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Appendix 1 

The Poisson equation is [8]: 

∇2𝑉(𝑟) = −
𝜌(𝑟)

𝜀0𝜀𝑟
           (A1) 

where 𝜌(𝑟)  is the charge density, 𝜀0  is the vaacum permittivity and 𝜀𝑟  is the relative static 

permittivity. 

The solution of the above Poisson equation is [8]: 

𝑉(𝑟) =∭𝑑3𝑟′
𝜌(𝑟′)

4𝜋𝜀0𝜀𝑟|𝑟−𝑟
′|
         (A2) 

In the case of the Poisson-Boltzmann equation [8, 9] −
𝜌(𝑟)

𝜀0𝜀𝑟
 (in Eq A1) is equal with 

−
𝜌(𝑟)

𝜀0𝜀
= ∑

𝑧𝑖𝑞𝑛𝑖
0

𝜀0𝜀𝑟
𝑖 𝑒

−
𝑧𝑖𝑞𝑉(𝑟)

𝑘𝐵𝑇           (A3) 

where 𝑞 is the elementary charge (positive or negative depending on the charge of the i-th type of 

ion), 𝑧𝑖 is the charge number of the i-th type of ion, 𝑘𝐵 is the Boltzmann constant, 𝑇 is the absolute 

temperature, 𝜌(𝑟)  is the charge density of the ions in the electrolyte and 𝜀𝑟  is the relative static 

permittivity of the electrolyte. 

The Screened Poisson equation is [8]: 
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 ∇2𝑉(𝑟) − 𝜆𝐷
−2𝑉(𝑟) = −

𝜌𝑒𝑥(𝑟)

𝜀0𝜀𝑟
        (A4) 

where 𝜌𝑒𝑥(𝑟) is the density of the external charge at position 𝑟, 𝜀0 is the electric constant and 𝜀𝑟 

is the relative static permittivity of the electrolyte, 𝜆𝐷 is the Debye length. Note, that Eq A4 is valid 

if the electrolyte itself is electrically neutral. The solution of this equation is [8]: 

𝑉(𝑟) =∭𝑑3𝑟′
𝜌𝑒𝑥(𝑟

′)

4𝜋𝜀0𝜀𝑟

𝑒−|𝑟−𝑟
′|/𝜆𝐷

|𝑟−𝑟′|
        (A5) 

i.e. the potential is the superposition of the so called screened Coulomb potential of the external charges. 

Appendix 2 The electric field energy density of N+1 charged spheres surrounded by electrolyte where 

N small spheres located within a large sphere 

The coordinates of the center of the larger sphere are (𝑥𝐿 , 𝑦𝐿) = (0, 0) 

𝑢𝐹(𝑥𝑃, 𝑦𝑃, 𝑧𝑃) =
𝜀𝑟𝜀0

2
𝐸 ∙ 𝐸 =

𝜀𝑟𝜀0

2
( {𝐸𝐿𝑥 + ∑ 𝐸𝑖𝑥

𝑁
𝑖=1 }2 + {𝐸𝐿𝑦 + ∑ 𝐸𝑖𝑦

𝑁
𝑖=1 }

2
+ {𝐸𝐿𝑧 + ∑ 𝐸𝑖𝑧

𝑁
𝑖=1 }2) (A6) 

where the electric field created by the i-th sphere at point P1 is:  

𝐸𝑖 = (𝐸𝑖𝑥, 𝐸𝑖𝑦, 𝐸𝑖𝑧) = −
𝑑𝑉𝑖

𝑑𝐷𝑖
(
𝑥𝑃−𝑥𝑖

𝐷𝑖
,
𝑦𝑃−𝑦𝑖

𝐷𝑖
,
𝑧𝑃−𝑧𝑖

𝐷𝑖
)     (A7) 

where 𝐷𝑖 = √(𝑥𝑃 − 𝑥𝑖)
2 + (𝑦𝑃 − 𝑦𝑖)

2 + (𝑧𝑃 − 𝑧𝑖)
2 is the distance between point P1 and the center 

of the i-th charged sphere and  

𝑑𝑉𝑖
𝑑𝐷𝑖

=

{
 
 
 

 
 
 𝑘𝑒𝑄𝑖𝜆𝐷

𝜀𝑟𝑅𝑖
𝑠𝑖𝑛ℎ(𝑅𝑖/𝜆𝐷) [−

𝑒
−
𝐷𝑖
𝜆𝐷

𝐷𝑖
2 −

𝑒
−
𝐷𝑖
𝜆𝐷

𝐷𝑖𝜆𝐷
]       𝑖𝑓 𝐷𝑖 > 𝑅𝑖 

𝑘𝑒𝑄𝑖𝜆𝐷
𝜀𝑟𝑅𝑖

𝑒
−
𝑅𝑖
𝜆𝐷 [−

𝑠𝑖𝑛ℎ (
𝐷𝑖
𝜆𝐷
)

𝐷𝑖
2 +

𝑐𝑜𝑠ℎ (
𝐷𝑖
𝜆𝐷
)

𝐷𝑖𝜆𝐷
]          𝑖𝑓 𝐷𝑖 < 𝑅𝑖

 

where 0 < √𝑥𝑖
2 + 𝑦𝑖

2 < 𝑅𝐿 − 𝑅𝑖  and √(𝑥𝑖 − 𝑥𝑗)
2 + (𝑦𝑖 − 𝑦𝑗)

2 + (𝑧𝑖 − 𝑧𝑗)
2 > 𝑅𝑖 + 𝑅𝑗  where 𝑖 ≠ 𝑗 . 

𝑄𝑖 is the total surface charge of the i-th small sphere of radius 𝑅𝑖. 
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