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Appendix 1.

The potential at D; > R, is

— keQudp 77, (ﬂ)
V(D) = N sinh ™ (A1)
and the potential at D; < R; is
1 &r'D1Ry Ap

where Q; = 4R?m - p, is the total charge of the sphere with radius R, and surface charge density p;.
Ap is the Debye length in the electrolyte with neutral monovalent ions [11]:
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where g, = 8.85 - 10712C?]J"tm™! is the vacuum permittivity, &, is the relative static permittivity of
the electrolyte, kg = 1.38 - 10723JK 1 is the Boltzmann constant, T is the absolute temperature, e =
1.6 - 107°Coulomb is the charge of a positive monovalent ion, N, = 6-10%3mol~! is the
Avogadro’s number, C is the monovalent (positive or negative) ion concentration (in mol/m3 ) of the
electrolyte inside and around the charged sphere. In our calculation we take always T = 300K.



Appendix 2.  The density of the electric field energy at the connection point of two touching surface-
charged spheres

Here the density of the field energy is calculated close to the point where the two charged
spheres touch each other. The field strength approaching the connection point from left is (see

Egs.2,3):
seon (L, o) (LB o}

= (A{[G(Rz4) — G(R;-)] = 2},0) (A4)
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where y, = 0, A = 2nk.p/e, and G(R) v +e D R/AD

the center of the left sphere and the connection point, when the connection point is approached from
the left (i.e. R,_<R,). R,, is the distance between the center of the right sphere and the connection
point, when the connection point is approached from the right (i.e. R,.2ZR,). If Ry = R, then
G(R,,) = G(R,_) and based on Eqgs.5,A4 the density of the field energy approaching the connection
point from the left is:

. Ry_ is the distance between

Er&p

up(xp = (Ra- = Ros) /2,9 = 0) = 22 [Byye + Epgey ]2 + [Ery + By ) = 22 ([—241% +
[0 + 0]2) = 2¢,5,A (A5)

The field strength approaching the connection point from right is:

sors (81, o)) (B, )

= (A{[G(Rz-) — G(Ry)] + 2},0) (A6)

R, isthe distance between the center of the left sphere and the connection point, when the connection
point is approached from the right. R,_ is the distance between the center of the right sphere and the
connection point, when the connection point is approached from the left. If R, = R, then C(R,_) =
C(R,,) and based on Eqs.5,A6 the density of the field energy approaching the connection point from
the left is:

Riy — R,_ &€ 2
uF (xp = %,yp = 0) = TTO( [E1x+ + EZX—]Z + [Ely + Ezy] )

= grzﬂ([z,q]2 + [0 + 0]?) = 2¢,£,A% (A7)
Thus in the case of R, = R, the density of the field energy is the same either approaching the
connection point from the left or right (see Eqs.A5,A7). However when R; # R, the density of the
field energy is different when approaching the the connection point from the left:
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up(xp = (Ri- — Rp4)/2,y, = 0) = ( [Evx— + Epxi]* + [Eqy + Ezy | ) = Erzﬁ(Az[G(RH) -
G(R,_) —2]>+[0+0]?) (A8)
and when approaching the the connection point from the right:

Er&p

uF(xp = R+ —R;2)/2, Yp = 0) =

G(Ry4+) + 2]* + [0 + 0]%). (A9)

2 ([Eyey + Egx ]2 + [Bry + By ) = Z2(A2[G(R,) —

Based on Eqgs.A8,A9 if the right sphere is larger than the left sphere (i.e. R, > R,) then u near the
right side of the connection point is larger than uz near the left side of the connection point. However,
the difference between these field energy densities decreases with decreasing electrolyte ion
concentration. Actually, the difference becomes zero at zero electrolyte ion concentration (i.e. at &, =
1 and A, = o0). This is the case because according to Newton’s Shell Theorem [6,7] or Eq.3 at A, —
0!

— _ |ava __ keQy _ kedmp(Rp)® _
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Eyp- =0, Eppy = — [ﬁ = e _ ketmo®0)E oy gy (A11)
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and based on Egs.A5,A7

up (6, =228y, = 0) = 20 ([Eyyy + Epe ]2 + [Eyy + Epy|*) = 220 (—k 4mp)2(A12)
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Appendix 3. The electric field energy density of N charged spheres surrounded by electrolyte

The coordinates of the center of the i-th sphere are (x;, y;, z;). The density of the electric field
energy at point P1with coordinates (xp, yp, zp) is:

T T 2
up(tp, Y, zp) = “20F - E = 20 (T, B} + {4 By} + (S EL))  (AL4)
where the electric field created by the i-th sphere at point P is:

= (Ex E;

o Eig) = — S8 (R Yoo e os) (A15)

daD; D; D; D;

where D; =/ (xp — x)2 + (yp — y;)% + (zp — 2;)? is the distance between point P1 and the center
of the i-th charged sphere and
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where \/(xi - Xj)z + (yl - y])Z + (Zi - Zj)z > Ri + R] where i -'pt]

Appendix 4.  Electric field density around a charged sphere and a charged flat surface surrounded
by electrolyte

Eq.A17 is the general solution of the Screened Poisson Equation

N e=lr-r'l/a
V(r) = fff a3 L) e 2 (A17)

— 4mege,  |r—r’|

where p, (1) is the density of the external charge at position ', &, is the electric constant and « is
the relative static permittivity, A is the Debye length. Note, that Eq.A17 is valid if the electrolyte
itself is electrically neutral.

In Figure A1(A) there is a homogeneously charged flat surface (with surface charge density p,, = p,)
surrounded by electrolyte. By using Eq.A17 one can calculate the potential at point P1 (located at a
distance Zo from the charged flat surface). The potential caused by the charges in the black ring (of
radius r and thickness dr) at point Pz is:

po2rmdr(«) e R()/Ap
4TTEGES R(x)

V(OC, Zo)d X=

(A18)

After substituting into EqQ.A18 R = Z,/cos (@) r = Z, - tg(a) and dr = Z, - d[tan(a)] = da - Z,/
cos?(a) we get:

_ P2Zo  _sin(@) = _z. /[Ap-cos(a)]
V(x,Zy)d x= rece, cos?(@) © o/14D da (A19)

Let us make the substitutions in Eq.A19: u = cos™!(x) and du = sin (x) - cos™?(a) * da and
integrate from u(x= 0) = 1 to u(x= m/2) = o and we get the potential at a distance Zo from the
charged flat surface

(o) (o)

V(Z,) = j V(u,Z,) du = J

u(x=0) u(x=0)
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Figure Al. Modelling cell electrophoresis.

A) Location of a point charge (P1) from a charged flat surface. B) Location of a surface-charged
sphere from a charged flat surface. The origin of the coordinate system (x,y) is attached to the middle
of the distance between the center of the sphere and the flat surface (see blue dot), and the coordinates
of point P2 (marked by black dot) are xp and yp.

In Figure A1(B) a homogeneously charged sphere (with radius R and surface charge density
Pex = P1) Interacts with the charged flat surface. The sphere inside and outside is surrounded by
electrolyte. Calculating the interaction energy between the charged sphere and the charged flat surface
first let us consider the interaction of a ring of the sphere with the flat surface. The radius of the ring
IS R -sin (a), the thickness of the ring is R - da, and the distance of each point of the ring from the
flate surface is Zo. The total charge of the ring is p; - 2R - sin (a) - w - R - da and the potential at each
point of the ring is given by Eq.A20. Thus the interaction energy between the ring and the flat surface
IS

_ P24p —f—o .
E(a,Z)da = e ‘op, 2R -sin(a) m-R-da
2808,
= —plgple e ~[Z—Reos(@))/p . R21 . sin(a) - da (A21)
0ér

where Z[= Z, + Rcos(ec)] is the distance between the charged flat surface and the center of the
charged sphere

After the following substitutions in Eq.A21: u = cos(«) and du = —sin(x) - da in order to
get the total interaction energy, E(Z) between the charged sphere and the charged flat surface one
has to integrate the ring energy from u(x=0) = 1 to u(x=m) = —1

The following integral gives the total interaction energy between the charged sphere and the
charged flat surface where the distance between the center of the sphere and the flat surface is Z:
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where Q, (= p;4R?m) is the total charge of the sphere.

In order to calculate density of electric field energy at point P2 (x,, ¥,,) (see Figure A1(B) one
has to use Eq.5. where E; (the field strength created by the charged sphere) is given by Egs.2,3. To
calculate the field strength E, (created by the charged flat surface) one has to consider the distance
of point P2 from the charged flat surface, i.e: 0.5Z — x,, and substituting this to Z, in Eq.A20 one
gets the potential caused by the charged flat surface at point Pa2:

V(xp:yp) — P24p e—(O.SZ—xp)/AD (A23)

28087«

Then the electric field strength E), is:

dav dv
Ey = (Epx Ezy) = —grad[V(x,, yp)] = — ax,
_0.5Z—xp
=(—qme ' ,0) (A24)
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