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Appendix 

Let us calculate the integral (143). 

Let’s move on to nondimensional coordinates, where the Bohr radius 𝑎𝐵 is taken as the scale. In 

this case  

𝑏 = 𝑏0𝑎𝐵 (A1) 

where  

𝑏0 = ∫∫|𝐫 − 𝐫′||𝜓(𝐫)|2|𝜓(𝐫′)|2𝑑𝑉′ 𝑑𝑉 (A2) 

Is the nondimensional parameter, which is calculated using nondimensional coordinates. 

In particular, for the ground state of the hydrogen atom 

|𝜓(𝐫)|2 =
1

𝜋
exp(−2𝑟) (A3) 

We introduce the function 

𝐹(𝐫) = ∫|𝐫 − 𝐫′||𝜓(𝐫′)|2𝑑𝑉′ (A4) 

Then we write (A2) in the form 

𝑏0 = ∫𝐹(𝐫)|𝜓(𝐫)|2𝑑𝑉 (A5) 

Obviously, 

∆𝐹 = 2Φ(𝐫) (A6) 

where  

Φ(𝐫) = ∫
|𝜓(𝐫′)|

2

|𝐫−𝐫′|
𝑑𝑉′ (A7) 

The function Φ(𝐫) satisfies the equation  

ΔΦ = −4𝜋|𝜓(𝐫)|2 (A8) 



2 
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Obviously, as 𝑟 → ∞, the functions 𝐹(`𝐫) and Φ(𝐫) behave as  

𝐹(𝐫) → 𝑟 (A9) 

and 

Φ(𝐫) →
1

𝑟
 (A10) 

In addition, these functions have bounded limits as 𝑟 → 0, which can be easily calculated using 

(A3): 

𝐹(0) = 4∫ 𝑟3 exp(−2𝑟) 𝑑𝑟
∞

0
=

3

2
 (A11) 

Φ(0) = 4∫ 𝑟 exp(−2𝑟) 𝑑𝑟
∞

0
= 1 (A12) 

Because |𝜓(𝐫)|2  depends only on 𝑟 , then the function Φ(𝐫)  also depends only on 𝑟 . 

Therefore, equation (A8), taking into account (A3), takes the form 

𝑑2𝑟Φ

𝑑𝑟2
= −4𝑟 exp(−2𝑟) (A13) 

The solution of equation (A13) taking into account conditions (A10) and (A12) has the form 

Φ = −
1

𝑟
(𝑟 + 1) exp(−2𝑟) +

1

𝑟
 (A14) 

Then equation (A6) takes the form 

𝑑2𝑟𝐹

𝑑𝑟2
= −2(𝑟 + 1) exp(−2𝑟) + 2 (A15) 

The solution of equation (A15) taking into account conditions (A9) and (A11) has the form 

𝐹 = −
1

2𝑟
(𝑟 + 2) exp(−2𝑟) + 𝑟 +

1

𝑟
 (A16) 

Substituting (A3) and (A16) into (A5), one obtains 

𝑏0 =
35

16
 (A17) 

or, taking into account (A1), 

𝑏 =
35

16
𝑎𝐵 (A18) 

©2024 the Author(s), licensee AIMS Press. This is an open access 

article distributed under the terms of the Creative Commons 

Attribution License (http://creativecommons.org/licenses/by/4.0) 


