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Supplementary 

Appendix 

The Dynkin Operator 

Let 𝑡 ൌ 𝑡଴ ൅ Δ𝑡 and assume that the third partial derivative of J(.) is bounded. By applying 
Taylor’s series theorem, the mean value theorem for integrals, and taking the limits as equation (60) 
becomes: 

𝐽ሺ𝑤ሺ𝑡଴ሻ, 𝑃, 𝑟, 𝑡଴ሻ ≡ max
௠, ఠభ

ሾ න 𝑈ሺ𝑚ሺ𝑡ሻ, 𝑡ሻ

௧భ

௧బ

ሿ𝑑𝑡 ൅ 𝐸ሺ𝐽ሺ𝑤ሺ𝑡଴ሻ, 𝑃, 𝑟, 𝑡଴ሻሻ 

൅𝐽௧𝑑𝑡 ൅ 𝐽௪𝐸ሺ𝑑𝑊ሻ ൅ 𝐽௣𝐸ሺ𝑑𝑃ሻ ൅ 𝐽௥𝐸ሺ𝑑𝑟ሻ ൅ 𝐽௪௣𝐸ሺ𝑑𝑊𝑑𝑃ሻ ൅ 𝐽௪௥𝐸ሺ𝑑𝑊𝑑𝑟ሻ     (A1) 

൅𝐽௥௣𝐸ሺ𝑑𝑟𝑑𝑃ሻ ൅ 0.5𝐽௣௣𝐸ሺ𝑑𝑃ሻଶ ൅ 0.5𝐽௥௥𝐸ሺ𝑑𝑟ሻଶሿ 

However, the net foreign debt constraint (Equation (56)) and Equations (1) and (2) give: 

𝐸ሺ𝑑𝑊ሻ ൌ ሾ𝜔ଵ𝑊ሺ𝛼௤ െ 𝛼௛ ൅ 𝑐/𝑄 െ 𝑐஻/𝐻ሻ ൅ 𝑚 െ 𝑃𝑥 ൅ 𝑊ሺ𝛼௛ ൅ 𝑐஻/𝐻ሻሿ𝑑𝑡   (A2) 
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𝐸ሺ𝑑𝑊ሻଶ ൌ ሾ𝜔ଵ
ଶ𝑊ଶ൫𝜎௤ െ 𝜓௥൯

ଶ
൅ 2𝜔ଵ𝑊ଶ𝜓௥൫𝜎௤ െ 𝜓௥൯ ൅ 𝑊ଶ𝜓௥

ଶ 

൅2𝜌௣௥𝑊ଶ൫𝜓௣ሺ𝜔ଵ െ 𝜔ଵ
ଶሻ൫𝜎௤ െ 𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝜓௣𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻଶ𝑊ଶ𝜓௣

ଶሿ𝑑𝑡   (A3) 

𝐸ሺ𝑃ሻ ൌ 𝛼௣𝑃𝑑𝑡          (A4) 

𝐸ሺ𝑑𝑃ሻଶ ൌ 𝜎௣
ଶ𝑃ଶ𝑑𝑡         (A5) 

𝐸ሺ𝑑𝑟ሻ ൌ 𝜅ሺ𝜃 െ 𝑟ሻ𝑑𝑡         (A6) 

𝐸ሺ𝑑𝑟ሻଶ ൌ 𝜎௥
ଶ𝑑𝑡          (A7) 

𝐸ሺ𝑑𝑊𝑑𝑃ሻ ൌ ൣ𝑊𝑃𝜌௣௥𝜎௣൫𝜔ଵ൫𝜎௤ െ 𝜓௥൯ ൅ 𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝑊𝑃𝜎௣𝜓௣൧𝑑𝑡   (A8) 

𝐸ሺ𝑑𝑊𝑑𝑟ሻ ൌ ൣ𝜎௥൫𝜔ଵ𝑊൫𝜎௤ െ 𝜓௥൯ ൅ 𝑊𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝑊𝜎௥𝜌௣௥𝜓௣൧𝑑𝑡   (A9) 

𝐸ሺ𝑑𝑃𝑑𝑟ሻ ൌ 𝜌௣௥𝜎௣𝜎௥𝑃𝑑𝑡                     (A10) 

Substituting Equations (A2) to (A10) into Equation (A1), and noting that 
𝐸ሺ𝐽ሺ𝑤ሺ𝑡଴ሻ, 𝑃, 𝑟, 𝑡ሻሻ ≡ 𝐽ሺ𝑤ሺ𝑡଴ሻ, 𝑃, 𝑟, 𝑡ሻ , the continuous-time version of the Bellman-Dreyfus 
fundamental optimality equation is obtained, which is of the form: 

0 ≡ max
௠, ఠభ

ሾ𝑈ሺ𝑚ሺ𝑡ሻ, 𝑡ሻ ൅ 𝐽௧ ൅ 𝐽௪𝜔ଵ𝑊ሺ𝛼௤ െ 𝛼௛ ൅ 𝑐/𝑄 െ 𝑐஻/𝐻ሻ ൅ 𝑚 െ 𝑃𝑥 

൅𝑊ሺ𝛼௛ ൅ 𝑐஻/𝐻ሻሻ ൅ 𝐽௣൫𝛼௣𝑃൯ ൅ 𝐽௥𝜅ሺ𝜃 െ 𝑟ሻሻ 

൅𝐽௪௣ ሺ𝑊𝑃𝜌௣௥𝜎௣൫𝜔ଵ൫𝜎௤ െ 𝜓௥൯ ൅ 𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝑊𝑃𝜎௣𝜓௣ሻ        

൅0.5𝐽௪௪ሺ𝜔ଵ
ଶ𝑊ଶ൫𝜎௤ െ 𝜓௥൯

ଶ
൅ 2𝜔ଵ𝑊ଶ𝜓௥൫𝜎௤ െ 𝜓௥൯ ൅ 𝑊ଶ𝜓௥

ଶ 

൅2𝜌௣௥𝑊ଶ൫𝜓௣ሺ𝜔ଵ െ 𝜔ଵ
ଶሻ൫𝜎௤ െ 𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝜓௣𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻଶ𝑊ଶ𝜓௣

ଶሻ 

൅0.5𝜎௣
ଶ𝑃ଶ𝐽௣௣ ൅ 0.5𝜎௥

ଶ𝐽௥௥ሿ        (A11) 

In compact form, Equation (A11) can be expressed as: 

Φሺ𝑚, 𝐷, 𝐵; 𝑊, 𝑃, 𝑟, 𝑡ሻ ൌ 𝑈ሺ𝑚ሺ𝑡ሻ, 𝑡ሻ ൅ 𝐿ሺ𝐽ሻ, 

where L is the Dynkin operator over the variables W, P, and r. This operator is defined as: 
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𝐿ሺ𝐽ሻ ൌ 𝐽௧ ൅ 𝐽௪𝜔ଵ𝑊ሺ𝛼௤ െ 𝛼௛ ൅ 𝑐/𝑄 െ 𝑐஻/𝐻ሻ ൅ 𝑚 െ 𝑃𝑥 

൅𝑊ሺ𝛼௛ ൅ 𝑐஻/𝐻ሻሻ ൅ 𝐽௣൫𝛼௣𝑃൯ ൅ 𝐽௥𝜅ሺ𝜃 െ 𝑟ሻሻ ൅ 𝐽௪௣ ሺ𝑊𝑃𝜌௣௥𝜎௣൫𝜔ଵ൫𝜎௤ െ 𝜓௥൯ ൅ 𝜓௥൯

൅ ሺ1 െ 𝜔ଵሻ𝑊𝑃𝜎௣𝜓௣ሻ ൅ 0.5𝐽௪௪ሺ𝜔ଵ
ଶ𝑊ଶ൫𝜎௤ െ 𝜓௥൯

ଶ
൅ 2𝜔ଵ𝑊ଶ𝜓௥൫𝜎௤ െ 𝜓௥൯ ൅ 𝑊ଶ𝜓௥

ଶ 

൅2𝜌௣௥𝑊ଶ൫𝜓௣ሺ𝜔ଵ െ 𝜔ଵ
ଶሻ൫𝜎௤ െ 𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻ𝜓௣𝜓௥൯ ൅ ሺ1 െ 𝜔ଵሻଶ𝑊ଶ𝜓௣

ଶሻ ൅ 0.5𝜎௣
ଶ𝑃ଶ𝐽௣௣ ൅

0.5𝜎௥
ଶ𝐽௥௥         (A12) 
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