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. Auxiliary results

Supplementary

The Susceptible-Vaccinated-Infected-Removal-Susceptible (SVIRS) model is a widely used frame-
work for predicting infectious disease dynamics. In this study, we adapt and extend this approach to
develop a mathematical model specifically tailored for malaria. The model that we have used in our

study is read as follows:

Si(@) =71 — B2 + pRy, — (w + S,

V(1) = wS ), = 0.7 % B — (u+y1)Vi
I(t) = 2 + 0.7 % Y — (y, + 6 + ),
R,(®) = iV + v2lih — (o + (DR,

Sw(t) = 1 — @>2t — 58,
Ly(t) = a*2l -y,

for t € [0, co) with initial conditions

S#(0) = Sn, Vi(0) = Vi, 1;(0) = Ing, Ry(0) = Ryo, Sm(0) =S80, 1u(0) = L.

(1.1)

(1.2)
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In this section, we have presented the theoretical results to ensure the existence and uniqueness theo-
rem, find out the disease-free equilibrium (DFE), endemic equilibrium (EE) and determine the basic
reproduction number (Ry), and establish other auxiliary results.

1.1. Positivity and boundedness of solutions

Theorem 1. The closed region Q = {(S, Vi Iy Rpy Spis 1) € RS : 0 < N <2 0 < M < %2} is
positively invariant set for the system in Eq (1.1).

Proof. Since

then

N(@) = S (1) + Vi(®) + In(1) + R,(1)

dN _dS, dV, dI, dR,

T TR P P
:Tl—ﬂ(Sh+Vh+Ih+Rh)_5Ih

This implies

Hence, & < 0 whenever

It shows that & is bounded by L—l

—7, — uN — 61,
Y < —uN.
ar TT—M
o2 N,
u

u

(1.3)

Now, integrating the inequality in (1.3) and using the initial condition, we obtain

NcygNmyWhp%a—ewa

Letting, t — oo, we get N(1) < Tﬂ—‘ asymptotically.
Similarly, we can show that r — co, M(f) < 2 asymptotically. Therefore, Q is positively invariant set

Kl

(1.4)

of the model (1.1) so that no solution path leaves through the boundary of . This completes the proof
that the formulated model is relevant both mathematically and epidemiologically.

1.2. Steady states

We rewrite (1.1) as follows:

where k; = (w + ), ky = (u + 1),

Si(6) =71 = B + pRy — k1S,
Vi(t) = S, — 0.78% — k,V,
[[(1) = p2e + 0.7p%h — k31,
R,(1) = iV + ol — kuRy,
St =1 — a% -8,

L,(t) = a% -nl,

ks=(y2+6+u),ks=(p+p)
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Disease-free equilibrium (DFE)

For computing the equilibrium points of our system, let us assume all the time derivatives equal to
zero. After setting zero to all of the time derivatives,we get

T1 —,Bsh—/\f'" +pRh—leh:O,
wSpy— 074 — K,V = 0,
N Viln —
w4+ (07842 — ksl =0,
ﬂ N IB N 34h (16)
Y1V + valy — kaRy, = 0,
Tz—a’%—nstO,
a% -nl, =0.

At DFE I, = 0, and I,, = 0 as we have supposed that there exists no infection at the DFE point.
After that, by solving the system (1.6), we get the disease-free equilibrium. We denote it by P,
(S 105 Vo> 1h0s Rio» S mos Imo) Where

Sho = kokak, Vg = wksk, Ing = 0, Rpo = wyik, S mo = 2,Imo =0,
n

71
where k = ———.
kikzks = yipw

Basic reproduction number

The basic reproduction number is an important threshold for studying infectious illness models. It
indicates if the illness will disappear or persist in the population. The basic reproduction number, Ry,
‘the expected number of secondary cases produced, in a completely susceptible population, by a typical
infected individual’. If Ry > 1, the DFE is unstable, that indicates a single primary illness might cause
multiple secondary infections, resulting in an epidemic. If Ry < 1, the DFE is locally asymptotically
stable, which means that the illness will not survive in the community, as a result, the state will be
sustainable.

The basic reproduction number of the system (1.1) will be obtained by the next generation matrix
method. For this we will use the system (1.5). We obtain two following matrix from the system (1.5)
which are F and V, they are given as

0 %(S ho O7Vh0) 0 %(kzkﬂ( + O7Wk4k)
F=1as .m0 0 = 0
N nN
and
(k3 O
v_( ‘ n).
Therefore, the V™! matrix is
1
- 0
-1 _1|nm
V= = 0 1
k3
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Thus, FV~!, that is, the next-generation matrix is

Bkyk(ky + 0.7w)

FV_I = aTt) ](\)]
T]k3N
Therefore,
a1 ksk(0.7w + k
RO:p(FV_l):\/ﬁz 4k( 2)_

Nnks

Endemic equilibrium (EE)

For the endemic equilibrium (EE), we replace the variables as (S, Vi, In, Ry, S s L)
;. V,.1,,R,,S,,,1,), where, I; > 0 and I;, > 0. And we get the system as follows

T - B 4 pRY — kS = 0,

WS, — 0785 _ Ve =0,
Sl

B 4 0.78%m _ kI = 0,
YV, + vl — kR, =0,

Sl

T —a—t—nS, =0,
Sl * _

a—+ —nl, =0.

Solving this system, we get the EE as (S}, V,,I;,R;, S, I,) where

5i= (as + a71;)(bs + D71}) _

(a3 + aoI})(bs + bil}) — ayi(by + b))

B (as + a71,)(by + bal}) .

(a3 + awl)) by + byl) — an(by + b)Y
_ Yi(as + a7l;)(by + by 1) N voIy,
ai((az + ayol;)(by + br;)? — ayy(by + by)(by + b)) ar

%
Vh

R;,

S* _ NT2 .
" al; +Nn’
[ aTZIZ _
"on(ad; +Nnp)’
% _ 1 .
h — ’
fox (fs + fi[fa)
where,
a=p+ua=w+y;a; = a1a2n2N3; a = alazanNZ; as = aaftN; ag = a1T1n2N3;
a7 = ayTinaN?; ag = pyuPN*; ag = pyinaN?; ayg = as + as; ay = ag + ao;

by = w*N?; by = awnN; by = pu + yy; by = b3i* N*; bs = bsanN; bg = 0.7B72; by = bs + by;
C1 = nn;
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¢y = afiT;

c3 = antiky + cinksks — c1ny2p;

cs = 100k, + 140w + 4907%;

cs = kaka;

ce = 140k k) — 98k 1w — 200k§ — 140k, w;
¢7 = py2 — atiky — ¢s;

cg = 49kf — 140k, ky + 100k2;

Co = ZOOk% + 280k,w + 98w?;

cio = =140k ky + 98k w + 200k§ + 140k, w;
cly = 100k§ + 140k w + 49w?;

c12 = —140ky, — 98w — 98k, + 140k, ks + 196k;w;
Ciz3 = 140k, + 98w;

cia = Tp*ki + 10n%ks;

C15 = pya — akyTy — C5;

dy = ksky — y2p;

dy = kiky —y1pw;

dz = kiksky — y2pw;

dy = y1pw — kikaky;

ds = 10k, + Tw;
ds = a1ty + Nksm;
d7 = 7k1 + 10k2;
dg = 10kyp + 7Bw;
dy = NfBnt2;

f1 = (10ciksdy + atikadsde)2eBnkads — donp)(1B*tausdy — 10dsctks + csdqrdy — yadsdy);

f2 = 7,37'1C2d1 + 100,’C%d2 + 70201(13 + lOCICkadl;

fs = BP1acs;

_ 4 2., 4 3 4.2, 3 3 2 212 2 2
Ja = clcakyy] +clyapescs —280cipy1wkscis + ¢ cscgcico + cicsakaTicro + ciatkyTiC1 + ClCy20T 1 koky +

clczaﬁkiclg + 49c§kﬁ7’?;
_ 2 2 .
fs = ciyapds + cratiksds — N csciq = T11kico;

Hence the endemic steady state is completely depending on I;.

Theorem 2. For system (1.5), the DFE Py is locally asymptotically stable if Ry < 1.

Proof. The Jacobian matrix of the system (1.5) at DFE is

-k 0 0
w —kz 0
Jo = 0 0 —k3
0 Y1 Y2
arTt
0 =2
d N
0 sz
nN
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N
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Then the characteristic equation is

A+ (@ A + aA* + azAd + ag)(asA®> + agd + a7) = 0 (1.7)

where a; =1 > 0;
ar :kl +k2+k4 > 0;
as = kiky, + kiky + koks > 0;

ay = kikoks = yipw = 1 + (0 + w + 1) + plpw + pyr + wyy) > 0;

as = nN? > 0;
as = 1*N? + ksnN? > 0;

ar = k3772N2 - a’ﬁTzkkzk4 - O.7a,872wkk4 = k37]2N2 - aﬂTgkk4(k2 + 07(1)) = k37]2N2(1 - Rg) >0

lfR() <1.

From the above characteristic equation, one of the eigenvalues is - which is clearly negative and three
other eigenvalues are the roots of the following cubic equation

a >+ a? +azd +aqg =0,

where, a; > 0,i = 1,2,3,4 and a,a; > a4. So, by the Routh - Hurwitz criterion, all roots of the above
cubic equation have negative real part. The solutions of the following quadratic equation gives the

other two eigenvalues.

asA’> + agd + a; = 0,

where, a; > 0,i = 5,6 and a; > 0 if Ry < 1. Then, by the Routh - Hurwitz criterion, all roots of the
quadratic equation have negative real part. Thus, for Ry < 1, all roots of (1.7) have negative real parts.

This completes the proof.
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