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Appendix 1 

Let us do the following substitution in the integral (in Eq.8):          . Thus in Eq.8 

         can be substituted by     and we get 
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Finally, let us do this substitution in Eq.A1:       
              and thus  

   
   

     
          

   and we get 
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where 

         
   

         

  
  

      

  
, while 
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in the case of      

        
   

         

  
  

       
 

  
  

      

  
 , and 

in the case of      

        
   

         

  
  

        

  
  

      

  
  

Here we mention that the square root of a positive number,       
             should be 

positive (only imaginary number’s square root is negative). Thus the square root is      if 

     and the square root is      if     . 

Thus the potential at      is 
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where       
      is the total charge of the sphere. 

Finally, the potential at      is 
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Appendix 2 

First we calculate the potential within the membrane induced by the charges located at the 

intra-vesicular membrane surface,       (see Figure 2A) where        : 

                
  

 
  

                           

           

  

 
    (A5) 

Note, that at      the line between point P1 and any one charge of the intra-vesicular 

membrane surface partially goes through the intra-vesicular electrolyte. The electrolyte’s ion 

concentration is assumed to be so high that the screening reduces the potential of any one of those 

charges to zero.    is defined in Figure 2A  and its cosine is:             . However at 

       the entire line between any of those charges and point P1 is in the membrane and the 

potential is not screened at all (see Eq.A5). After substituting Eq.7  into Eq.A5 and doing 

substitution           we get: 
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                             (A6) 

      is the potential at point P1 generated by the charges located at the extra-vesicular surface 

of the membrane. In this case charges located within            generate potential without 

any screening, while charges located at         are screened out completely. Note that    is 

defined in Figure 2B and its cosine is              . Thus 
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where we used 

                                          

                                       = 
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Appendix 3 

Here we calculate the length of the chord,    shown in Figure A1. The equation of the red line 

is: 

                      (A9) 

and the equation of the circle of radius    is: 

        
           (A10) 

The solutions of Eqs.A9,A10 results in the coordinates of the two intersections between the straight 

line and the circle. The solutions are: 

     
             

                      

        
    (A11) 

                           (A12) 
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From Eqs.A11,A12 we get the length of the chord: 

           
         

 =   
  

                      

        
  (A13) 

and based on Figure A1       depends on   as follows: 

      
          

            
        (A14) 

 

Figure A1. Calculating the length of the chord,   . 

If the straight line intersects the circle with radius    the length of the chord,    is: 

      
  

                      

        
       (A15) 

and       depends on   as follows: 
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Appendix 4 

Table A1. Eleven cases for calculating the            and            functions. 

 Figures showing the eleven different cases Equations for calculating 

     
  or      

  

Limits of angle   

I        

Considered charge 

is on the outer 

sphere 

 

     
                      

       

       
  

             

 

II        

Considered 

charge is on the 

outer sphere 

 

     
         

              

   is the length of the 

chord (at the 

intersections of the 

outer circle and the red 

dashed line) and 

calculated by Eq.A13 

    
       

            
   

            is at 

Eq.A8  

III        

Considered 

charge is on the 

outer sphere 

 

     
          

                   

   is the length of the 

chord (at the 

intersections of the 

inner circle and the red 

dashed line) and 

calculated by Eq.A15 

    
             

      
    

            is at 

Eq.A8 
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 Figures showing the eleven different cases Equations for calculating  

     
  or      

  

Limits of angle   

IV        

Considered 

charge is on the 

inner sphere 

 

     
         

            

            

    
        

       
   

             

V        

Considered 

charge is on the 

inner sphere 

 

     
        

            

            

    
        

      
  

             

 

VI           

Considered 

charge is on the 

outer sphere 

 

     
               

        

          
   

            is at 

Eq.A8 

VII       

    Considered 

charge is on the 

outer sphere 

 

 

     
                 

             

      
    

            is at 

Eq.A8 

   Continued on next page 
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Figures showing the eleven different cases Equations for calculating 

      
  or      

  

Limits of angle   

VIII       

    

Considered 

charge is on  

the inner sphere 

 

 

     
             

 

    
          

       
     

             

IX           

Considered 

charge is on  

the inner sphere 

 

 

     
            

 

    
         

      
   

             

 

X        

Considered 

charge is on  

the outer sphere 

 

 

     
        

            

            

    
       

      
  

 

XI        

Considered 

charge is on  

the inner sphere 

 

 

     
           

 

    
        

      
   

 


