equation similar to eqn. 2.2.2 but with a 6 × 6 Q-matrix. Further 
linear algebra details, however, would go far beyond the scope of this article. Therefore, we content 
ourselves here with the final equation that describes the current flow mediated by the pump:  

௣௨௠௣ሺܸሻܫ  ൌ ௠௔௫ܫ ∙
ଵି௘షቀ

ೇ
మఱ೘ೇశಲቁ

ଵା௘షቀ
ೇ

మఱ೘ೇశಳቁା௘షቀವ∙
ೇ

మఱ೘ೇశ಴ቁ
 (eqn. 2.3.1) 

The parameter D is a number between 0 and 1, while the parameters Imax, A, B, and C depend in 
a complicated manner on the internal and external proton concentrations and on the cytosolic ATP 
and ADP concentrations. Under “normal” conditions in simulations, strong fluctuations in these 
concentrations are not expected. In this case, A, B, and C are just numbers and modifications in Imax 
can represent altered activities of the pump. Based on experimental data, a suitable mathematical 
representation of the pump current was found as [6] (Figure 4B):  

௣௨௠௣ሺܸሻܫ  ൌ ௠௔௫ܫ ∙
ଵି௘షቀ

ೇశమఱబ೘ೇ
మఱ೘ೇ ቁ

ଵା௘షቀ
ೇ

మఱ೘ೇశఴቁା௘షቀబ.యమ∙
ೇ

మఱ೘ೇశమ.ఱቁ
 (eqn. 2.3.2) 

2.4. Computational simulation of potassium uptake using K+ channels 
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After having derived the mathematical representations of pumps and channels, this knowledge 
can now be employed in computational cell biology approaches. As an example, we consider the H+-
ATPase-driven uptake of K+ by a cell via inward-rectifying K+ (Kin) channels (Figure 5). 

 

Figure 4. The plasma membrane H+-ATPase. (A) Mechanistic model illustrating the 
different steps of the pump cycle. Starting on top-left and then continuing clockwise: A 
proton from the internal medium binds to the protein. By using the energy from ATP-
hydrolysis the protein gets phosphorylated. The phosphorylated protein with the proton 
bound is less stable and undergoes a conformational change that provides access of the 
proton to the external medium and that reduces the affinity of the proton to the protein. 
The proton dissociates and the phosphate gets cleaved off. The protein without phosphate 
and proton is more stable in the initial conformation. The cycle can start again. (B) 
Mathematical description of the pump current using eqn. 2.3.2. Please note that in this 
case the zero-current potential Vrev, at which Ipump(Vrev) = 0, is Vrev = –250 mV. 

 

Figure 5. In silico cell to study K+ uptake. The membrane of the in silico cell contains 
two transporter types: proton ATPase (H+ pump) and inward-rectifying K+ channel (Kin). 
Each transporter type is represented by one free parameter K and Imax, respectively that 
describe their activity (expression level). The cell is characterized by surface and volume. 
The relevant concentrations for the model cell are the internal and external potassium and 
proton concentrations. To reflect the proton-buffer capacities in the cell and in the 
extracellular medium (usually buffered in uptake experiments by chemical buffers), the 
pH values were kept constant at pHint = 7.0 and pHext = 5.5. 
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The voltage-dependence of the H+-ATPase was mathematically described as shown in Figure 
4B: 

௣௨௠௣ሺܸሻܫ  ൌ ௠௔௫ܫ ∙
ଵି௘షቀ

ೇశమఱబ೘ೇ
మఱ೘ೇ ቁ

ଵା௘షቀ
ೇ

మఱ೘ೇశఴቁା௘షቀబ.యమ∙
ೇ

మఱ೘ೇశమ.ఱቁ
ൌ ௠௔௫ܫ ∙ ு݂ሺܸሻ (eqn. 2.4.1) 

and that of the Kin channel as shown in Figure 3A. Because the voltage changes at the membrane of 
the cell is much slower than the relaxation of the Kin channel gate, no further relaxation kinetics 
(separated description of a(V) and d(V)) needed to be taken into account resulting in the equation of 
the voltage-dependent current through Kin channels: 

௄௜௡ሺܸሻܫ  ൌ ௄ߪ ∙
௏

௠௏
∙
ൣ಼శ൧೔೙೟
ഋಾ

	ି	
ൣ಼శ൧೐ೣ೟
ഋಾ

∙௘షቀ
ೇ

మఱ೘ೇቁ

ଵି௘షቀ
ೇ

మఱ೘ೇቁା଴.଻ହ∙ ೇ
మఱ೘ೇ

∙ ଵ

ଵା௘ቀ
ೇ

మఱ೘ೇశలቁ
ൌ ௄ߪ ∙ ݅௄ሺܸሻ (eqn. 2.4.2) 

The system is fully determined by the following parameters/variables: volume, surface, current 
or conductance of the two transporter types (Imax [H

+ pump], K [Kin]), concentrations [K]int, [K]ext, 
[H]int, [H]ext, and the membrane voltage. To reflect the pH buffer capacities, the internal and external 
pH-values were set constant to pHext = 5.5 ([H]ext = 3.16 M) and pHint = 7.0 ([H]int = 0.1 M). 

Generally, the transport of K+ across the membrane is accompanied by the transport of a 
counterion, e.g. Cl–. Why does the model do not contain the counterion transport? The answer is 
simple. (i) We consider for K+ uptake only a small time-scale, in which osmotic effects can be 
neglected. (ii) The uptake of Cl– ions is coupled to the proton gradient and is either electroneutral as 
an 1:1 H+/Cl– co-transport or an electrogenic 1:X H+/Cl– co-transport with X > 1 that is electrically 
compensated by the export of protons via the pump. To keep the focus on the essentials of the model 
(the initial dynamics of K+ uptake), all these background aspects of the counterion transport can be 
implicitly gathered in Ipump(V). 

The H+-ATPase-driven K+ uptake under controlled conditions is determined by the following 
iteration:  

(1) Pre-set [K]ext 
(2) t = 0 s; set start value for [K]int 
(3) Determine V0 = V(0) using the relation ImaxfH(V0) = KiK(V0) 

(4) Calculate ݀ሾܭሿ௜௡௧ ൌ ݐ݀ ∙ ଵ

௩௢௟௨௠௘
∙ ௄ߪ ∙

ି௜಼ሺ௏ሻ

௘బ
 

(5) Calculate ܸ݀ ൌ ݐ݀ ∙ ଵ

௦௨௥௙௔௖௘∙஼ಾ
∙ ሾܫ௠௔௫ ∙ ு݂ሺܸሻ ൅ ௄ߪ ∙ ݅௄ሺܸሻሿ 

(6) Calculate ܸሺݐ ൅ ሻݐ݀ ൌ ܸሺݐሻ ൅ ܸ݀ 
(7) Calculate ሾܭሿ௜௡௧ሺݐ ൅ ሻݐ݀ ൌ ሾܭሿ௜௡௧ሺݐሻ ൅ ݀ሾܭሿ௜௡௧ 
(8) Move to the next time point ݐ ൅ ݐ݀ →  and repeat the steps from (4) ,ݐ
CM  10–2 pF/µm2 is the specific capacitance of the membrane. Several of the remaining 

parameters (volume, surface, K, Imax, time) are redundant, i.e. the effect of a change in one 
parameter is identical to the effect of the change in another. Therefore, this parameter set needs to be 

cleared from these redundancies. By defining (i) the surface to volume ratio ߙ ≔ ௦௨௥௙௔௖௘

௩௢௟௨௠௘
, (ii) the 
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relative conductance-per-surface-unit ߪ௄_௥௘௟ ≔
ఙ಼

௦௨௥௙௔௖௘
, and (iii) the relative maximal current-per-

surface-unit ܫ୫ୟ୶	_௥௘௟ ≔
ூ೘ೌೣ

௦௨௥௙௔௖௘
, the equations for d[K]int and dV can be further simplified: 

(4) ݀ሾܭሿ௜௡௧ ൌ ݐ݀ ∙ ߙ ∙ ௄_௥௘௟ߪ ∙
ି௜಼ሺ௏ሻ

௘బ
 

(5) ܸ݀ ൌ ݐ݀ ∙ ଵ

஼ಾ
∙ _௥௘௟	୫ୟ୶ܫൣ ∙ ு݂ሺܸሻ ൅ ௄_௥௘௟ߪ ∙ ݅௄ሺܸሻ൧ 

resulting in three free parameters (, Imax_rel, and K_rel), the influence of which can be evaluated in 
computational simulations by parameter screening. 

The behavior of the transporter network was mathematically simulated using Virtual Cell 
Modeling and Analysis Software developed by the National Resource for Cell Analysis and 
Modeling, University of Connecticut Health Center [35].  

3. Results 

3.1. K+ uptake experiments with H+ pump and Kin 

In a first approach, the in silico cell was simulated with [K]ext = 10 M and a starting value of 
[K]int = 1 mM (highly K+-starved cell) was chosen. Different starting values do not change the results 
qualitatively. The accumulation of K+ over time was measured showing that [K]int accumulates until 
a saturation level at ~ 220 mM is reached. At this level the Vrev of the Kin channel is ~ –250 mV, 
being identical to the Vrev of the H+-ATPase (Figure 4). If there are many Kin channels in the 
membrane (K_rel is large) the equilibrium is reached quicker (Figure 6A, black curve) than with 
fewer Kin channels (Figure 6A, grey curve). A same behavior is found for Imax_rel (Figure 6B) and the 
surface-to-volume ratio  of the cell (Figure 6C). Because the effects of a change in the three 
parameters are qualitatively the same, we focus in the following on the parameter K_rel. The 
obtained results can be easily generalized to the other two parameters. 

3.2. Simulation of wet-lab experiments 

In the next step, the system was challenged by repeating K+ uptake experiments as they are 
carried out in wet-laboratories. [K]ext was fixed and the simulation started with [K]int(0) = 1 mM. As 
in wet-lab experiments at a fixed time point relatively early after starting the experiment, the K+ flux 
was measured and plotted in a [K]-flux vs. [K]ext graph. By multiple repetitions, a large range of 
[K]ext values between 0.1 M and 20 mM could be scanned resulting in a curve with an apparent 
saturation behavior (Figure 7A).  

From the consensus in current literature, it would be expected that Kin channels are “low 
affinity” uptake systems and that K+-uptake curves like Figure 7A could be described by a simple 
Michaelis-Menten kinetics equation:  

 v ൌ ୴ౣ౗౮∙ሾ୏ሿ౛౮౪
୏ౣାሾ୏ሿ౛౮౪

 (eqn. 3.2.1) 
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Figure 6. In silico cell to study K+ uptake. Simulation of [K]int accumulation with  
[K]ext = 10 M starting from [K]int(0) = 1 mM. (A) Effect of a change in the density of 
Kin channels on the accumulation time course. A reference simulation (black curve) was 
repeated but with a ten-fold lower K_rel (grey curve). (B) Effect of a change in the 
density of pumps on the accumulation time course. A reference simulation (black curve) 
was repeated but with a three-fold lower Imax_rel (grey curve). (C) Effect of a change in 
the cellular surface-to-volume ratio  on the accumulation time course. A reference 
simulation (black curve) was repeated but with a three-fold smaller value for  (grey 
curve). 

 

Figure 7. Dual affinity behavior of Kin channels. (A) Rate of K+ absorption as a function 
of [K]ext measured at an early time point t1. (B) Eadie-Hofstee plot of the data from A. 
The data do not describe a straight line but a sum of at least two lines, one with a steep 
slope (“low affinity”) and another with a moderate slope (“high affinity”). (C) Data from 
A displayed for two ranges (0–25 M and 40 M–25 mM) at different scales. The lines 
in A, and C represent best fits of the data with eqn. 3.2.2. 

However, the data points could not be described by this equation. Instead, it was necessary to 
use an equation that was developed to describe two absorption mechanisms [9] (Figure 7A, line):  

ݒ  ൌ ௩೘ೌೣ∙ሾ௄ሿ೐ೣ೟
௄೘భାሾ௄ሿ೐ೣ೟

൅ ௩೘ೌೣ∙ሾ௄ሿ೐ೣ೟
௄೘మାሾ௄ሿ೐ೣ೟

 (eqn. 3.2.2) 

The apparent “dual affinity” of Kin was further corroborated in the Eadie-Hofstee 
representation of the data (Figure 7B). Here, the data points do not describe a straight line but a 
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mixture of at least two lines, one with a large slope (“low affinity”) and one with a smaller slope 
(“high affinity”). This dual affinity behavior is clearly visible in Figure 7C, where the horizontal 
scale has been changed between 25 M and 50 M. 

In plant physiology, graphs similar to Figure 7C are usually interpreted as evidence for the 
presence of two independent uptake systems, one with a “high affinity” and one with a  
“low affinity” [9]. But here in Figure 7, all data represent the features of a K+ uptake channel that is 
widely equated with a “low affinity” transporter, although rare reports present deviating  
opinions [36]. 

To understand better potential reasons for this apparent contradiction, the in-silico experiment 
was repeated but the samples were measured at later time points t2 > t1 (Figure 8A) and t3 > t2 (Figure 
8B). Surprisingly, the apparent “high affinity” component diminishes with increasing time span 
between start of K+ uptake and sampling. In Figure 8B, only a “low affinity” component is 
observable. Please also note that the Km values are different at the different time points. 

 

Figure 8. Disappearance of dual affinity with increasing delay between the start of the 
experiment and the sampling time point. (A) Rate of K+ absorption as a function of [K]ext 
measured at a time point t2 > t1 displayed as in Figure 7A for two ranges. (B) Rate of K+ 
absorption as a function of [K]ext measured at a time point t3 > t2 displayed for two ranges. 
Lines represent best fits of the data with eqn. 3.2.2.  

The reason of the phenomenon of time-dependent affinity is rather simple and best explained in 
an illustration (Figure 9). In all uptake experiments the internal K+ concentration increases with time 
and reaches a saturation level that depends on the (constant) external K+ concentration. At a lower 
external K+ concentration the saturation level is reached earlier than at a higher [K]ext. The measured 

K+-flux is 
ௗሾ௄ሿ೔೙೟
ௗ௧

 and thus the slope of the [K]int(t)-curve at the sampling time point t. If the sampling 

is very early after the onset of the experiment, also at very low [K]ext-values there is still an influx of 
potassium. However, if the sampling time point is later, the equilibrium between [K]int and [K]ext has 
been established already for low [K]ext but not for higher [K]ext. Consequently, for low [K]ext the slope 
of the [K]int(t)-curve is almost zero at the sampling time point, which means that there is no 
potassium flux anymore. 

 

 



103 

AIMS Biophysics     Volume 4, Issue 1, 90-106. 

 

Figure 9. Explanation of the disappearance of dual affinity with increasing delay 
between the start of the experiment and sampling time point. (Top panels) Time course of 
the internal K+ concentration ([K]int) for three different external K+ concentrations 
([K]ext1 < [K]ext2 < [K]ext3). The flux is measured at the three different time points t1 (A), 
t2 (B), and t3 (C). The flux is the slope of the [K]int(t)-curve at the respective time point. 
The slopes of the three different curves are shown as dashed lines and cross-referenced 
by the different grey scales. (Bottom panels) Dependence of the slope (K+ flux) on the 
external K+ concentration at the different time points t1 (A), t2 (B), and t3 (C). 

The effect of fast saturation of [K]int and thus the decay of the “high-affinity”-component is sped 
up by a higher K+ channel density and/or a higher activity of the H+-ATPase (Figure 6). Furthermore, 
it is stronger pronounced in small cells (e.g. yeast) than in larger cells (e.g. Xenopus oocytes). The 
larger the conductance of a channel is or the higher the channel is expressed in the cell, the more 
difficult is the resolution of its apparent “high affinity” component. In practical terms, it is very 
likely that in most wet-laboratory experiments characterizing K+ channels, the channel cord 
conductance was too big to enable the resolution of the apparent “high affinity” component. The 
faster a transporter allows the cell to reach the equilibrium, the more difficult it is to find the 
appropriate experimental conditions, in which the dual affinity behavior can be observed. 
Consequently, the channels were historically assigned a “low affinity” component, only. 

3.3. Do the results and conclusions depend of the exact shape of the current-voltage curves of the 
transporters? 

Qualitatively, the same results are obtained with different shapes of the current-voltage curves 
of the H+-ATPase and the potassium channel. Therefore, the exact modeling of these characteristics 
is not crucial. The H+-ATPase will always show an S-type curve that intersects the voltage axis at a 
voltage Vrev (Vrev varies with the cellular conditions). The bending of the curve does not influence the 
results qualitatively. Likewise, K+ channels will always show monotonic increasing current voltage 
curves that intersect the voltage-axis at Vrev. Also here, the bending of these curves does not 
influence the results qualitatively. Thus, although all conclusions here were drawn from 



104 

AIMS Biophysics     Volume 4, Issue 1, 90-106. 

computational simulations, these simulations cover the broad natural variety and allow the 
generalization of the results even to “real” potassium channels. 

4. Conclusions 

The intention of this study is to illustrate the power of computational cell biology for the 
understanding of plant physiological processes. It is shown that 
 Transmembrane transport processes can relatively easy be described by simple mathematical 

equations, which that are based on fundamental thermodynamic rules. 
 Many parameters that are analyzed to characterize channels or transporters (e.g. single-channel 

conductance) are not needed to know for computational cell biology. Together with others they 
form a pool of redundant parameters that can be combined. 

 The application of the concept of “affinity” to discriminate between “high affinity” and “low 
affinity” transport processes in plant physiology is not only largely misleading, but is also, from 
a biophysical point of view, fundamentally wrong. 

 Km and vmax values that are often reported to characterize channels/transporters are rather 
meaningless. They reflect more the conditions of the entire system and the experimental 
procedure (e.g. the sampling time point) rather than being a characteristic of the transporter. 

In summary, the results presented here are a first step towards the demystification of the fairy 
tale of “high and low affinity” transporters. 
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