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Appendix 1. 

The potential at 𝐷1 > 𝑅1 is 

𝑉(𝐷1) =
𝑘𝑒∙𝑄1∙𝜆𝐷 

𝜀𝑟∙𝐷1∙𝑅1
∙ 𝑒

−
𝐷1
𝜆𝐷 ∙ 𝑠𝑖𝑛ℎ (

𝑅1

𝜆𝐷
)    (A1) 

and the potential at 𝐷1 < 𝑅1 is 

𝑉(𝐷1) =
𝑘𝑒∙𝑄1∙𝜆𝐷 

𝜀𝑟∙𝐷1∙𝑅1
∙ 𝑒

−
𝑅1
𝜆𝐷 ∙ 𝑠𝑖𝑛ℎ (

𝐷1

𝜆𝐷
)    (A2) 

where 𝑄1 = 4𝑅1
2𝜋 ∙ 𝜌1 is the total charge of the sphere with radius 𝑅1 and surface charge density 𝜌1. 

𝜆𝐷 is the Debye length in the electrolyte with neutral monovalent ions [11]: 

𝜆𝐷 = (
𝜀0𝜀𝑟𝑘𝐵𝑇

𝑒2𝑁𝑎2𝐶
)

1

2
      (A3) 

where ε0 = 8.85 ∙ 10
−12C2J−1m−1 is the vacuum permittivity, εr is the relative static permittivity of 

the electrolyte, kB = 1.38 ∙ 10
−23JK−1 is the Boltzmann constant, T is the absolute temperature, e =

1.6 ∙ 10−19Coulomb  is the charge of a positive monovalent ion, Na = 6 ∙ 10
23mol−1  is the 

Avogadro’s number, 𝐶 is the monovalent (positive or negative) ion concentration (in mol/m3 ) of the 

electrolyte inside and around the charged sphere. In our calculation we take always T = 300K. 
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Appendix 2. The density of the electric field energy at the connection point of two touching surface-

charged spheres 

Here the density of the field energy is calculated close to the point where the two charged 

spheres touch each other. The field strength approaching the connection point from left is (see 

Eqs.2,3): 

𝐸1− + 𝐸2+ = ({− [
𝑑𝑉1
𝑑𝐷1

]
𝐷1=𝑅1−

∙ (1)} , 0) + ({− [
𝑑𝑉2
𝑑𝐷2

]
𝐷2=𝑅2+

∙ (−1)} , 0) 

≅ (𝐴{[𝐺(𝑅2+) − 𝐺(𝑅1−)] − 2}, 0)     (A4) 

where 𝑦𝑝 = 0, 𝐴 = 2𝜋𝑘𝑒𝜌/𝜀𝑟  and 𝐺(𝑅) =
𝑒−2𝑅/𝜆𝐷

𝑅/𝜆𝐷
+ 𝑒−2𝑅/𝜆𝐷 −

1

𝑅/𝜆𝐷
 . 𝑅1−  is the distance between 

the center of the left sphere and the connection point, when the connection point is approached from 

the left (i.e. 𝑅1− 𝑅1≈
< ). 𝑅2+ is the distance between the center of the right sphere and the connection 

point, when the connection point is approached from the right (i.e.  𝑅2+ 𝑅2≈
> ). If 𝑅1 = 𝑅2  then 

𝐺(𝑅2+) ≅ 𝐺(𝑅1−) and based on Eqs.5,A4 the density of the field energy approaching the connection 

point from the left is: 

𝑢𝐹(𝑥𝑝 = (𝑅1− − 𝑅2+)/2, 𝑦𝑝 = 0) =  
𝜀𝑟𝜀0

2
( [𝐸1𝑥− + 𝐸2𝑥+]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) ≅  

𝜀𝑟𝜀0

2
([−2𝐴]2 +

[0 + 0]2) = 2𝜀𝑟𝜀0𝐴
2      (A5)  

The field strength approaching the connection point from right is: 

𝐸1+ + 𝐸2− = ({− [
𝑑𝑉1
𝑑𝐷1

]
𝐷1=𝑅1+

∙ (1)} , 0) + ({− [
𝑑𝑉2
𝑑𝐷2

]
𝐷2=𝑅2−

∙ (−1)} , 0) 

≅ (𝐴{[𝐺(𝑅2−) − 𝐺(𝑅1+)] + 2}, 0)    (A6) 

𝑅1+ is the distance between the center of the left sphere and the connection point, when the connection 

point is approached from the right. 𝑅2− is the distance between the center of the right sphere and the 

connection point, when the connection point is approached from the left. If 𝑅1 = 𝑅2 then 𝐶(𝑅2−) ≅

𝐶(𝑅1+) and based on Eqs.5,A6 the density of the field energy approaching the connection point from 

the left is: 

𝑢𝐹 (𝑥𝑝 =
𝑅1+ − 𝑅2−

2
, 𝑦𝑝 = 0) =  

𝜀𝑟𝜀0
2
( [𝐸1𝑥+ + 𝐸2𝑥−]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) 

≅ 
𝜀𝑟𝜀0

2
([2𝐴]2 + [0 + 0]2) = 2𝜀𝑟𝜀0𝐴

2    (A7) 

Thus in the case of 𝑅1 = 𝑅2  the density of the field energy is the same either approaching the 

connection point from the left or right (see Eqs.A5,A7). However when 𝑅1 ≠ 𝑅2 the density of the 

field energy is different when approaching the the connection point from the left: 
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𝑢𝐹(𝑥𝑝 = (𝑅1− − 𝑅2+)/2, 𝑦𝑝 = 0) =  
𝜀𝑟𝜀0

2
( [𝐸1𝑥− + 𝐸2𝑥+]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) ≅  

𝜀𝑟𝜀0

2
(𝐴2[𝐺(𝑅2+) −

𝐺(𝑅1−) − 2]
2 + [0 + 0]2)     (A8) 

and when approaching the the connection point from the right: 

𝑢𝐹(𝑥𝑝 = (𝑅1+ − 𝑅2−)/2, 𝑦𝑝 = 0) =  
𝜀𝑟𝜀0

2
( [𝐸1𝑥+ + 𝐸2𝑥−]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) ≅  

𝜀𝑟𝜀0

2
(𝐴2[𝐺(𝑅2−) −

𝐺(𝑅1+) + 2]
2 + [0 + 0]2).     (A9) 

Based on Eqs.A8,A9 if the right sphere is larger than the left sphere (i.e. 𝑅2 > 𝑅1) then 𝑢𝐹 near the 

right side of the connection point is larger than 𝑢𝐹 near the left side of the connection point. However, 

the difference between these field energy densities decreases with decreasing electrolyte ion 

concentration. Actually, the difference becomes zero at zero electrolyte ion concentration (i.e. at 𝜀𝑟 =

1 and 𝜆𝐷 = ∞). This is the case because according to Newton’s Shell Theorem [6,7] or Eq.3 at 𝜆𝐷 →

∞: 

𝐸1𝑥− = 0,  𝐸2𝑥+ = [
𝑑𝑉2

𝑑𝐷2
]
𝐷2=𝑅2+

= −
𝑘𝑒𝑄2

(𝑅2+)
2 = −

𝑘𝑒4𝜋𝜌(𝑅2)
2

(𝑅2+)
2 ≅ −𝑘𝑒4𝜋𝜌 (A10) 

𝐸2𝑥− = 0,  𝐸1𝑥+ = − [
𝑑𝑉1

𝑑𝐷1
]
𝐷1=𝑅1+

=
𝑘𝑒𝑄1

(𝑅1+)
2 =

𝑘𝑒4𝜋𝜌(𝑅1)
2

(𝑅1+)
2 ≅ 𝑘𝑒4𝜋𝜌  (A11) 

and based on Eqs.A5,A7 

𝑢𝐹 (𝑥𝑝 =
𝑅1+−𝑅2−

2
, 𝑦𝑝 = 0) =  

𝜀𝑟𝜀0

2
( [𝐸1𝑥+ + 𝐸2𝑥−]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) ≅

𝜀𝑟𝜀0

2
(−𝑘𝑒4𝜋𝜌)

2(A12) 

𝑢𝐹 (𝑥𝑝 =
𝑅1−−𝑅2+

2
, 𝑦𝑝 = 0) =  

𝜀𝑟𝜀0

2
( [𝐸1𝑥− + 𝐸2𝑥+]

2 + [𝐸1𝑦 + 𝐸2𝑦]
2
) ≅

𝜀𝑟𝜀0

2
(𝑘𝑒4𝜋𝜌)

2(A13) 

Appendix 3. The electric field energy density of N charged spheres surrounded by electrolyte 

The coordinates of the center of the i-th sphere are (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖). The density of the electric field 

energy at point P1 with coordinates (𝑥𝑃 , 𝑦𝑃, 𝑧𝑃) is: 

𝑢𝐹(𝑥𝑃, 𝑦𝑃, 𝑧𝑃) =
𝜀𝑟𝜀0

2
𝐸 ∙ 𝐸 =

𝜀𝑟𝜀0

2
( {∑ 𝐸𝑖𝑥

𝑁
𝑖=1 }2 + {∑ 𝐸𝑖𝑦

𝑁
𝑖=1 }

2
+ {∑ 𝐸𝑖𝑧

𝑁
𝑖=1 }2) (A14) 

where the electric field created by the i-th sphere at point P1 is: 

𝐸𝑖 = (𝐸𝑖𝑥 , 𝐸𝑖𝑦, 𝐸𝑖𝑧) = −
𝑑𝑉𝑖

𝑑𝐷𝑖
(
𝑥𝑃−𝑥𝑖

𝐷𝑖
,
𝑦𝑃−𝑦𝑖

𝐷𝑖
,
𝑧𝑃−𝑧𝑖

𝐷𝑖
)   (A15) 

where 𝐷𝑖 = √(𝑥𝑃 − 𝑥𝑖)
2 + (𝑦𝑃 − 𝑦𝑖)

2 + (𝑧𝑃 − 𝑧𝑖)
2 is the distance between point P1 and the center 

of the i-th charged sphere and  
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𝑑𝑉𝑖

𝑑𝐷𝑖
=

{
 
 

 
 𝑘𝑒𝑄𝑖𝜆𝐷

𝜀𝑟𝑅𝑖
𝑠𝑖𝑛ℎ(𝑅𝑖/𝜆𝐷) [−

𝑒
−
𝐷𝑖
𝜆𝐷

𝐷𝑖
2 −

𝑒
−
𝐷𝑖
𝜆𝐷

𝐷𝑖𝜆𝐷
]       𝑖𝑓 𝐷𝑖 > 𝑅𝑖 

𝑘𝑒𝑄𝑖𝜆𝐷

𝜀𝑟𝑅𝑖
𝑒
−
𝑅𝑖
𝜆𝐷 [−

𝑠𝑖𝑛ℎ(
𝐷𝑖
𝜆𝐷
)

𝐷𝑖
2 +

𝑐𝑜𝑠ℎ(
𝐷𝑖
𝜆𝐷
)

𝐷𝑖𝜆𝐷
]          𝑖𝑓 𝐷𝑖 < 𝑅𝑖

  (A16) 

where √(𝑥𝑖 − 𝑥𝑗)
2 + (𝑦𝑖 − 𝑦𝑗)

2 + (𝑧𝑖 − 𝑧𝑗)
2 > 𝑅𝑖 + 𝑅𝑗 where 𝑖 ≠ 𝑗. 

Appendix 4. Electric field density around a charged sphere and a charged flat surface surrounded 

by electrolyte  

Eq.A17 is the general solution of the Screened Poisson Equation 

𝑉(𝑟) =∭𝑑3𝑟′
𝜌𝑒𝑥(𝑟

′)

4𝜋𝜀0𝜀𝑟

𝑒−|𝑟−𝑟
′|/𝜆𝐷

|𝑟−𝑟′|
   (A17) 

where 𝜌𝑒𝑥(𝑟′) is the density of the external charge at position 𝑟′, 𝜀0 is the electric constant and 𝜀 is 

the relative static permittivity, 𝜆𝐷 is the Debye length. Note, that Eq.A17 is valid if the electrolyte 

itself is electrically neutral.  

In Figure A1(A) there is a homogeneously charged flat surface (with surface charge density  𝜌𝑒𝑥 = 𝜌2) 

surrounded by electrolyte. By using Eq.A17 one can calculate the potential at point P1 (located at a 

distance Z0 from the charged flat surface). The potential caused by the charges in the black ring (of 

radius 𝑟 and thickness 𝑑𝑟) at point P1 is: 

𝑉(∝, 𝑍0)𝑑 ∝=
𝜌22𝑟𝜋∙𝑑𝑟(∝)

4𝜋𝜀0𝜀𝑟

𝑒−𝑅(∝)/𝜆𝐷

𝑅(∝)
   (A18) 

After substituting into Eq.A18 𝑅 = 𝑍0/cos (𝛼) 𝑟 = 𝑍0 ∙ 𝑡𝑔(𝛼) and 𝑑𝑟 = 𝑍0 ∙ 𝑑[𝑡𝑎𝑛(𝛼)] = 𝑑𝛼 ∙ 𝑍0/

𝑐𝑜𝑠2(𝛼) we get: 

𝑉(∝, 𝑍0)𝑑 ∝=
𝜌2𝑍0

2𝜀0𝜀𝑟
∙
 sin(𝛼)

𝑐𝑜𝑠2(𝛼)
∙ 𝑒−𝑍0/[𝜆𝐷∙cos(𝛼)]𝑑𝛼  (A19) 

Let us make the substitutions in Eq.A19: 𝑢 = 𝑐𝑜𝑠−1(∝)  and 𝑑𝑢 = sin (∝) ∙ 𝑐𝑜𝑠−2(𝛼) ∙ 𝑑𝛼  and 

integrate from 𝑢(∝= 0) = 1 to 𝑢(∝= 𝜋/2) = ∞ and we get the potential at a distance Z0 from the 

charged flat surface 

𝑉(𝑍0) = ∫ 𝑉(𝑢, 𝑍0)

𝑢(∝=
𝜋
2
)

𝑢(∝=0)

𝑑𝑢 = ∫
𝜌2𝑍0
2𝜀0𝜀𝑟

∙ 𝑒
−
𝑍0𝑢
𝜆𝐷

𝑢(∝=
𝜋
2
)

𝑢(∝=0)

𝑑𝑢 
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= [
𝜌2𝑍0

2𝜀0𝜀
∙ (−

𝜆𝐷

𝑍0
) 𝑒−𝑍0𝑢/𝜆𝐷]

1

∞
=

𝜌2𝜆𝐷

2𝜀0𝜀𝑟
𝑒−𝑍0/𝜆𝐷  (A20) 

 

Figure A1. Modelling cell electrophoresis. 

A) Location of a point charge (P1) from a charged flat surface. B) Location of a surface-charged 

sphere from a charged flat surface. The origin of the coordinate system (x,y) is attached to the middle 

of the distance between the center of the sphere and the flat surface (see blue dot), and the coordinates 

of point P2 (marked by black dot) are xp and yp. 

In Figure A1(B) a homogeneously charged sphere (with radius R and surface charge density 

𝜌𝑒𝑥 = 𝜌1) interacts with the charged flat surface. The sphere inside and outside is surrounded by 

electrolyte. Calculating the interaction energy between the charged sphere and the charged flat surface 

first let us consider the interaction of a ring of the sphere with the flat surface. The radius of the ring 

is   𝑅 ∙ sin (𝛼), the thickness of the ring is  𝑅 ∙ d𝛼, and the distance of each point of the ring from the 

flate surface is Zo. The total charge of the ring is 𝜌1 ∙ 2𝑅 ∙ sin (𝛼) ∙ 𝜋 ∙ 𝑅 ∙ 𝑑𝛼 and the potential at each 

point of the ring is given by Eq.A20. Thus the interaction energy between the ring and the flat surface 

is 

𝐸(𝛼, 𝑍)𝑑𝛼 =
𝜌2𝜆𝐷
2𝜀0𝜀𝑟

𝑒
−
𝑍0
𝜆𝐷𝜌1 ∙ 2𝑅 ∙ sin(𝛼) ∙ 𝜋 ∙ 𝑅 ∙ 𝑑𝛼 

=
𝜌1𝜌2𝜆𝐷

𝜀0𝜀𝑟
𝑒−[𝑍−𝑅𝑐𝑜𝑠(𝛼)]/𝜆𝐷 ∙ 𝑅2𝜋 ∙ sin(𝛼) ∙ 𝑑𝛼   (A21) 

where 𝑍[= 𝑍0 + 𝑅𝑐𝑜𝑠(∝)]  is the distance between the charged flat surface and the center of the 

charged sphere  

After the following substitutions in Eq.A21:  𝑢 = 𝑐𝑜𝑠(∝) and 𝑑𝑢 = −𝑠𝑖𝑛(∝) ∙ 𝑑𝛼 in order to 

get the total interaction energy, 𝐸(𝑍)  between the charged sphere and the charged flat surface one 

has to integrate the ring energy from 𝑢(∝= 0) = 1 to 𝑢(∝= 𝜋) = −1 

The following integral gives the total interaction energy between the charged sphere and the 

charged flat surface where the distance between the center of the sphere and the flat surface is 𝑍: 
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𝐸(𝑍) = ∫ 𝐸(𝛼, 𝑍)𝑑𝛼
𝜋

0
= ∫ 𝐸(𝑢, 𝑍)𝑑𝑢

−1

1
= ∫

𝜌1𝜌2𝜆𝐷

𝜀0𝜀𝑟
𝑒−[𝑍−𝑅𝑢]/𝜆𝐷 ∙ 𝑅2𝜋 ∙ (−𝑑𝑢) =

−1

1

𝜌1𝜌2𝜆𝐷

𝜀0𝜀𝑟
𝑅2𝜋 ∙ 𝑒

−𝑍/𝜆𝐷
 [(−

𝜆𝐷

𝑅
)𝑒𝑅𝑢/𝜆𝐷]

1

−1
=
𝜌1𝜌2𝜆𝐷

𝜀0𝜀𝑟
𝑅2𝜋 ∙ 𝑒

−𝑍/𝜆𝐷 𝜆𝐷
𝑅
{𝑒𝑅/𝜆𝐷 − 𝑒−𝑅/𝜆𝐷} =

𝑄1𝜌2𝜆𝐷
2

2𝜀0𝜀𝑟𝑅
∙ 𝑒−𝑍/𝜆𝐷 ∙ 𝑠ℎ (

𝑅

𝜆𝐷
)    (A22) 

where 𝑄1(= 𝜌14𝑅
2𝜋) is the total charge of the sphere. 

In order to calculate density of electric field energy at point P2 (𝑥𝑝, 𝑦𝑝) (see Figure A1(B) one 

has to use Eq.5. where  𝐸1 (the field strength created by the charged sphere) is given by Eqs.2,3. To 

calculate the field strength  𝐸2 (created by the charged flat surface) one has to consider the distance 

of point P2 from the charged flat surface, i.e:  0.5𝑍 − 𝑥𝑝 and substituting this to 𝑍0 in Eq.A20 one 

gets the potential caused by the charged flat surface at point P2: 

 𝑉(𝑥𝑝, 𝑦𝑝) =
𝜌2𝜆𝐷

2𝜀0𝜀𝑟
𝑒−(0.5𝑍−𝑥𝑝)/𝜆𝐷   (A23) 

Then the electric field strength 𝐸2 is: 

𝐸2 = (𝐸2𝑥, 𝐸2𝑦) = −𝑔𝑟𝑎𝑑[ 𝑉(𝑥𝑝, 𝑦𝑝)] = −(
𝑑𝑉

𝑑𝑥𝑝
,
𝑑𝑉

𝑑𝑦𝑝
) 

= (−
𝜌2

2𝜀𝑜𝜀𝑟
𝑒
−
0.5𝑍−𝑥𝑝

𝜆𝐷 , 0)     (A24) 
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