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Supplementary 

Appendix A 

The commonly used conditional innovation distributions in GARCH-type volatility models include 

Normal Distribution 

For the normal distributed innovations, the density function is given by 

𝑓(𝑧) =
1
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Student-t Distribution 

For the student-t distributed innovations, the density function is given by 
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where 𝑣 is the degrees of freedom, 2 < 𝑣 ≤ ∞ and 𝛤(. ) is the gamma function. 

Generalized error Distribution 

For the generalized error distributed innovations, the density function is given by 

𝑓(𝑧; 𝑣) =
𝑣

𝜅𝑣21+𝑣−1
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       (A.3) 

where 𝑣 is the degrees of freedom, 0 < 𝜈 < ∞, 𝜅𝑣 = √(
2

−2
𝑣 𝛤(𝑣−1)

𝛤(3𝑣−1)
) and 𝛤(. ) denote the gamma function. 

Skew Normal Distribution 

For the skew normal distributed innovations, the density function is given by 

𝑓(𝑧) =
1
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       (A.4) 

where 𝛼is the skew parameter and (𝜉, 𝜅) are the location and scale parameters, respectively. 

Skew Student-t Distribution 

For the skew Student-t distributed innovations, the density function is given by 

             𝑓(𝑧; 𝑣) =
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where 𝜈 is the degree of freedom, 𝛤(. ) denote the gamma function, 𝜉 is the asymmetry 

parameter, and 𝑠 = √(𝜉2 +
1

𝜉2 − 1) − 𝑚2, 𝑚 =
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2
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.  

Skew Generalized Error Distribution 

For the generalized error distributed innovations, the density function is given by 

𝑓(𝑧|𝑣, 𝜂) = 𝐶 𝑒𝑥𝑝 (−
1
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where 𝜈 is the degrees of freedom, 𝜂 is the skew parameter (−1 < 𝜂 < 1),𝐶 = 𝜈[2𝜑𝛤(𝑣−1)]−1, 

𝜅 = 2𝜂𝐴𝑆(𝜂)−1, 
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𝑆(𝜂)−1, and 𝑆(𝜂) = √1 + 3𝜂2 − 4𝐴2𝜂2. 
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Generalized Hyperbolic Distribution 

For the generalized hyperbolic distributed innovations, the density function is given by 

𝑓(𝑧; 𝜆, 𝛼, 𝛽, 𝛿, 𝜇) =
{𝛼2 − 𝛽2}
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where 𝛿 is scale parameter, 𝜇 is location parameter, 𝛽 is the asymmetry parameter, 𝜆, 𝛼 are real 

parameters, 𝛹𝜆 is the modified Bessel function of third order. 

Johnson Reparametrized (SU) Distribution 

For the Johnson reparametrized (SU) distributed innovations, the density function is given by 

𝑓(𝑧; 𝜂, 𝜏, 𝜐, 𝜗) =
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𝜂
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where, 𝜙 is the density function of 𝑁(0,1), 𝜏, 𝜂 are location and scale parameters, respectively, 

while 𝜐, 𝜗 denote the skew and kurtosis parameters, respectively. 

Normal Inverse Gaussian Distribution 

For the normal inverse gaussian distributed innovations, the density function is given by 

𝑓(𝑧; 𝛼, 𝛽, 𝛿, 𝜇) =
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     (A.9) 

where 𝛿 is scale parameter, 𝜇 is location parameter, 𝛽 is the asymmetry parameter, 𝛼 is the shape 

parameter, 𝐾1 is the modified Bessel function of third order. 

Generalized Hyperbolic Skew Student-t Distribution 

For the generalized hyperbolic skew student-t distributed innovations, the density function is 

given by 

𝑓(𝑧; 𝛼, 𝛽, 𝛿, 𝜇) =
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where 𝛿 is scale parameter, 𝜇 is location parameter, 𝛽 is the asymmetry parameter, 𝛼 → |𝛽| is the 

shape parameter, 𝐾1 is the modified Bessel function of third order. 
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