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Appendix 1

Let us do the following substitution in the integral (in Eq.8): u = cos (a). Thus in Eq.8

sin(a) da can be substituted by —du and we get
— |R2 -
e /Rl +2z? 22R1u//1Ddu (A1)
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Finally, let us do this substitution in Eq.Al: w = —\/Rf +7Z? —2ZR,u/A, and thus

dw = 2R du and we get

Ap /R§+ZZ—22R1u
_ kep12RimAp [ew]W(u=1) (A2)
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where
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in the case of Z > R,

R2+472-27R; [(Z—R)2 7—R
wu=1)=-— = YR =—g,and
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in the case of Z < R,

VRE+22-27R, _ (R =2 (R —2)
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Here we mention that the square root of a positive number, (Z — R,)? or (R, — Z)? should be
positive (only imaginary number’s square root is negative). Thus the square root is Z — R, if
Z > R, andthesquarerootis R, —Z if Z <R;.

Thus the potential at Z > R, is

(Z—R]_) (Z+R1) Z
_ ke'py2RimAp yrani | _ keQuAp . 37 . o (Ru
V(Z) = 2R, l D e l_—e-Z-Rl e - sinh (AD) (A3)
where Q, = 4R?m - p, is the total charge of the sphere.
Finally, the potential at Z < R, is
V(z) = keor2Rimp | ~S5E S keacdn | i R(E) (A4
- &Z'Rq € e - &ZRy e sin Ap ( )

Appendix 2

First we calculate the potential within the membrane induced by the charges located at the
intra-vesicular membrane surface, V;(Z) (see Figure 2A) where R, < Z < R,:

o1 __ a1 ke'p1°2:Ry'sin (@) mRy-da
n@) = J, " Vile Dda = f;7 = emR(@,Z,Ry) (A9)

Note, that at @ > a, the line between point P1 and any one charge of the intra-vesicular
membrane surface partially goes through the intra-vesicular electrolyte. The electrolyte’s ion
concentration is assumed to be so high that the screening reduces the potential of any one of those
charges to zero. a; is defined in Figure 2A and its cosine is: cos(a;) = R,/Z. However at
0 < a < a; the entire line between any of those charges and point P1 is in the membrane and the
potential is not screened at all (see EQ.A5). After substituting Egq.7 into Eq.A5 and doing
substitution u = cos (@) we get:
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= [ JZ=R)Z +R) - (Z—Ry)| (A6)

2:emR1.Z

V,(Z) is the potential at point P1 generated by the charges located at the extra-vesicular surface
of the membrane. In this case charges located within 0 < @ < @; + a, generate potential without
any screening, while charges located at « > a; + a, are screened out completely. Note that a, is
defined in Figure 2B and its cosine is cos(a;) = R;/R,. Thus

fa1+a2 ke p2:2:Rysin (@) mRy- da
emR(a,Z,Ry)
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Vo(2) =
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where we used

cos(a; + a;) = cos(a;) cos(a,) — sin(ay) sin(a,) =

cos(ay) cos(a;) — /1 — cos2(ay) - /1 — cos?(a;) =

R1 . R1 %_ (ZZ_R%)(R%_R%)

— V1= (R/2)* 1= (Ri/Rp)* =

(A8)
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Appendix 3

Here we calculate the length of the chord, r, shown in Figure Al. The equation of the red line

y=tg(y) (x+2) (A9)
and the equation of the circle of radius R, is:
x% + y? = R? (A10)

The solutions of Egs.A9,A10 results in the coordinates of the two intersections between the straight
line and the circle. The solutions are:

—Z-tgz(V)J_rJR%'[tgz(y)+1]—tg"’(l/)'Z2
tg?2(y)+1

x2/1 = (All)

V21 = tg(y) - [x2/1 +Z] (A12)
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From Eqs.A11,A12 we get the length of the chord:

RZ:[tg2(y)+1]-tg?(y)-Z2

r, = \/(Xz - xl)z + (yZ - y1)2=2 . \/ tg?(y)+1

and based on Figure A1 tg(y) dependson o as follows:

R,-sin ()

tg()/) - Z—R,-cos (a)
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Figure Al. Calculating the length of the chord, r,.

If the straight line intersects the circle with radius R, the length of the chord, r; is:

= o. |[Rltg?WH1l-tg® ()2
! tg2(y)+1

and tg(y) depends on a as follows:

R;-sin (a)

t‘g()/) - Z—Rq-cos (a)
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Appendix 4

Table Al. Eleven cases for calculating the R.qy(a,Z) and R (a,Z) functions.

Figures showing the eleven different cases

Equations for calculating

R(e1) OF Riey)

Limits of angle a

I (Z>R,)
Considered charge
is on the outer
sphere

I (Z>R,)
Considered
charge is on the

outer sphere

1 (Z>R,)
Considered
charge is on the

outer sphere

Rie2) (@ Z) = R(a,Z,R;)

RI(Iez)(O" Z) =

R(o, Z,R,) — 1y

r, is the length of the
chord (at the
intersections of the
outer circle and the red
dashed line) and
calculated by Eq.A13

Riey) (0, 2) =

R(e, Z,Rp) — (r; — 1)
r, is the length of the
chord (at the
intersections of the
inner circle and the red
dashed line) and
calculated by Eq.A15

Opin = 0 < a <
a; = ainax
cos(ay) =R, /Z

nm _
Omin = &1 <

a<a;+a, =ol.,
cos (o + ) is at

Eq.A8

m o _
Upin =01 + 0 < a <

_ I
T = Qmax
cos(oy + ) is at

Eq.A8
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Figures showing the eleven different cases

Equations for calculating

REQD or REQZ)

Limits of angle «

IV (Z>R,)
Considered
charge is on the

inner sphere

V (Z>R,)
Considered
charge is on the

inner sphere

VI (R; <Z<R,)
Considered
charge is on the

outer sphere

VI Ry <Z<
R;) Considered
charge is on the

outer sphere

P1

[ [ @
\“ “ . RERS
\ \l— 4 R
\ \¢”
\ . Ri™s.

Rty (0, 2) =
R(a,Z,Ry) —
0.5-(ry —1q)

R‘(/el) (ar Z) =
R(a,Z,Ry) —
0.5-(ry —1q)

Ry (@, 2) = 0

R‘(glz) (Z)=r

Voo

Opin = 0 < a<
—qlv

a1 = Omax

cos(ay) = Ry/Z

v

Qmin = %1 <a<
— oV

™= amaX

cos(ay) = Ry/Z

VI
min

o4 =0<a<

— VI
261 + Oz = Omax
cos (a; + o) isat

Eq.A8

(x‘rgi[n=a1+a2<a<

— o VI
T = Qmax

cos (o + ) is at

Eq.A8
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Figures showing the eleven different cases

Equations for calculating

Réel) or Réez)

Limits of angle a

Vil (R, <Z<
R2)

Considered
charge is on

the inner sphere

IX (Ry <Z<Ry)
Considered
charge is on

the inner sphere

Riep) (@, Z) = 0

Rl()én (Z)=r

oWl =0 <<
— VI
01 = Qmax

cos(ay) = Ry/Z

X _
Qmin = %1 <a<

— 41X
T = Mmax

cos(ay) = Ry/Z

X (Z<Ry) == Rfez) (@, 2) = oXo=0<a<
Considered R(a,Z,Ry) — T = 0 ax
charge is on C;:{Pﬁl 0.5-(r; —ry)
R(a, Z, R4~
the outer sphere ' alz |
| % | = SN
0 &
// : —
//R:
XI (Z<Ry) e Riy(@2) = 0 oKlo=0<ax<
Considered T = oflax
charge is on T
the inner sphere Rt R,/? 7
r" %L -
.v‘ / / Rl]s’
/ /
/
.
—
/
/
/
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