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Supplementary

S1. Stability of the equilibrium and local Hopf bifurcation

This section, we discuss the stability of the positive equilibrium and the existence of local Hopf
bifurcations of system (2.2) by considering the time delay τ as the bifurcation parameter. From a
biological point of view, it is assumed that system (2.2) has a positive equilibrium E∗ = (X∗,Y∗, P∗,Q∗)
,which satisfies the following equation

σ − αp(t) − k f p(t)m(t) + kbc(t) + γc(t) = 0,
kt p2(t − τ) − βmm(t) = 0,
ktlmm(t) − k f p(t)m(t) + kbc(t) + δc(t) − γm(t) − ka3nm(t) = 0,
k f p(t)m(t) − kbc(t) − δc(t) − γc(t) = 0.

(S1.1)

By introducing p̄(t) = p(t) − P∗, m̄m(t) = mm(t) − MM∗, m̄(t) = m(t) − M∗,c̄(t) = c(t) − C∗, and still
representing p̄, m̄m, m̄, c̄ by p, mm, m, c respectively. Then the linearized system of the system (2.2) in
positive equilibrium is 

ṗ(t) = e1 p(t) − k f P∗m(t) + e2c(t),
ṁm(t) = 2ktP∗p(t) − βmm(t),
ṁ(t) = ktlmm(t) + e3m(t) − k f M∗p(t) + e4c(t),
ċ(t) = k f P∗m(t) + k f M∗p(t) + e5c(t).

(S1.2)

For the sake of simplicity, p̄, m̄m, m̄, c̄ in the resultant equations have been represented p, mm, m, c
respectively,
where

e1 = −α − M∗k f ,
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e2 = kb + γ, e3 = −k f P∗ − γ − ka3n,

e4 = kb + δ, e5 = −kb − δ − γ.

The characteristic equation corresponding to the linearized system (S1.2) can be written as

det


λ − e1 0 k f P∗ −e2

−2P∗kte−λτ λ + β 0 0
k f M∗ −ktl λ − e3 −e4

−k f M∗ 0 −k f P∗ λ − e5

 = 0. (S1.3)

Expanding Eq (S1.3) leads to the following exponential polynomial equation

D4 + D3λ + D2λ
2 + D1λ

3 + λ4 + e−λτ(D5λ + D6) = 0, (S1.4)

where

D1 = −e1 − e3 − e5 + β,

D2 = e1e3 + e1e5 + e3e5 − e2k f M∗ − e4k f P∗ − k f
2M∗P∗

− e1β − e3β − e5β,

D3 = −e1e3e5 + e2e3k f M∗ + e1e4k f P∗ + e2k f
2M∗P∗

+ e4k f
2M∗P∗ + e5k f

2M∗P∗ + e1e3β + e1e5β

+ e3e5β − e2k f M∗β − e4k f P∗β − k f
2M∗P∗β,

D4 = −e1e3e5β + e2e3k f M∗β + e1e4k f P∗β + e2k f
2M∗P∗β

+ e4k f
2M∗P∗β + e5k f

2M∗P∗β,

D5 = 2k f ktktlP∗2, D6 = −2e2k f ktktlP∗2 − 2e5k f ktktlP∗2.

It is well known that E∗ = (P∗,MM∗,M∗,C∗) is locally asymptotically stable only if all roots of
Eq (S1.4) have strictly negative real parts and the equilibrium will lose its stability if a pair of purely
imaginary roots appears. Next, we take time delay as a parameter and discuss the distribution of roots
of Eq (S1.4).

At the beginning before discussing, we need to introduce the following lemma.
Theorem 1: The Routh-Hurwitz criterion [1].Consider the real coefficient polynomial equation

a0λ
n + a1λ

n−1 + · · · + an−1λ + an = 0.

Make determinants

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0 · · · 0
a3 a2 a1 · · · 0
a5 a4 a3 · · · 0
...

...
... · · ·

...

a2n−1 a2n−2 a2n−3 · · · an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Assuming a0 > 0, if i > n regulations ai > 0, the sufficient and necessary condition for all the roots
of the equation to have a strictly negative real part is that the following inequality holds

(H1)∆1 > 0, ∆2 > 0, · · · , ∆n > 0.

Lemma 2: Consider the transcendental equation

p(λ, e−λτ1 , . . . , e−λτm) = λn + p(0)
1 λn−1 + · · · + p(0)

n−1λ + p(0)
n + [p(1)

1 λn−1 + · · · + p(1)
n−1λ + p(1)

n ]e−λτ1

+ · · · + [p(m)
1 λn−1 + · · · + p(m)

n−1λ + p(m)
n ]e−λτm ,

where τi(i = 1, 2, . . . ,m) and p(i)
j (i = 1, 2, . . . ,m; j = 1, 2, . . . , n) are constants. Then as (τ1, τ2, . . . , τm)

vary, the sum of the zeros on the right half-open plane changes only when the zero appears on the
imaginary axis or intersects the imaginary axis [2].

Case I : When τ = 0 Eq (S1.4) can be simplified to

λ4 + D1λ
3 + D2λ

2 + (D3 + D5)λ + (D4 + D6) = 0. (S1.5)

Based on the Routh-Hurwitz criterion, a set of sufficient and necessary conditions for all roots of
Eq (S1.5) to have a negative real part can be expressed as

∆1 = D1 > 0,

∆2 =

∣∣∣∣∣∣ D1 1
D3 + D5 D2

∣∣∣∣∣∣ > 0,

∆3 =

∣∣∣∣∣∣∣∣∣
D1 1 0

D3 + D5 D2 D1

0 D4 + D6 D3 + D5

∣∣∣∣∣∣∣∣∣ > 0,

∆4 =

∣∣∣∣∣∣∣∣∣∣∣
D1 1 0 0

D3 + D5 D2 D1 1
0 D4 + D6 D3 + D5 D2

0 0 0 D4 + D6

∣∣∣∣∣∣∣∣∣∣∣ > 0.

Then, when (H1) is established, the equilibrium point E∗ = (P∗,MM∗,M∗,C∗) is locally asymptotically
stable.

Case II : When τ , 0 is satisfied,multiplies eλτ at both ends of the Eq (S1.4). Then the characteristic
Eq (S1.4) can be rewritten as follows:

(D4 + D3λ + D2λ
2 + D1λ

3 + λ4)eλτ + D5λ + D6 = 0. (S1.6)

Then assume that ±iω(ω > 0) is a pair of pure virtual roots of Eq (S1.6), which means that the following
equation must be satisfied

(ω4 − D1iω3 − D2ω
2 + D3iω + D4)(cos(ωτ) + i sin(ωτ)) + D5iω + D6. (S1.7)

Separating the real and imaginary parts areD6 + (D4 − D2ω
2 + ω4) cos(τω) + (D1ω

3 − D3ω) sin(τω) = 0,
D5ω + (D3ω − D1ω

3) cos(τω) + (D4 − D2ω
2 + ω4) sin(τω) = 0.

(S1.8)

Mathematical Biosciences and Engineering Volume 18, Issue 4, 3448–3468.



4

Though calculation, the following equations are obtained
cos(ωτ) = −

D5ω(−D3ω + D1ω
3) − D6(D4 − D2ω

2 + ω4)
(D3ω − D1ω3)(−D3ω + D1ω3) − (D4 − D2ω2 + ω4)2 ,

sin(ωτ) = −
ω(D4D5 − D3D6 − D2D5ω

2 + D1D6ω
2 + D5ω

4)
D2

4 + C1ω2 + C2ω4 + C3ω6 + ω8
,

(S1.9)

where

C1 = D2
3 − 2D2D4,

C2 = D2
2 − 2D1D3 + 2D4,

C3 = D2
1 − 2D2.

Square and addition both ends of the Eq (S1.9). The algebraic equation about ω is get

H(ω) = h1 + h2ω
2 + h3ω

4 + h4ω
6 − ω8 = 0, (S1.10)

where

h1 = −D2
1 + 2D2,

h2 = −D2
2 + 2D1D3 − 2D4,

h3 = −D2
3 + 2D2D4 + D5

2,

h4 = −D2
4 + D2

6.

Here, we make the following assumptions aim of getting the main results.
(H2) Eq (S1.10) has no positive roots.
If (H2) holds, all roots of Eq (S1.10) have negative real parts when τ ∈ (0,∞).
(H3) Eq (S1.10) has at least one positive real root.
If (H3) holds and substituting ωi(0 ≤ i ≤ 8) into (S1.9), we can get the following sets of critical values
of the time delay

τ
j
i =

1
ωi

arccos[−
D5ω(−D3ω + D1ω

3) − D6(D4 − D2ω
2 + ω4)

(D3ω − D1ω3)(−D3ω + D1ω3) − (D4 − D2ω2 + ω4)2 ] +
2 jπ
ωi

, (S1.11)

where i = 1, 2, . . . , 8; j = 0, 1, 2, . . ..
Denote τ0 = min(τ j

i | i = 1, 2, · · · , 8, j = 0, 1, 2, · · ·). When τ = τ0, ω0 = ωi is satisfied, the equation
has a pair of pure virtual roots ±iω.

Next, let us assume
(H4) [ d(Reλ)

dτ ] |τ=τ0, 0.
Let λτ = ατ + iωτ be a root of a characteristic Eq (S1.7) that satisfies α(τ j

0) = 0, ω(τ0) = ω0, then
we get

(λ′(τ))−1 =
D5

D6λ + D5λ2 −
D3 + λ(2D2 + 3D1λ + 4λ2)

D4λ + λ2(D3 + λ(D2 + λ(D1 + λ)))
−
τ

λ
. (S1.12)
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Therefore, we can easily find

Re(λ′(τ))−1 |τ=τ0= −
P1

P2
+

P3

P4
, 0, (S1.13)

where

P1 = D2
5,

P2 = D2
6 + D2

5ω
2
0,

P3 = D2
3 − 2D2k4 + 2D2

2ω
2
0 − 4D1k3ω

2
0 + 4D4ω

2
0 + 3D2

1ω
4
0 − 6D2ω

4
0 + 4ω6

0,

P4 = ω2
0(D3 − D1ω

2
0)2 + (D4 − D2ω

2
0 + ω4

0)2.

Based on the correlation results of the functional differential equation [3] and the Hopf bifurcation
theorem, the following theorem can be obtained.

Theorem 3: For τ = 0, assume (H1) is satisfied. The following conclusions can be drawn.
(i) If (H2) are true, the equilibrium point E∗ = (P∗,MM∗,M∗,C∗) of system (2.2) is asymptotically
stable for an arbitrary time delay τ > 0.
(ii) If (H3) and (H4) are true, the equilibrium point E∗ = (P∗,MM∗,M∗,C∗) of system (2.2) is asymp-
totically stable for time delay τε[0, τ0) and unstable when τ1 > τ0. In addition, system (2.2) undergoes
Hopf bifurcation when τ = τ0 at the unique positive equilibrium point. That is, system (2.2) has a
branch of periodic solutions bifurcating from the equilibrium point when τ crosses through the critical
value τ0.

The above theorem can be proved by the theory of Hopf bifurcation, which is similar to the proof
of Mao et al. [4].Consequently, the process of proof is omitted here for brevity.

S2. The direction and stability of Hopf bifurcation

In the previous section we studied the stability and the emergence of Hopf bifurcation of the system
at positive equilibrium. In this section, we will further investigate the Hopf bifurcation direction and the
bifurcating periodic solution stability though using the normal form and the central manifold theorem
proposed by Hässard et al. [5].

Let C([−τ0, 0],R4) be a Banach space continuously mapped from [−τ0, 0] to R4, fitted out the
supremum norm ||φ|| = sup−τ0≤θ≤0|φ(θ)| for φ ∈ C([−τ0, 0],R4). For the sake of simplicity, let
τ = τ0 + γ(γ ∈ R). Then γ = 0 is the bifurcation value of system (2.2). Standardized time scale
t → t

τ
, system (2.2) can be written as an operator differential equation in C([−τ0, 0],R4). Then we can

get 
ṗ(t) = (τ0 + γ)[e1 p(t) − k f P∗m(t) + e2c(t) + f1],
ṁm(t) = (τ0 + γ)[2P∗p(t − 1) − βmm(t) + f2],
ṁ(t) = (τ0 + γ)[ktlmm(t) + e3m(t) − k f M∗p(t) + e4c(t) + f3],
ċ(t) = (τ0 + γ)[k f P∗m(t) + k f M∗p(t) + e5c(t) + f4],

(S2.1)

where

f1 = −k f p(t)m(t),
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f2 = kt p2(t),
f3 = −k f p(t)m(t),
f4 = −k f p(t)m(t).

Let U = (u1(t), u2(t), u3(t), u4(t))T ∈ C([−1, 0],R4), system (S2.1) can be converted into

U̇ = Lγ(Ut) + F(γ,Ut). (S2.2)

Then define the linear operator Lγ : C → R4 and the nonlinear operator F : R×C → R4 are represented
by the following equation

Lγφ = (τ0 + γ)[M1φ(0) + M2φ(−1)], (S2.3)

and

F(γ, φ) = (τ0 + γ)( f1, f2, f3, f4)T , (S2.4)

where

M1 =


e1 0 −k f P∗ e2

0 −β 0 0
−k f M∗ ktl e3 e4

k f M∗ 0 k f P∗ e5

 ,M2 =


0 0 0 0

2P∗kt 0 0 0
0 0 0 0
0 0 0 0

 ,
And

F(γ, φ) = (τ0 + γ)


−k fφ1(0)φ3(0)

ktφ1(0)2

−k fφ1(0)φ3(0)
−k fφ1(0)φ3(0),

 . (S2.5)

where φ = (φ1(θ), φ2(θ), φ3(θ), φ4(θ))T ∈ C. According to the Riesz representation theorem, there is
a 4 × 4 matrix function composed of the bounded variation function η(θ, γ) in θ ∈ [−1, 0] → R4 as
follows

Lγφ =

∫ 0

−1
dη(θ, γ)φ(θ). (S2.6)

We can choose

η(θ, γ) = (τ0 + γ)M1δ(θ) + (τ0 + γ)M2δ(θ + 1), (S2.7)

where δ(θ) is the Dirac function.
For φ ∈ C1([−1, 0],R4), define operators

A(γ)φ =


dφ(θ)

dθ
, θ ∈ [−τ0, 0),∫ 0

−1
dη(γ, θ)φ(θ), θ = 0,

(S2.8)
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R(γ)φ =

0, θ ∈ [−1, 0),
F(γ, θ), θ = 0.

(S2.9)

To study the characteristics of Hopf bifurcation, we transform system (S2.1) into an operator equation
of this form

U̇t = A(γ)Ut + R(γ)Ut, (S2.10)

where Ut = U(t + θ).
The adjoint operator A∗ of A for ψ ∈ C1[0, 1],R4) is defined as

A∗(γ)ψ(θ∗) =


−

dψ(θ∗)
dθ∗

, θ∗ ∈ (0, 1],∫ 0

−1
dηT (θ∗, γ)ψ(−θ∗), θ∗ = 0,

(S2.11)

where ηT (θ∗, γ) is the transpose of the matrix η(θ∗, γ).
And define the following bilinear inner product

〈ψ, φ〉 = ψ̄(0)φ(0) −
∫ 0

−1

∫ θ

ξ=0
ψ̄(ξ − θ)dη(θ)φ(ξ)dξ, (S2.12)

where η(θ) = η(θ, 0). A∗(0) and A(0) are adjoint operators. Corresponding to the discussion in the
section 2, ±iω0 is the eigenvalue of A(0) and the other eigenvalues have strictly negative real parts. They
are also the eigenvalues of A∗(0). Then, we will calculate the eigenvector q(θ) of the corresponding
eigenvalue iω0 and the eigenvector q∗(s) of the corresponding eigenvalue −iω0. We can getA(0)q(0) = iω0q(θ),

A∗(0)q∗(0) = −iω0q∗(θ∗),
(S2.13)

where θ ∈ [−1, 0], θ∗ ∈ [0, 1].

Define

q(θ) = q(0)eiω0τ0θ = (1, v1, v2, v3)eiω0τ0θ, q∗(s) = q∗(0)eiω0τ0 s = G(1, v∗1, v
∗
2, v
∗
3)eiω0τ0 s. (S2.14)

Simple calculations can have

v1 = −
2ktlP∗
−β − iω0

e−iτ0ω0 , v2 =
B2

B1
e−iτ0ω0 , v3 =

B3

iB1
e−iτ0ω0 ,

v∗1 = −
ktlB4

iB5
, v∗2 = −

B4(iβ + ω0)
B5

, v∗3 =
B6

−k f B5
,

where

B1 =(−iβ + ω0)(ie2e3 + ie4k f P∗ + e2ω0),
B2 = − 2e2ktl

2P∗ + eiτ0ω0(β + iω0)(e1e4 + e2k f M∗ − ie4ω0),
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B3 =2ik f ktl
2P∗2 + eiτ0ω0(−iβ + ω0)(k f

2M∗P∗ + (ie1 + ω0)(ie3 + ω0)),
B4 =P∗(e1 + k f M∗ + iω0),
B5 =2ieiτ0ω0ktl

2P∗2 − iM∗(β − iω0)(e3 + k f P∗ + iω0),
B6 = − 2ieiτ0ω0k f ktl

2P∗2 + (iβ + ω0)(−e1e3 + k f
2M∗P∗ − i(e1 + e3)ω0 + ω0

2).

The normalization conditions of q and q∗ are

< q∗, q >= 1, < q∗, q̄ >= 0. (S2.15)

To guarantee < q∗, q >= 1, we need to determine the value of G by the definition of the bilinear
inner product of (S2.12). Substituting (S2.14) into the first equation in (S2.15) obtains

〈q∗, q〉 =q̄∗(0) · q(0) −
∫ 0

−1

∫ θ

ξ=0
q̄∗(ξ − θ)dη(θ)q(ξ)dξ

=q̄∗(0) · q(0) −
∫ 0

−1

∫ θ

ξ=0
Ḡ(1, v̄1

∗, v̄2
∗, v̄3

∗)e−iω0τ0(ξ−θ)dη(θ)(1, v1, v2, v3)T eiω0τ0ξdξ

=q̄∗(0) · q(0) − q̄∗(0)
∫ 0

−1
θeiω0τ0θdη(θ)q(0)

=q̄∗(0) · q(0) + q̄∗(0)τ0


0 0 0 0

2P∗kt 0 0 0
0 0 0 0
0 0 0 0

 e−iω0τ0θq(0)

=Ḡ[(1 + v1v̄1
∗ + v2v̄2

∗ + v3v̄3
∗) + τ02P∗ktv̄1

∗e−iω0τ0]
=1. (S2.16)

Then we can determine

Ḡ =
1

(1 + v1v̄1
∗ + v2v̄2

∗ + v3v̄3
∗) + τ02P∗ktv1

∗e−iω0τ0
. (S2.17)

Using the same method as Hassard et al. [5], we first calculate the coordinates to describe the central
manifold Ω0 at γ = 0, defined

z(t) = 〈q∗, xt〉, (S2.18)

and

W(t, θ) = Ut − 2Re[z(t)q(θ)], (S2.19)

where Ut is a solution of (S2.10).
In the central manifold Ω0: W(t, θ) = W(z(t), z̄(t), θ), where

W(z, z̄, θ) = W20(θ)
z2

2
+ W11(θ)zz̄ + W02(θ)

z̄2

2
+ · · · . (S2.20)
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Obviously, z(t) and z̄(t) are the local coordinates of the central manifold Ω0 in the q∗ and q̄∗ directions,
respectively. Note that if Ut(θ) is a real, we only need to find a real root. For the solution Ut ∈ Ω0 of
(S2.10), due to γ = 0, we can have:

ż(t) = < q∗, U̇t >

= < q∗, AUt + RUt >

= < A∗q∗,Ut > + < q̄∗(0), F(0,Ut) >
=iω0τ0z(t) + q̄∗(0)F0(z, z̄),

(S2.21)

i.e.

ż(t) = iω0τ0z(t) + g(z, z̄), (S2.22)

where

g(z, z̄) = q̄∗(0)F0(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄
2

+ · · · . (S2.23)

In addition, available from (S2.10) and (S2.21), we get

Ẇ = U̇t − żq − ˙̄zq̄

= AUt + RUt − [iω0τ0z + q̄∗(0)F0(z, z̄)]q(θ) − [−(iω0τ0z̄ + q∗(0)F̄0(z, z̄))]q̄(θ)
= AW − 2Re[q̄∗(0)F0(z, z̄)q(θ)] + RUt

=

{
AW − 2Re[q̄∗(0)F0(z, z̄)q(θ)], θ ∈ [−1, 0)
AW − 2Re[q̄∗(0)F0(z, z̄)q(0)] + F0, θ = 0

= AW + H(z, z̄, θ), (S2.24)

where

H(z, z̄, θ) = H20(θ)
z2

2
+ H11(θ)zz̄ + H02(θ)

z̄2

2
+ · · · . (S2.25)

Taking the derivative of W with respect to t in Eq (S2.20) leads to

Ẇ = Wzż + Wz ˙̄z. (S2.26)

Substituting (S2.20) and (S2.22) into (S2.26) yields

Ẇ = (W20z + W11z̄ + · · · )(iω0τ0z + g) + (W11z + W02z̄ + · · · )(−iω0τ0z̄ + ḡ). (S2.27)

Then substituting (S2.20) and (S2.25) into (S2.24) gives rise to

Ẇ = (AW20 + H20)
z2

2
+ (AW11 + H11)zz̄ + (AW02 + H02)

z̄2

2
+ · · · . (S2.28)
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Compare the coefficients of (S2.27) and (S2.28) lead to

(A − 2iω0τ0I)W20(θ) = −H20(θ), (S2.29)

AW11(θ) = −H11(θ). (S2.30)

According to Eq (S2.19), we obtain Ut(θ) = W(z, z̄, θ) + zq + z̄q̄ and q(θ) = (1, v1, v2, v3)eiω0τ0θ.
It follows together with (S2.5) that

g(z, z̄)) = q̄∗(0)F0(z, z̄) = q̄∗(0)F(0,Ut) = Ḡτ0(1, v̄1
∗, v̄2

∗, v̄3
∗)

×


−k fφ1(0)φ3(0)

ktφ1(0)2

−k fφ1(0)φ3(0)
−k fφ1(0)(φ3(0)


(S2.31)

Comparing the coefficients in (S2.23) and (S2.31) according to the method of Wagner [6], there are

g20 = 2Ḡτ0[−k f v2 + ktv11
∗ − k f v2v22

∗ + k f v2v33],
g11 = 2Ḡτ0[−k f v2 − k f v22 + 2ktv11

∗ − k f v2v22
∗ − k f v22v22

∗ + k f v2v33
∗ + k f v22v33],

g02 = 2Ḡτ0[−k f v22 + ktv11
∗ − k f v22v22

∗ + k f v22v33
∗],

g21 = 2Ḡτ0[−k f v2W1110(0) − k f W1130(0) −
k f v22W2010(0)

2
−

k f W2030(0)
2

+ 2ktW1110(0)v11
∗ − k f W1130(0)v22

∗,

−
k f v22W2010(0)v22

∗

2
−

k f W2030(0)v22
∗

2
+ k f v2W1110(0)v33

∗ + k f W1130(0)v33
∗ +

k f v22W2010(0)v33
∗

2
,

+
k f W2030(0)v33

∗

2
− k f v2W1110(0)v22

∗ + ktW2010(0)v11
∗]. (S2.32)

According to (S2.24), we know that for θ ∈ [−1, 0)

H(z, z̄, θ) = − 2Re[q̄∗(0)T · F0(z, z̄)q(θ)]
= − g(z, z̄)q(θ) − ḡ(z, z̄)q̄(θ)

= − (g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄
2

+ · · · )q(θ)

− (ḡ20
z̄2

2
+ ḡ11zz̄ + ḡ02

z2

2
+ ḡ21

z̄2z
2

+ · · · )q̄(θ).

(S2.33)

Compare the coefficient with (S2.25) to get

H20(θ) = −g20q(θ) − ḡ02q̄(θ), (S2.34)

H11(θ) = −g11q(θ) − ḡ11q̄(θ). (S2.35)

Substituting (S2.34) and (S2.35) into (S2.29) and (S2.30) respectively,Ẇ20(θ) = 2iωcW20(θ) + g20q(θ) + ḡ02q̄(θ),
Ẇ11(θ) = g11q(θ) + ḡ11q̄(θ).

(S2.36)
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We can easily obtain the solution of (S2.36)
W20(θ) =

ig20

ω0
q(0)eiω0τ0θ +

iḡ02

3ω0τ0
q̄(0)e−iω0τ0θ + E1e2iω0τ0θ,

W11(θ) = −
ig11

ω0
q(0)eiω0τ0θ +

iḡ11

ω0τ0
q̄(0)e−iω0τ0θ + E2,

(S2.37)

where E1 = (E(1)
1 , E(2)

1 , E(3)
1 , E(4)

1 ) ∈ R4 and E2 = (E(1)
2 , E(2)

2 , E(3)
2 , E(4)

2 ) ∈ R4 are constant vectors.We can
determine the appropriate E1 and E1 by setting θ = 0 in H(z, z̄, θ).
From Eq (S2.24), we have

H20(0) = − g20q(0) − ḡ02q̄(0)

− τ0


−2k f v3

2kt

−2k f v3

−2k f v3

 ,
(S2.38)

and

H11(0) = − g11q(0) − ḡ11q̄(0)

− 2τ0


−k f v3 − k f v̄3

kt

−k f v3 − k f v̄3

−k f v3 − k f v̄3

 .
(S2.39)

By the definition of A and (S2.29) and (S2.30), we can write∫ 0

−1
dη(θ)W20(θ) = 2iω0W20(0) − H20(0), (S2.40)

and ∫ 0

−1
dη(θ)W11(θ) = −H11(0), (S2.41)

where η(θ) = η(0, θ).
In particular, (

iω0τ0I −
∫ 0

−1
eiω0τ0θdη(θ)

)
q(0) = 0, (S2.42)

(
−iω0τ0I −

∫ 0

−1
e−iω0τ0θdη(θ)

)
q̄(0) = 0. (S2.43)

Therefore, 
2iω0 − e1 0 k f P∗ −e2

−2ktP∗e−2iω0τ0 2iω0 + β 0 0
k f M∗ −ktl 2iω0 − e3 −e4

−k f M∗ 0 −k f P∗ 2iω0 − e5

 × E1
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=


−2k f v3

2kt

−2k f v3

−2k f v3

 , (S2.44)

and 
−e1 0 k f P∗ −e2

−2ktP∗e−2iω0τ0 β 0 0
k f M∗ −ktl −e3 −e4

−k f M∗ 0 −k f P∗ −e5

 × E2

= 2


−k f v3 − k f v̄3

kt

−k f v3 − k f v̄3

−k f v3 − k f v̄3

 . (S2.45)

For review, we can get all values of gi j. Further, the following values can be calculated.

C1(0) =
i

2ω0τ0

(
g11g20 − 2|g11|

2 −
|g02|

2

3

)
+

g21

2
,

µ2 = −
Re(C1(0))
Re(λ′(τ0))

,

T2 = −
Im{C1(0)} + µ2Im{λ′(τ0)}

ω0
,

β2 = 2Re{C1(0)}.

(S2.46)

Based on the above discussion, we can gain the following results:
Theorem 4: From the equilibrium point, the bifurcating periodic solution of the system (S2.1) has

the following properties:
(i) The sign of µ2 determines the direction of the Hopf bifurcation: if µ2 > 0(µ2 < 0), the Hopf
bifurcation is supercritical (subcritical) and the bifurcation periodic solution exists in τ > τ0(τ < τ0).
(ii) The sign of β2 < 0(β2 > 0) the stability of the bifurcating period solutions: if β2 < 0(β2 > 0), the
bifurcating solution of the central manifold is stable (unstable).
(iii)The sign of T2 determines the period of the bifurcating periodic solution: if T2 > 0(T2 < 0), the
period increases (decreases).
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