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Appendix

A. Proof of Theorem 3.2

Theorem A.1. The Type I discrete Hamilton’s variational principle,

δS̄d ({(qk, qk, λk)}
N
k=0) = 0,

where,

S̄d ({(qk, qk, λk)}
N
k=0) =

N−1

∑

k=0
[Ld(qk, qk,qk+1, qk+1) − λk

qk+1 − qk

τk+1 − τk
+ λkg(qk)]

qk+1 − qk

τk+1 − τk
,

is equivalent to the discrete extended Euler–Lagrange equations,

qk+1 = qk + (τk+1 − τk)g(qk),
qk+1 − qk
τk+1 − τk

D1Ld(qk, qk,qk+1, qk+1) + qk − qk−1

τk − τk−1
D3Ld(qk−1, qk−1,qk, qk) = 0,

[D2Ldk + λk
1

τk+1 − τk
+ λk∇g(qk)] qk+1 − qk

τk+1 − τk
− 1
τk+1 − τk

[Ldk − λk
qk+1 − qk
τk+1 − τk

+ λkg(qk)]

+ [D4Ldk−1 − λk−1
1

τk − τk−1
] qk − qk−1

τk − τk−1
+ 1
τk − τk−1

[Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)] = 0,

where Ldk denotes Ld(qk, qk,qk+1, qk+1).
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Proof. We use the notation Ldk = Ld(qk, qk,qk+1, qk+1), and we will use the fact that

δq0 = δqN = δq0 = δqN = 0

throughout the proof. We have

δS̄d = δ(
N−1

∑

k=0
[Ld(qk, qk,qk+1, qk+1) − λk

qk+1 − qk

τk+1 − τk
+ λkg(qk)]

qk+1 − qk

τk+1 − τk
)

=

N−1

∑

k=1
[D2Ldk + λk

1
τk+1 − τk

+ λk∇g(qk)]
qk+1 − qk

τk+1 − τk
δqk

−

N−1

∑

k=1

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk

+

N−2

∑

k=0
[D4Ldk − λk

1
τk+1 − τk

]

qk+1 − qk

τk+1 − τk
δqk+1

+

N−2

∑

k=0

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk+1

+

N−1

∑

k=1

qk+1 − qk

τk+1 − τk
D1Ldkδqk

+

N−2

∑

k=0

qk+1 − qk

τk+1 − τk
D3Ldkδqk+1 +

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.

Thus,

δS̄d =

N−1

∑

k=1
[D2Ldk + λk

1
τk+1 − τk

+ λk∇g(qk)]
qk+1 − qk

τk+1 − τk
δqk

−

N−1

∑

k=1

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk

+

N−1

∑

k=1
[D4Ldk−1 − λk−1

1
τk − τk−1

]
qk − qk−1

τk − τk−1
δqk

+

N−1

∑

k=1

1
τk − τk−1

[Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)] δqk

+

N−1

∑

k=1
[
qk+1 − qk

τk+1 − τk
D1Ldk +

qk − qk−1

τk − τk−1
D3Ldk−1] δqk

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.

As a consequence, if
qk+1 = qk + (τk+1 − τk)g(qk),

qk+1 − qk

τk+1 − τk
D1Ld(qk, qk,qk+1, qk+1) +

qk − qk−1

τk − τk−1
D3Ld(qk−1, qk−1,qk, qk) = 0,

[D2Ldk + λk
1

τk+1 − τk
+ λk∇g(qk)]

qk+1 − qk

τk+1 − τk
−

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)]

+ [D4Ldk−1 − λk−1
1

τk − τk−1
]

qk − qk−1

τk − τk−1
+

1
τk − τk−1

[Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)] = 0,

then δS̄d ({(qk, qk, λk)}
N
k=0) = 0. Conversely, if δS̄d ({(qk, qk, λk)}

N
k=0) = 0, then a discrete fundamental

theorem of the calculus of variations yields the above equations. □
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B. Proof of Theorem 3.4

Theorem B.1. The Type I discrete Hamilton’s variational principle,

δS̄d ({(qk, qk, λk)}
N
k=0) = 0,

where,

S̄d ({(qk, qk, λk)}
N
k=0) =

N−1

∑

k=0
{

qk+1 − qk

τk+1 − τk
[Ld(qk, qk,qk+1, qk+1) − λk] + λkg(qk)},

is equivalent to the discrete extended Euler–Lagrange equations,

qk+1 = qk + (τk+1 − τk)g(qk),

qk+1 − qk

τk+1 − τk
D1Ld(qk, qk,qk+1, qk+1) +

qk − qk−1

τk − τk−1
D3Ld(qk−1, qk−1,qk, qk) = 0,

qk+1 − qk
τk+1 − τk

D2Ldk −
1

τk+1 − τk
Ldk +

qk − qk−1

τk − τk−1
D4Ldk−1 +

1
τk − τk−1

Ldk−1 =
λk−1

τk − τk−1
− λk

τk+1 − τk
− λk∇g(qk),

where Ldk denotes Ld(qk, qk,qk+1, qk+1).

Proof. We use the notation Ldk = Ld(qk, qk,qk+1, qk+1), and we will use the fact that

δq0 = δqN = δq0 = δqN = 0

throughout the proof. We have

δS̄d = δ(
N−1

∑

k=0
{

qk+1 − qk

τk+1 − τk
[Ld(qk, qk,qk+1, qk+1) − λk] + λkg(qk)})

=

N−1

∑

k=1
[

qk+1 − qk

τk+1 − τk
D2Ldk −

1
τk+1 − τk

Ldk +
λk

τk+1 − τk
+ λk∇g(qk)] δqk

+

N−2

∑

k=0
[

qk+1 − qk

τk+1 − τk
D4Ldk +

1
τk+1 − τk

Ldk −
λk

τk+1 − τk
] δqk+1

+

N−1

∑

k=1

qk+1 − qk

τk+1 − τk
D1Ldkδqk +

N−2

∑

k=0

qk+1 − qk

τk+1 − τk
D3Ldkδqk+1

+

N−1

∑

k=0
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.

Thus,

δS̄d =

N−1

∑

k=1
[

qk+1 − qk

τk+1 − τk
D2Ldk −

1
τk+1 − τk

Ldk +
λk

τk+1 − τk
+ λk∇g(qk)] δqk

+

N−1

∑

k=1
[

qk − qk−1

τk − τk−1
D4Ldk−1 +

1
τk − τk−1

Ldk−1 −
λk−1

τk − τk−1
] δqk

+

N−1

∑

k=1
[

qk+1 − qk

τk+1 − τk
D1Ldk +

qk − qk−1

τk − τk−1
D3Ldk−1] δqk +

N−1

∑

k=0
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.
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As a consequence, if

qk+1 − qk

τk+1 − τk
D2Ldk −

1
τk+1 − τk

Ldk +
qk − qk−1

τk − τk−1
D4Ldk−1 +

1
τk − τk−1

Ldk−1 =
λk−1

τk − τk−1
−

λk

τk+1 − τk
− λk∇g(qk),

qk+1 − qk

τk+1 − τk
D1Ld(qk, qk,qk+1, qk+1) +

qk − qk−1

τk − τk−1
D3Ld(qk−1, qk−1,qk, qk) = 0,

qk+1 = qk + (τk+1 − τk)g(qk),

then δS̄d ({(qk, qk, λk)}
N
k=0) = 0.

Conversely, if δS̄d ({(qk, qk, λk)}
N
k=0) = 0, then a discrete fundamental theorem of the calculus of

variations yields the above equations. □

C. Proof of Theorem 5.1

Theorem C.1. The Type I discrete Hamilton’s variational principle,

δS̄d ({(qk, qk, λk)}
N
k=0) = 0,

where,

S̄d ({(qk, qk, λk)}
N
k=0) =

N−1

∑

k=0
[Ld(qk, fk, qk, qk+1) − λk

qk+1 − qk

τk+1 − τk
+ λkg(qk)]

qk+1 − qk

τk+1 − τk
,

is equivalent to the discrete extended Euler–Lagrange equations,

qk+1 = qk + (τk+1 − τk)g(qk),

Ad∗f−1
k
(T∗e L fk D2Ldk) = T∗e Lqk D1Ldk +

τk+1 − τk

qk+1 − qk

qk − qk−1

τk − τk−1
T∗e L fk−1 D2Ldk−1 ,

[D3Ldk + λk
1

τk+1 − τk
+ λk∇g(qk)]

qk+1 − qk

τk+1 − τk
−

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)]

+ [D4Ldk − λk−1
1

τk − τk−1
]

qk − qk−1

τk − τk−1
+

1
τk − τk−1

[Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)] = 0,

where Ldk denotes Ld(qk, fk, qk, qk+1).

Proof. We will use the notation Ldk = Ld(qk, fk, qk, qk+1), and we will use the boundary conditions

δq0 = δqN = δq0 = δqN = η0 = ηN = 0

throughout the proof.
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We have

δS̄d ({(qk, qk, λk)}
N
k=0) = δ(

N−1

∑

k=0
[Ld(qk, fk, qk, qk+1) − λk

qk+1 − qk

τk+1 − τk
+ λkg(qk)]

qk+1 − qk

τk+1 − τk
)

=

N−1

∑

k=1
[D3Ldk + λk

1
τk+1 − τk

+ λk∇g(qk)]
qk+1 − qk

τk+1 − τk
δqk

−

N−1

∑

k=1

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk

+

N−2

∑

k=0
[D4Ldk − λk

1
τk+1 − τk

]

qk+1 − qk

τk+1 − τk
δqk+1

+

N−2

∑

k=0

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk+1

+

N−1

∑

k=1

qk+1 − qk

τk+1 − τk
D1Ldkδqk

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
D2Ldkδ fk

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.

We can write δgk as δgk = gkηk for some ηk ∈ g. Then, taking the variation of the discrete kinematics
equation qk+1 = qk fk gives the equation δqk+1 = δqk fk + qkδ fk and fk = q−1

k qk+1. As a consequence,

δ fk = q−1
k δqk+1 − q−1

k δqk fk = q−1
k qk+1ηk+1 − q−1

k qkηk fk = fkηk+1 − ηk fk,

so

δS̄d ({(qk, qk, λk)}
N
k=0) =

N−1

∑

k=1
[D3Ldk + λk

1
τk+1 − τk

+ λk∇g(qk)]
qk+1 − qk

τk+1 − τk
δqk

−

N−1

∑

k=1

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk

+

N−1

∑

k=1
(D4Ldk−1 − λk−1

1
τk − τk−1

)

qk − qk−1

τk − τk−1
δqk

+

N−1

∑

k=1

1
τk − τk−1

(Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)) δqk

+

N−1

∑

k=1

qk+1 − qk

τk+1 − τk
(T∗e Lqk D1Ldk ● ηk)

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(T∗e L fk D2Ldk ● [ηk+1 − f −1

k ηk fk])

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk.
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Then,

δS̄d ({(qk, qk, λk)}
N
k=0) =

N−1

∑

k=1
[D3Ldk + λk

1
τk+1 − τk

+ λk∇g(qk)]
qk+1 − qk

τk+1 − τk
δqk

−

N−1

∑

k=1

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)] δqk

+

N−1

∑

k=1
(D4Ldk−1 − λk−1

1
τk − τk−1

)

qk − qk−1

τk − τk−1
δqk

+

N−1

∑

k=1

1
τk − τk−1

(Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)) δqk

+

N−1

∑

k=1

qk+1 − qk

τk+1 − τk
(T∗e Lqk D1Ldk ● ηk)

+

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(g(qk) −

qk+1 − qk

τk+1 − τk
) δλk

+

N−1

∑

k=0

qk − qk−1

τk − τk−1
(T∗e L fk−1 D2Ldk−1 ● ηk)

−

N−1

∑

k=0

qk+1 − qk

τk+1 − τk
(T∗e L fk D2Ldk ●Ad f−1

k
ηk).

As a consequence, if
qk+1 = qk + (τk+1 − τk)g(qk),

Ad∗f−1
k
(T∗e L fk D2Ldk) = T∗e Lqk D1Ldk +

τk+1 − τk

qk+1 − qk

qk − qk−1

τk − τk−1
T∗e L fk−1 D2Ldk−1 ,

[D3Ldk + λk
1

τk+1 − τk
+ λk∇g(qk)]

qk+1 − qk

τk+1 − τk
−

1
τk+1 − τk

[Ldk − λk
qk+1 − qk

τk+1 − τk
+ λkg(qk)]

+ [D4Ldk − λk−1
1

τk − τk−1
]

qk − qk−1

τk − τk−1
+

1
τk − τk−1

[Ldk−1 − λk−1
qk − qk−1

τk − τk−1
+ λk−1g(qk−1)] = 0,

then δS̄d ({(qk, qk, λk)}
N
k=0) = 0. Conversely, if δS̄d ({(qk, qk, λk)}

N
k=0) = 0, then a discrete fundamental

theorem of the calculus of variations yields the above equations. □
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