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Appendix
A. Proof of Theorem 3.2

Theorem A.1. The Type I discrete Hamilton’s variational principle,

6Sq ({ (g ar, 4) 1) =0,

where,
= = Ok+1 — Ok Ok+1 — Ok
Sa ({(Qk, Qk,/lk)}kN:o) =3 [Ld(CIk, We> i+ 15 Q1) = Apg———— + () | ———,
k=0 Th+1 — Tk Tkl — Tk

is equivalent to the discrete extended Euler—Lagrange equations,

Ok+1 = Qk + (Tk+1 —Tk)g(Qk),

Qk+1 — Ok Qk — k-1
= D1 La(qis O Gist Qa1 ) + ———— D3 La(qr-1, Q-1 1> ak) = 0,
Thel — Tk Ti — Th-1
Qk+1 — Ok 1 qQk+1 = Ok
|:D2Ldk + Ak +/1ng(%)] u - [Ldk - +/1kg(qk)]
Tiel — Tk Tiel =Tk Thel — Tk Tiel — Tk
1 Ok — Ok—1 1 Ok — Ok—1
+ I:D4Ldk_] - /1](_1 :| + |:Ld/<—1 - /1](_1 -+ /lk—lg(qk—l)] = 0’
T = Tht d T = Thc1 T — Tt T~ Tk-1

where L, denotes Ly(q, Gk, Qrs15 Qks1)-
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Proof. We use the notation L, = L;(qx, Gk, qi+1, 9k+1)» and we will use the fact that

6qo = 6gn = 6q9 = 6ay =0
throughout the proof. We have
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As a consequence, if
Oke1 = Ok + (Toer = 70) (),

Qk Qi
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then 6, ({(qrs i Ak) }.) = 0. Conversely, if 6S, ({(gx, ar ) }.,) = 0, then a discrete fundamental
theorem of the calculus of variations yields the above equations. O
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B. Proof of Theorem 3.4

Theorem B.1. The Type I discrete Hamilton’s variational principle,

64 ({(Qk, Qk,/lk)}szo) =0
where,
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throughout the proof. We have
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As a consequence, if

Ok+1 = Ok 1 Ok — Ok—1 1 Ak-1 Ak
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Conversely, if 6S; ({(gx, ar &) }2) = 0, then a discrete fundamental theorem of the calculus of

variations yields the above equations. O

C. Proof of Theorem 5.1

Theorem C.1. The Type I discrete Hamilton’s variational principle,
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where,
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where L;, denotes Ld(qk,fk, k> Qk+1)-

Proof. We will use the notation Ly, = Ly(qx, f, O, Gx+1), and we will use the boundary conditions
0qo = 6gn =06q0 =0ay =10 =1n =0
throughout the proof.

Journal of Geometric Mechanics Volume 15, Issue 1, 224-255.



We have
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We can write dg; as g, = giJx for some 1, € g. Then, taking the variation of the discrete kinematics
equation g1 = qi f gives the equation 6q.1 = 6qx fi + qidfi and fi = q;'gi+1. As a consequence,
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Then,
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As a consequence, if
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then 63, ({(qr> i A) }Y.) = 0. Conversely, if S, ({(gx, ar A4) }.,) = 0, then a discrete fundamental
theorem of the calculus of variations yields the above equations. m|
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